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PREFACE

This book is Volume III of the ForgEd Math Series. It develops the calculus of
functions of one variable: limits and continuity, the derivative and its applica-
tions, the integral and its applications, differential equations, parametric and
polar curves, and infinite series. It is written for a reader who has finished al-
gebra and trigonometry (Volumes I and II) and is ready for a course that treats
calculus as mathematics: definitions are stated precisely, the central theorems
are proved, and the exercises are meant to take time.

HOW THE BOOK IS ORGANIZED

Part I (Chapters 1-6) is differential calculus: functions, limits and continuity,
the derivative and the rules for computing it, the Mean Value Theorem and the
shape of graphs, and the uses of the derivative to optimize and approximate. Part
II (Chapters 7-10) is integral calculus: the definite integral and the Fundamen-
tal Theorem of Calculus, applications of integration to geometry and physics,
techniques of integration, and first-order differential equations. Part III (Chap-
ters 11-13) covers parametric and polar curves, infinite sequences and series,
and power series. Chapters 1-8 correspond to a first semester (Calculus I), and
Chapters 9-13 to a second (Calculus II). Three appendices give proofs of the
foundational theorems, reference tables, and numerical methods with working
Python programs.

PREREQUISITES

Fluency with algebra, functions, exponentials and logarithms, and trigonometry,
at the level of Volumes I and II. Chapter 1 reviews the essentials, with emphasis
on the points that calculus depends on.
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HOW TO READ THIS BOOK

Each chapter opens with its learning objectives. Boxed material comes in four
kinds.

Definition 0.1 (Definitions, theorems, propositions). Shaded boxes contain

the statements you should be able to reproduce from memory. Theorems
carry a gold rule.

Example 0.2 (Examples). Worked examples. Cover the solution and at-
tempt the problem before reading it.

COMMON ERROR. Black-ruled boxes describe the specific mistakes stu-
dents make most often, and how to detect them.

LOOKING AHEAD. Dark boxes connect the current material to where it is

used later, often in Volume IV.

Theorems, definitions, and examples share one numbering sequence within each
chapter, so Example 3.7 follows Theorem 3.6.

WORKED PROBLEMS, EXERCISES, AND ANSWERS

Every chapter closes with a section of Worked Problems, just before the exercises:
longer problems, solved in full, that combine several ideas from the chapter and
show the reasoning a careful solver would record. Exercises are grouped as
Computation, Theory and Proof, and Challenge. Answers to odd-numbered com-
putational exercises appear at the back of the book. Every numerical answer
in the examples, the worked problems, and the answer section was checked by
computer algebra or numerical computation before publication; if your result
disagrees, find the step where it diverges.

NOTATION

Angles are in radians unless degrees are marked. In x is the natural logarithm
and log;, x the logarithm to base b. The inverse trigonometric functions are writ-
ten arcsin, arccos, arctan, never sin~ !, to avoid confusion with reciprocals. Leib-
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niz notation % and prime notation f’(x) are used interchangeably.
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CHAPTER 1

FUNCTIONS AND THEIR GRAPHS

LEARNING OBJECTIVES

e Work with the real numbers, intervals, absolute value, and inequalities,
and state the completeness axiom.

o Use the definition of a function, find domains and ranges, and recognize
even, odd, and monotone functions.

e Build new functions by transformation, composition, and inversion, and
find inverse functions.

e Know the algebraic, exponential, logarithmic, trigonometric, inverse
trigonometric, and hyperbolic functions, their graphs, and their key iden-
tities.

Calculus is the mathematics of change, and what changes is described by func-
tions. This chapter assembles the functions that the rest of the book differenti-
ates and integrates, and fixes the language for discussing them. Much of it will
be familiar from algebra and trigonometry (Volumes I and II). Read it anyway:
several points that earlier courses treat informally, the completeness of the real
numbers, the precise meaning of an inverse function, and the restricted domains
of the inverse trigonometric functions, are exactly the points on which calculus
depends.

I.I' THE REAL NUMBERS

The number systems of calculus are nested:
N=1{1,23,..}cZ={.,-2-1012,...} CQCR.

The rational numbers Q are the quotients p/q of integers with g # 0. Their

decimal expansions terminate or repeat. The real numbers R fill in the gaps:

every point of a line, once an origin and a unit are chosen, corresponds to exactly

ForgEd « Learn skills that matter. forgedlearn.com



FORGED CALCULUS 1 &1
FUNCTIONS AND THEIR GRAPHS PAGE 3

one real number. Real numbers that are not rational, such as v/2, 7, and e, are
irrational.

Theorem 1.1 (v/2 is irrational). There is no rational number r with r> = 2.

Proof. Suppose r = p/q with p, g integers having no common factor, and 7> = 2.
Then p? = 242, so p? is even, so p is even (the square of an odd number is odd).
Write p = 2k. Then 4k* = 242, so q*> = 2k? is even and g is even. Now p and g
share the factor 2, a contradiction.

1.1.1 ORDER, INTERVALS, AND ABSOLUTE VALUE

The real numbers are ordered: for any 4, b exactlyoneofa < b,a = b,a > bholds.
Inequalities may be added, and multiplied by positive numbers; multiplying by
a negative number reverses them. Sets of real numbers between two endpoints
are intervals: (a,b) = {x :a < x < b} isopen, [a,b] = {x :a < x < b} is closed,
and [a,b), (a, b] are half-open. Unbounded intervals use co: [g,00) = {x:x > a},
and (—oo0,00) = R. The symbol oo is not a number; it records that the interval
has no endpoint on that side.

Definition 1.2 (Absolute value). |x| = xif x > O and |x| = —x if x < 0.
Equivalently |x| = v/x2, and |a — b| is the distance between a and b on the
line.

Theorem 1.3 (Properties of absolute value). For all real a,b and § > O:
(a) |ab] = |al|bl;
(b) |x| < difandonly if =6 < x < 6;
(c) la+b| <|a|+|b| (the triangle inequality);

(d) |la| —[b]| < |a—b| (the reverse triangle inequality).

Proof. (a) Square both sides: (ab)? = a%b?, and take nonnegative square roots.
(b) If x > 0 the condition is x < §; if x < 0itis —x < 6. Together these say
—6 < x < 6. (c)Since —|a|] < a < |a| and —|b] < b < |b|, adding gives
—(la| +|b]) < a+b < |a| + |b|, which is |a + b| < |a| + |b| by (b) (with < in
place of <). (d) By (c), |a| = [(a —b) +b| < |a —b| + |b|, so |a| — |b] < |a—b].
Exchanging a and b gives |b| — |a| < |a —b]|.
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The triangle inequality is the single most used inequality in analysis. Part (b)
translates statements about distance into statements about intervals: [x —¢| < &
says x lies in (¢ — 6,¢ + 9).

x+1

Example 1.4 (Solving inequalities). Solve (a) |2x — 3| < 5and (b) o

3.

Solution. (a) By Theorem 1.3(b), =5 < 2x —3 < 5,s0 —2 < 2x < 8 and
x € [—1,4].
(b) Do not multiply by x — 2, whose sign is unknown. Instead move ev-

x+1 . - x+1-3(x—2) _ 7-2x

erything to one side: {5 == +—— > 0. The numerator

vanishes at x = Z and the denominator at x = 2. A sign chart on the inter-
vals (—o0,2), (2, %), (%, co) shows the quotient is negative, positive, negative.

Including the zero at % and excluding 2, the solution is (2, %]

>

N

COMMON ERROR. Multiplying both sides of an inequality by an expression
whose sign is not known. In (b) above, multiplying by x — 2 gives x +1 >
3x — 6,50 x < 7, which wrongly includes every x < 2. If you must multiply,
split into the casesx —2 > 0and x —2 < 0.

1.1.2 COMPLETENESS

What distinguishes R from Q is not visible in any finite computation, and yet
every major theorem of calculus depends on it. A set S C R is bounded above
if there is a number M with s < M for all s € S; such an M is an upper bound.
The least upper bound or supremum, sup S, is an upper bound that is smaller than
every other upper bound.

Definition 1.5 (The completeness axiom). Every nonempty set of real num-
bers that is bounded above has a least upper bound in R.

The rationals fail this. The set S = {r € Q : r* < 2} is bounded above (by 2),
but it has no least upper bound in Q: any rational upper bound M has M? > 2
(since M? = 2 is impossible by Theorem 1.1), and then a slightly smaller rational
is still an upper bound. In R, sup S = /2. Completeness guarantees that the
real line has no holes, and it is what makes the Intermediate Value Theorem,
the Extreme Value Theorem, and the convergence of monotone sequences true.
Proofs of those theorems from the axiom are given in Appendix A.
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Example 1.6 (A supremum). Find supS for S = {1—1 :n € N}. Isit

n
attained?

Solution. S = {0, %, %,%,...}, and every element is less than 1, so 1 is
an upper bound. No smaller number M < 1 is an upper bound: choose
n > ﬁ; then1 — % > M. Sosup S = 1. Itis not attained, since 1 — % <1
for every n. A supremum need not belong to the set; when it does, it is the

maximum.

1.2 FUNCTIONS

Definition 1.7 (Function). A function f from a set D to a set E is a rule that
assigns to each element x € D exactly one element f(x) € E. The set D is
the domain of f, and the set {f(x) : x € D} of values actually taken is its
range.

In this book D and E are sets of real numbers unless stated otherwise. When a
function is given by a formula and no domain is stated, the domain is the largest
set of real numbers for which the formula makes sense. The graph of f is the set
{(x, f(x)) : x € D} in the plane. A curve in the plane is the graph of a function
of x exactly when no vertical line meets it more than once (the vertical line test),
since each x must have exactly one value.

Example 1.8 (Domains and ranges). Find the domain and range of (a)
1
f(x) =+v4—x2% (b) g(x) = P — (c) h(x) = In(Inx).

Solution. (a) We need 4 — x> > 0, so the domain is [—2,2]. The values
4 — x? fill [0,4], so the range is [0,2]. The graph is the upper half of the
circle x? + 2 = 4.

(b) x> —x —6 = (x —3)(x +2),s0thedomainis R \ {—2,3}. On (-2, 3) the
denominator is negative with minimum — % atx = %, so g takes all values
in (—oo, — 5] there. Outside, the denominator takes all positive values, so
g takes all of (0, 00). The range is (—o0, — 5] U (0, 00).

(¢) Inx requires x > 0, and In(In x) requires Inx > 0, thatis, x > 1. The
domain is (1,00). As x ranges over (1,00), Inx takes every value in (0, ),

and so In(In x) takes every real value. The range is R.
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1.2.1 SYMMETRY AND MONOTONICITY

Definition 1.9 (Even, odd, increasing, decreasing). A function f is even if
f(—x) = f(x)and odd if f(—x) = —f(x) for all x inits (symmetric) domain.
It is increasing on an interval I if f(x1) < f(x2) whenever x; < x in I, and
decreasing if f(x1) > f(x2) whenever x; < x3.

The graph of an even function is symmetric about the y-axis, and that of an odd
function about the origin. The names come from powers: x" is even when 7 is
even and odd when n is odd. Every function on a symmetric domain is uniquely
the sum of an even and an odd function:

fl) = 3(f(x) + f(=x)) + 3 (f(x) = f(=x)).

even odd

For f(x) = e* the two parts are the hyperbolic cosine and sine of Section 1.7.

1.2.2 PIECEWISE FUNCTIONS

Functions need not be given by a single formula. The absolute value function is
piecewise, and so are the floor function |x |, the greatest integer < x, and the
Heaviside step H(x), which is 0 for x < 0 and 1 for x > 0. These functions, which
jump or have corners, will be our main examples of the ways a function can fail
to be continuous or differentiable.

1.3 NEW FUNCTIONS FROM OLD

1.3.1 TRANSFORMATIONS

Given the graph of y = f(x) and a constant ¢ > 0:

Formula Effect on the graph Formula Effect on the graph
f(x)+c shiftupbyc f(x—c) shiftrightby c

f(x) —c shiftdownby ¢ f(x+c) shiftleftbyc

cf (x) stretch vertically by ¢~ f(cx) compress horizontally by ¢
—f(x) reflect in the x-axis f(=x) reflect in the y-axis

The horizontal effects run opposite to intuition: f(x — c) moves right because the
graph reaches the value f(0) at x = ¢ instead of at x = 0. The same reasoning

explains why f(2x) compresses: the graph reaches f(1) already at x = 3.
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Example 1.10 (Completing the square). Describe the graph of y = 2x% —

12x + 13 as a transformation of y = x2.

Solution. 2x? —12x +13 = 2(x* —6x +9) — 18 + 13 = 2(x — 3)2 — 5. Start
with y = x2, shift right 3, stretch vertically by 2, and shift down 5. The
vertex is (3, —5) and the parabola opens upward.

1.3.2 COMPOSITION

Definition 1.11 (Composition). The composition of f and g is (f o g)(x) =
f(g(x)). Its domain is the set of x in the domain of ¢ for which g(x) is in the
domain of f.

Composition is not commutative. With f(x) = /x and g(x) = x —4: (fo
2)(x) = v/x — 4 has domain [4, o), while (g o f)(x) = /x —4 has domain [0, o).
Recognizing a function as a composition, sin(x?) = f(g(x)) with f = sin and
¢(x) = x?,is the skill that the chain rule (Chapter 4) and substitution (Chapter 7)
depend on.

1.3.3 INVERSE FUNCTIONS

Definition 1.12 (One-to-one; inverse). A function f is one-to-one if f(x;) #
f(x2) whenever x1 # x,. If f is one-to-one with domain A and range B, its
inverse f~! has domain B and range A, and is defined by

fiy)=x <= f(x)=v.

Then f~1(f(x)) = xforx € Aand f(f !(y)) = y fory € B. The notation f~!
does not mean 1/f. A function is one-to-one exactly when no horizontal line
meets its graph more than once. Since (4, b) is on the graph of f exactly when
(b,a) is on the graph of f !, the graph of f ! is the reflection of the graph of f in
the line y = x. A function that is increasing (or decreasing) on its whole domain
is one-to-one.

Example 1.13 (Finding an inverse). Find the inverse of f(x) = 2; +31, and

its domain and range.
Solution. Solvey = 24! for x: y(x —3) = 2x+1,s0x(y —2) = 3y +1
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1
and x = yy+

with range R \ {2}. Writing the variable as x again, f~!(x) = 2%l with
domain R \ {2} and range R \ {3}, the domain of f. Check: f~ (f( ) =

—1/_ 1y _ =141 __
F-3 == =0

Every y # 2 comes from exactly one x, so f is one-to-one

When f is not one-to-one, we restrict its domain to an interval where it is, and
invert the restriction. That is how /x arises as the inverse of x> on [0,00), and
how the inverse trigonometric functions are defined below.

1.4 POLYNOMIAL, RATIONAL, AND ALGEBRAIC FUNC-
TIONS

A polynomial is p(x) = ayx" + a,_1x" 1 + -+ - + a;x + ag; if a, # 0 its degree is
n. A rational function is a quotient p/q of polynomials, defined where g # 0. An
algebraic function is one built from polynomials by the four arithmetic operations
and taking roots, such as v/1 + x3/(x — 1)?/3. Functions that are not algebraic,
such as e, In x, and sin x, are transcendental.

Theorem 1.14 (Factor theorem). If p is a polynomial and p(c) = 0, then
p(x) = (x — c)q(x) for a polynomial q of degree one less. Consequently a nonzero
polynomial of degree n has at most n real roots.

Proof. Foreachk > 1, xf —cF = (x —c)(xF 1+ cxk2 + .- + F1). So p(x) —
p(c) = Yap(x* — c*) is divisible by x — ¢, and p(c) = 0. Each root removes
one factor of x — c and lowers the degree by one, so there can be at most n of
them.

The behavior of a polynomial for large | x| is governed by its leading term: p(x) =
x"(1+ LZ;—’; +- -40-), and the parenthesis tends to 1. This simple factoring
idea will settle limits at infinity of rational functions in Chapter 2.

Example 1.15 (Power functions). The graphs of x" for positive integers n
all pass through (0,0) and (1,1). On (0, 1) higher powers are smaller, x> <
x? < x, while on (1,0) they are larger. The reciprocals x " have vertical
asymptotes at 0. Fractional powers x/7 are defined for x > 0, and for x < 0
as well when ¢ is odd; thus x1/3 is defined on all of R, but x1/2 only on [0, 00).
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1.5 EXPONENTIAL AND LOGARITHMIC FUNCTIONS

For b > 0, the power b* is defined first for integers, then for rationals by
pr/a = \q/b7, and finally for irrationals by continuity: bV2 is the limit of
b4, p14L plald | (the completeness axiom guarantees the limit exists). The
result is the exponential function with base b. For all real x, y:
x+y X1y x—y b x\y xy X xX1,x

b = b'bY, b = (b*)Y =bY, (ab)* = a*b*.
For b > 1, b* increases from 0 (as x — —o0) to oo; for 0 < b < 1 it decreases.
Either way its range is (0, o).
Among all bases one is special. In Chapter 3 we will show that there is exactly
one base e for which the graph of b* has slope 1 at x = 0, and that

1 n
e = lim (1+E> — 2718281828 ...

n—oo

The natural exponential function is e, written also exp(x).

Definition 1.16 (Logarithm). For b > 0, b # 1, log, x is the inverse of b*:
log, x =y <= bY = x. Its domain is (0, o) and its range is IR. The natural
logarithm is In x = log, x.

The laws of exponents become the laws of logarithms:

In(xy) =Inx+1Iny, ln; =Inx—Iny, In(x")=rlnx, log,x = iﬁ—z
The last, the change of base formula, follows by taking In of b¥ = x. Every exponen-
tial can be written with base e: b¥ = ¢*I"?. So ¢* and In x are the only exponential
and logarithm we will ever really need.

Example 1.17 (Exponential models). Carbon-14 decays with half-life 5730
years. What fraction remains after 10 000 years? How old is a sample with

20% of its original carbon-14?

Solution. The amount is A(t) = AO(%)%%O = Age ™ withk = 22 =

1.2097 x 10~* per year. After 10000 years, A/ Ay = e 1297 = 0.298, about
30%. For A/ Ag = 0.2: t = 155 = 57305 — 13300 years.
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COMMON ERROR. In(a + b) is not Ina + Inb, and (Inx)? is not In(x?) =
21In x. Logarithms turn products into sums. Likewise e"*? = e%?, but e #
eel.

.6 TRIGONOMETRIC AND INVERSE TRIGONOMETRIC
FUNCTIONS

In calculus, angles are measured in radians: the radian measure of an angle is
the length of the arc it cuts from a circle of radius 1. A full turn is 27t radians,
so 180° = 7 rad. Only in radians is % sinx = cosx (Chapter 3); in degrees an
annoying factor g; would appear in every formula.

For any real 6, the point at arc length 6 counterclockwise from (1,0) on the unit

: : : __ sinf _ 1 _ 1 __ cosf
circle is (cos6,sinfl). Then tanf = 233, secf = -, cscf = =, cotd = 7,

cos B’
wherever the denominators are nonzero. The sine and cosine have period 27;

the tangent and cotangent have period 7.

Theorem 1.18 (Trigonometric identities). For all «, B, 0 where defined:

sin? 0 + cos? 0 = 1, 1+ tan? 6 = sec? 0, 1+ cot? 6 = csc? 0,
sin(a £ B) = sinw cos B £ cos a sin B,
cos(a + B) = coswacos B F sinasin B, sin20 = 2sin 6 cos 6§,
0820 = cos? 0 —sin®f = 2cos?0 —1 =1 — 2sin’6,

cos?0 = 1(1 + cos29), sin? @ = 1(1 — cos20).

These were derived in Volume II. The last two, the half-angle or power-reduction
formulas, will be indispensable for integrating sin” x and cos? x in Chapter 9.

1.6.1 INVERSE TRIGONOMETRIC FUNCTIONS

The trigonometric functions are periodic, so they are not one-to-one. To invert
them we restrict each to an interval on which it is one-to-one and takes every
value of its range once:
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Definition 1.19 (Inverse trigonometric functions).

i domain [—1,1],

NI

arcsinx =y <= siny=xand — 7
arccosx =y <= cosy=xand0 <y <, domain [—-1,1],

arctanx =y <= tany =xand — 7 <y <7, domainRR.

The notations sin~! x and so on are common, but they invite the confusion
sin"'x = 1/sinx, which is false. Note that arcsin(sinx) = x only for
x € [-%,5]: for example, arcsin(sin 7r) = arcsin0 = 0.

Example 1.20 (Composing trigonometric and inverse functions). Simplify
sin(arccos x) and tan(arcsin x).

Solution. Let 8 = arccosx, so cosf = x and 0 < 6 < 7. On this inter-
val sinf > 0, so sinf = ++v'1—cos?6 = /1 — x2. Thus sin(arccosx) =
vV1—x2for—-1<x<1.

Let 6 = arcsinx, so sinf = x with -7 < 6 < 7, where cosf > 0. Then
cos® = v/1 — x? and tan(arcsin x) = \/1"_7 for —1 < x < 1. Arighttriangle
with hypotenuse 1 and opposite side x gives the same results, and is the
standard way to remember them. These simplifications are the heart of
trigonometric substitution in Chapter 9.

. T +
arcsmx % ,,,,,,,,,,,,,
arccos x
\;\\\
: ‘ =5 5

-1 1

Ty DL L

-7 7

Figure 1.1: The inverse trigonometric functions. The arctangent has horizontal asymp-
totesy = +7.
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1.7 HYPERBOLIC FUNCTIONS

Definition 1.21 (Hyperbolic functions).

eX+e " . eX —e ™ sinh x ex —e*
coshx = ————, sinhx=-———, tanhx= = .
2 2 coshx eX+4e X

These are the even and odd parts of e*. They satisfy identities parallel to the
trigonometric ones, usually with a change of sign:

cosh? x — sinh® x = 1,

sinh 2x = 2sinh x cosh x, cosh 2x = cosh? x + sinh? x.

The first, verified by expanding, says that (cosh t, sinh t) lies on the right branch
of the hyperbola x?> — y? = 1, just as (cost,sint) lies on the circle x* + y? = 1:
hence the name. A hanging chain or cable takes the shape of a catenary y =
acosh(x/a), and tanh describes the velocity of a falling body with air resistance
proportional to the square of its speed.

Example 1.22 (Inverse hyperbolic sine). Show that sinh is one-to-one on
R and thatsinh ' x = In (x + V22 +1).

Solution. ¢” increases and e~ decreases, so sinh x = 3(¢* — e~¥) increases
and is one-to-one. Solve x = W fory: withu =¢e¥ > 0,2x = u — %, SO
u? —2xu—1=0and u = x = v/x2 + 1. Since vx2 + 1 > |x|, only the plus
sign gives u > 0. Hence y = In (x + vx% +1).

LOOKING AHEAD. The hyperbolic and trigonometric functions are the
same functions in disguise. In Chapter 13 we will see that ¢’ = cos 6 + i sin 0

for real 6, which gives cos 8 = cosh(if) and sin 6 = —isinh(if). Every iden-
tity on one side becomes an identity on the other. This connection is the
starting point of complex analysis in Volume IV.

1.8 WORKED PROBLEMS

Each problem below is solved in full and combines several ideas from the chapter. Attempt
each one before reading its solution.
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Problem 1.1 An inequality with two absolute values
Solve |x — 1| + |x + 2| < 5, and interpret the answer geometrically.

Solution. The expressions inside the absolute values change sign at x = 1 and
x = —2, which split the line into three intervals.

e Forx < —2: both are negative, and the inequality is —(x —1) — (x +2) <5,
thatis, —2x —1 < 5,s0 x > —3. This gives [-3, —2).

e For -2 < x < 1:itis —(x — 1) 4+ (x +2) = 3 < 5, always true. This gives
[—2,1).

e Forx > 1:itis (x —1) 4+ (x+2) =2x+1 < 5,s0 x < 2. This gives [1,2].

The union is [—3,2]. Geometrically, |x — 1| + |x + 2] is the sum of the distances
from x to 1 and to —2. For any point between them the sum is the distance be-
tween them, 3. Outside, the sum grows by twice the distance beyond the nearer
endpoint, and reaches 5 when that distance is 1: at x = —3 and x = 2. In the
plane, the same condition on distances to two points defines an ellipse, and this
interval is its one-dimensional version.

Problem 1.2 Irrationality, twice
Prove that \/3 is irrational, and then that v/2 + /3 is irrational.

Solution. Suppose v/3 = p/q in lowest terms. Then p?> = 342, so 3 divides p?.
Since 3 is prime, 3 divides p (if a prime divides a product, it divides a factor).
Write p = 3k: then 9k? = 34?, so q> = 3k? and 3 divides g, contradicting lowest
terms.

For the sum, suppose s = /2 + /3 were rational. Squaring, s> = 5+ 2+/6, s0
V6 = 522_ 5 would be rational. But v/6 is irrational by the same argument with the
prime 2: p? = 64> forces p even, then g even. Hence s is irrational. The strategy,
reducing a claim about a complicated number to one about a simpler number by
algebra, is typical: rational numbers are closed under the four arithmetic opera-
tions, so any rational expression of a rational number is rational.

Problem 1.3 The domain of a composition

Let f(x) = vx—1and g(x) = % Find f o g and g o f with their domains.

Solution. (fog)(x) = y/:35 —1 = (/%= The domain requires x # 3 (so

g is defined) and 15 > 1 (so f can be applied). The second condition forces
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x—3 > 0and then1 > x — 3, so the domain is (3,4]. Note that the simplified

formula 4/ i%g gives the same domain here, but in general simplification can hide
or add restrictions, so domains must be read from the original composition.

(gof)(x) = x_11_3. It requires x > 1 and v/x —1 # 3, thatis, x # 10. The

domain is [1,10) U (10, c0).

Problem 1.4 Inverting a restricted quadratic

Let f(x) = x? — 4x + 3 on the domain [2, o). Show that f is one-to-one, and find
f~! with its domain and range.

Solution. Completing the square, f(x) = (x —2)2—1. On [2,00), x —2 > 0
increases, so (x — 2)? increases and f is one-to-one, with range [—1,0). Solve
y=(x—2)2-1: (x—2)> =y +1, and since x — 2 > 0 on the domain, x —2 =

+4/y+1. So
Flx)=2+Vx+1, domain [—1,00), range [2, ).

The choice of the positive root was forced by the restricted domain. On (—oo0, 2]

the inverse would be 2 — /x + 1. Check: f(f1(x)) = (Vx+1)2-1=nx.

Problem 1.5 Exponential and logarithmic equations
Solve (a) 3** —4-3*+3 =0 and (b) log, x + log,(x —2) = 3.
Solution. (a) Withu = 3* > 0, the equationisu? —4u+3 = (u—1)(u—3) =0,
so3*=1lor3*=3:x=0o0rx=1.
(b) The equation requires x > 0 and x —2 > 0, so x > 2. Combining the
logarithms, log, (x(x —2)) = 3,s0 x> —2x = 8 and (x — 4)(x +2) = 0. The
root x = —2 is outside the domain, since log,(—2) is undefined, and the law

loga +logb = logab is valid only for positive a, b. The solution is x = 4: check,
log,4 +1log,2 =2+1=3.

Problem 1.6 A trigonometric equation and an identity

(a) Solve 2sin?x 4+ 3sinx —2 = 0 for 0 < x < 27. (b) Prove that arctan x +

arctan% = 7 for x > 0. What is the sum for x < 0?

Solution. (a) Factor as a quadraticins = sinx: 252 +3s —2 = (25— 1)(s +2) =
5

. . . 1. . PR 7 _
0. Since |sinx| < 1, only sinx = ; is possible, giving x = ¥ and x = .

(b) Let 6 = arctan x. For x > 0,0 < § < 7, and then 5 — # is also in (0, 5 ), with

tan (£ — ) = cotf = L. Since Z — 0 lies in the range of arctan, it equals arctan 1.
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Hence the sum is 7. For x < 0, both functions are odd, so arctan x + arctan % =
— (arctan |x| + arctan ‘1—‘) = —7. The step “7 — 0 lies in the range” is essential:

an identity tan A = tan B gives A B only when both arein (-7, 7).

Problem 1.7 The inverse hyperbolic tangent

1+ x

Show that tanh is one-to-one from R onto (—1,1), and that tanh ™ x = % In T

. N . 2X
Solutlon Dividing numerator and denommator by e*, tanhx = 7 & =1-
eh ok As x increases, ¢2* + 1 increases, ZX | decreases, and tanh x increases, so
tanh is one-to-one. As x — oo, tanhx — 1, and as x — —oo, tanhx — —1;

every value in between is taken (a fact that will follow from the Intermediate
Value Theorem). Solvingy = |5 ! with u = €? glves u = }% sox = 3In yz

for -1 < y < 1. In the theory of relativity, tanh™ (U/ c) is the mpzdzty of a
particle with speed v, a quantity that, unlike speed, simply adds when velocities
are combined.

EXERCISES
A. COMPUTATION

1.1 Solve |3x + 2| < 7 and |x — 4| > 2. Write each answer in interval notation.

1.2 Solve 2;_ L

+3 =

1.3 Solve x> —5x +4 < 0and x° > «x.
1.4 Find sup S and inf S for S = {(—1)"/n : n € N}. Are they attained?
Vx+2

x2—-9°

1.5 Find the domain of f(x) =

1.6 Find the domain and range of f(x) = v6 — x — x2.
1.7 Find the domain of f(x) = In(x? — 4x).

1.8 Determine whether each function is even, odd, or neither: x3 — x, x +

cos x, e¥ + x, 1+x4

1.9 Write f(x) = as the sum of an even and an odd function on (—1,1).
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1.10 Describe how to obtain the graph of y = —2+/x 43 + 1 from that of y =
V/x, and give its domain and range.

1.11 Write y = 3x2 + 12x + 7 in vertex form and give the vertex.
1.12 For f(x) = x>+ 1and g(x) = vx — 2, find f o g, g o f, and their domains.

1.13 Express h(x) = cos®(2x + 1) as a composition of three simpler functions.

1.14 Find the inverse of f(x) = 29;:_13, with its domain and range.
1.15 Find the inverse of f(x) = ¢**~! + 3 and its domain.

1.16 Find the inverse of f(x) = /4 — x for x < 4.

1.17 Find all real roots of x> — 6x2 + 11x — 6 using the factor theorem.
1.18 Simplify log, 81 — log, § + Ine°.

1.19 Solve e —5¢* + 6 = 0.

1.20 Solve In(x +1) —In(x — 1) = In3.

1.21 Solve 2¥*! = 5* exactly and to four decimal places.

1.22 A population grows from 2000 to 5000 in 6 years, exponentially. Find its
doubling time.

1.23 Convert 135° and —20° to radians, and %” to degrees.
1.24 Find all solutions in [0, 277) of cos2x = cos x.

1.25 Find all solutions in [0,27) of tan? x = 3.

1.26 Evaluate arcsin ( — @), arccos ( — %), arctan(—1), and arccos ( cos 2F).

1.27 Simplify cos(arctan x) and sec(arcsin x).
1.28 Evaluate sin (2 arccos %) exactly.

1.29 Compute cosh(In3) and sinh(In2) exactly.

1.30 Show that cosh !x = In (x 4+ V22 —1) for x > 1, where cosh is restricted
to [0, c0).

B. THEORY AND PROOF

1.31 Prove that the product of a nonzero rational number and an irrational num-
ber is irrational.
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1.32 Prove that between any two distinct real numbers there is a rational num-
ber. (Use the fact that for any # > 0 there is n € IN with nh > 1.)

1.33 Prove that [a —¢| < |a—b| + |b —c| for all real 4, b, c.

1.34 Prove that if S is nonempty and bounded above, then M = sup S satisfies:
for every € > O thereiss € S withs > M —e.

1.35 Prove that the composition of two odd functions is odd, and that the prod-
uct of two odd functions is even.

1.36 Prove that the composition of two increasing functions is increasing.

1.37 Prove that if f is increasing on its domain, then f is one-to-one and f~! is
increasing.

1.38 Derive cosh’x — sinh®x = 1 and cosh(x+y) = coshxcoshy +
sinh x sinh y from the definitions.

1.39 Prove that arcsin x + arccosx = 7 for -1 < x < 1.

C. CHALLENGE

1.40 Prove that log, 3 is irrational.

1.41 Prove the AM-GM inequality Vab < # for a,b > 0, with equality iff
a = b. Deduce that among rectangles of given perimeter the square has
the largest area.

1.42 Find all functions f : R — R that are both even and odd.

2. . . 2\v2 ., .
1.43 Prove that ﬁ\[ is either rational or that (\@\[) V2 is a rational power of
an irrational to an irrational power, and use this to show that an irrational
number raised to an irrational power can be rational.

1.44 The floor function satisfies | x| < x < [x|+1. Provethat |[x+n| = [x| +n
for every integer 1, and find |x| + | —x| for every real x.
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CHAPTER 2

LIMITS AND CONTINUITY

LEARNING OBJECTIVES

e Explain the tangent and velocity problems, and estimate limits numeri-
cally and graphically.

e State the e-J definition of a limit and use it to prove limits and nonexis-
tence of limits.

e Prove and apply the limit laws, the Squeeze Theorem, and the fundamen-

tal trigonometric limit lim, o Si;‘x =1.

e Compute one-sided limits, infinite limits, and limits at infinity, and find
asymptotes.

e Define continuity, classify discontinuities, and apply the Intermediate
and Extreme Value Theorems.

Every idea in calculus is built on the limit. The derivative is a limit of difference
quotients, the integral a limit of sums, and an infinite series a limit of partial sums.
For a century and a half after Newton and Leibniz, calculus worked spectacularly
while its foundations remained vague: Bishop Berkeley mocked infinitesimals
in 1734 as “the ghosts of departed quantities.” The precise definition of a limit,
due to Cauchy and Weierstrass in the nineteenth century, finally put the subject
on solid ground. This chapter develops that definition and the tools that make
limits computable.

2.1 THE IDEA OF A LIMIT
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2.1.1 THE TANGENT PROBLEM

What is the slope of the parabola y = x? at the point P = (1,1)? A line through
P and a second point Q = (x, x?) on the curve, a secant line, has slope

x> —1
mpg = —— =x+1 (x #1).

As Q moves toward P, the secant lines approach a limiting line, the tangent, and
their slopes approach 2. The formula x + 1 cannot be evaluated at x = 1 in its
original form ’;:11, which is % there, but the values approach 2 as x approaches
1. We write

2 _
limx 1:2
=1 x—1

2.1.2 THE VELOCITY PROBLEM

A stone dropped from rest falls s(t) = 4.9t> meters in t seconds. Its average
velocity betweent =2 and t =2+ his

s(2+h)—s(2)  49(4+4h+h*) —19.6
h B h
As h — 0 the average velocity approaches 19.6 m/s, which we call the instan-
taneous velocity at t = 2. The two problems have the same structure: a ratio of
changes, evaluated as the change shrinks to zero.

=19.6 +4.9h.

Definition 2.1 (Limit, informal). We write lim,_,, f(x) = L if the values f(x)
can be made as close to L as we like by taking x sufficiently close to a, but
not equal to a.

The condition x # a is essential. The limit concerns the behavior of f near a, not
at a. The function need not even be defined at a, and if it is, its value there is
irrelevant.

N . ) . x2+9-3
Example 2.2 (Estimating a limit numerically). Estimate 1111(1) %
x—
Solution. A table of values:
x +1 +0.5 +0.1 +0.01 +0.001

f(x) 0.162278 0.165525 0.166620 0.166666 0.166667

The values suggest the limit 1. Rationalizing confirms it: 49-3
X
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(x*49)-9 1
2(Va24943) V24943

—

[\l

COMMON ERROR (numerical evidence). Tables can mislead. For x =
108, a calculator evaluating @ directly returns 0, because v9 + 10~16
rounds to exactly 3. This catastrophic cancellation afflicts every difference of
nearly equal numbers. Numerical estimates suggest limits; only algebra or
proof establishes them.

2.1.3 HOW LIMITS FAIL TO EXIST

Example 2.3 (Three failures). (a) A jump. The Heaviside function H is 0
for x < 0and 1 for x > 0. Near 0 it takes values 0 and 1 arbitrarily
close to 0, so no single L is approached. lim,_,o H(x) does not exist.

(b) Unbounded growth. % grows without bound as x — 0. No real L is
approached; we will write limy_,g xl—z = oo to describe how it fails.

(c) Oscillation. sin 1 takes every value in [—1,1] infinitely often in every

interval around 0: it equals 1 at x = m and —1atx =

points that accumulate at 0. The limit does not exist.

1
3w /242’

—-04 —0.2 0.2 0.4

71 B

Figure 2.1: y = sin(1/x) oscillates infinitely often between —1 and 1 near 0, and has no
limit there.

2.2 THE PRECISE DEFINITION OF A LIMIT

The informal phrases “as close as we like” and “sufficiently close” become pre-
cise when we name the tolerances. Let € > 0 stand for how close we demand
f(x) beto L, and § > 0 for how close x must be to a to guarantee it.
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Definition 2.4 (Limit). Let f be defined on an open interval containing a,
except possibly at a. Then lim,_,, f(x) = L means: for every € > 0 there is
a 0 > 0 such that

0<|x—al<dé = |f(x)—L|l<e.

The definition is a challenge and response. A skeptic names a tolerance €, how-
ever small. We must produce a J that works: every x within J of a (other than
a itself, which is what 0 < |x — a| excludes) has f(x) within € of L. If we can
always answer, the limit is L. Geometrically, for every horizontal band of half-
width € about y = L, there is a vertical band of half-width é about x = a inside
which the graph stays in the horizontal band.

a—é a+é

L+e

a
Figure 2.2: The definition of limy_, f(x) = L. Inside the vertical band |x — a| < J, the
graph lies within the horizontal band |y — L| < e.

Example 2.5 (A linear function). Prove that lim,_,,(3x — 1) = 5.

Solution. Scratch work. We need |(3x — 1) — 5| < ¢, thatis, 3|x — 2| < ¢,
thatis, |x — 2| < e/3. This suggests 6 = /3.

Proof. Lete > O0andseté = €/3. If 0 < |x —2| < 4, then [(3x — 1) — 5| =
3lx —2| <30 =e.

Example 2.6 (A quadratic). Prove that lim,_,3 x> = 9.

Solution. Scratch work. |x?> — 9| = |x + 3||x — 3|. The factor |x — 3| can be
made small; the factor |x 4+ 3| must be bounded. If we agree to take § < 1,
then |x — 3| < 1 gives2 < x < 4,50 |x + 3| < 7. Then |x* — 9| < 7|x — 3,
which is less than € if |[x — 3] < e/7.
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Proof. Lete > 0and 6 = min(1,e/7). If 0 < |x —3| < §, then [x — 3| < 1, s0
|x+3| <7 and |x — 3| < €e/7. Hence [x* —9| = [x +3||x = 3| <7-§ =e.

The device § = min(1, .. .), which first confines x to a fixed interval to bound the
troublesome factor, is the standard technique for nonlinear functions.

Theorem 2.7 (Uniqueness of limits). Iflimy_,, f(x) = L and lim,_,, f(x) =
M, then L = M.

Proof. Suppose L # M and lete = 1|[L — M| > 0. There are &;, 6, with |f(x) —
Ll < efor0 < |[x—a|] < éand |f(x) — M| < efor 0 < |x —a|] < &. Pick
any x with 0 < |x —a| < min(d,d2). By the triangle inequality, |[L — M| <
IL— f(x)|+ |f(x) — M| < 2¢ = |L — M|, a contradiction.

Example 2.8 (Proving a limit does not exist). Prove that lim,_,o H(x) does
not exist, where H is the Heaviside function.

Solution. Suppose the limit were L. Take € = 3. For any § > 0, the points
x =% and x = —§ satisfy 0 < |x| < J, so we would need |1 — L| < } and
0—L| <. Then1=|1-0| <|1—L|+|L—0| < 1,acontradiction. No
L works.

2.3 COMPUTING LIMITS

Proving every limit from the definition would be tedious. Instead we prove a
few general laws once, and compute with them.

Theorem 2.9 (Limit laws). Suppose limy_,, f(x) = L and lim,_,, g(x) = M,
and c is a constant. Then

(a) limy, (f(x) £g(x)) =L+ M;
(b) limy_,cf(x) =cL;

(c) limy_, f(x)g(x) = LM;

(d) limy_,, JC(;C; = %, provided M # 0;

8
(e) limy—y, (f(x))" = L" for positive integers n, and limy_,, {/f(x) = /L
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(with L > 0 if n is even).

Proof. (a) Given e > 0, choose 41,6, with [f(x) — L| < § and |g(x) — M| < § for
0 < |x —a| < 61, 0 respectively. For 0 < |x —a| < § = min(éy,d7), the triangle
inequality gives |(f +g)(x) — (L+ M)| < |f(x) — L| + |g(x) — M| < e.

(c) Write fg — LM = f(g — M) + M(f — L). With € = 1 in the definition, there
is 0 with |f(x) — L| < 1, hence |f(x)| < |L| +1, for 0 < |x —a| < . Given
€ > 0, choose 6; with |g(x) — M| < and &, with |f(x) — L| <
For 0 < |x —a| < min(dy, 61,02),

\L|+1) \M|+1)'

|f(x)g(x) — LM| < |f(x)[g(x) — M| + |M]|f(x) — L|

€
< (|L] +1) +|M

T <€
‘2(|M\—|—1)

€
2(|L| +1)

(b) follows from (c) with g = c. For (d), it suffices by (c) to show % — ﬁ ; this
is Exercise 2.31. (e) follows from (c) by induction for powers; the root law is
proved in Appendix A.

Since lim,_,, ¢ = ¢ and lim,_,, x = a (take § = €), the laws give lim,_,, p(x) =

p(a) for every polynomial p, and lim,_,, % = % for rational functions with

q(a) # 0. This is direct substitution. When substitution gives J, the limit may still
exist, and algebra is needed to find it.

3
Example 2.10 (Algebraic techniques). Evaluate (a) lim 3627%, (b)
x—-2x*—4
. (3+h)1-3"1 . /x =2
A o R
Solution. (a) Factor: (x?jig)(ﬁ};ﬁ) = x2;3’§+4 for x # —2. Since the func-

tions agree near —2 (except at —2, which does not matter), the limits agree:
4+4+4 = _3

1y 1, 3=06+h) _ 1 1
(b) % (ﬂ - §) = h3Gh) 3G+ o
(c) Rationalize, or factor x — 4 = (/x —2)(/x +2): — 1

f+2
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2.3.1 THE SQUEEZE THEOREM

Theorem 2.11 (Squeeze Theorem). If g(x) < f(x) < h(x) for x near a
(except possibly at a), and limy_,, ¢(x) = limy_,, h(x) = L, thenlim,_,, f(x) =
L

Proof. Given e > 0, choose J so small that the inequality holds and L — € < g(x)
and h(x) < L+efor0 < |[x—a| < é. ThenL —e < g(x) < f(x) < h(x) <
L+e.

Example 2.12 (Squeezing an oscillation). Show that limy_,o x?sin 2 = 0.

Solution. The limit laws do not apply, since limsin 1 does not exist. But

1< sin% <1,s0—x%<x?2 sin% < x2, and both bounds tend to 0. The

oscillation persists, but it is crushed by the factor x2.

2.3.2 THE FUNDAMENTAL TRIGONOMETRIC LIMIT

Theorem 2.13. lim S =i and Ehin ﬂ _

Proof. Let0 < 6 < % and consider the unit circle with the point P = (cos 6, sin6),
the point A = (1,0), and the point T = (1,tan6) where the ray OP meets the
tangent line at A. The triangle OAP lies inside the sector OAP, which lies inside
the triangle OAT, so their areas satisfy

1. 1 1
Esm@ < 59 < Etan().
Dividing by 1sin® > 0 and taking reciprocals, cosf < $3¢ < 1. Both sides
are even functions of 0, so the inequality also holds for -5 < 6 < 0. As6 — 0,
cos @ — 1 (by continuity of cosine, Theorem 2.26), so the Squeeze Theorem gives
the first limit. For the second,

1—cosf 1—cos’0  sinf  sin6 0

06  6(1+cosh) 0 '1+c059—>1'§:O'

The area of a sector of angle § in the unit circle is 16 only when 6 is in radians.
This is the reason radians are the natural unit in calculus: in degrees, the limit
would be &.
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. . T . sinbx
Example 2.14 (Using the trigonometric limit). Evaluate (a) hn% , (b)
X—
. tanx . 1l—cosx
lim ,(¢) im ———.
x—=0 X x—0 X
Solution. (a) 82X = 2. sl and 5x — 0, sozthe limit is 3. (b) 22* =
i 1 1- 1—cos?x  __ (si 1 1
su;x “Cosx 7 L (C) ;gsx - xz(l-ci-oci)sxx) o (51213‘) Tfcosx ’ 2°

24 ONE-SIDED AND INFINITE LIMITS

Definition 2.15 (One-sided limits). lim,_,,- f(x) = L (the left-hand limit)
means: for every € > 0 thereis 6 > 0 with |f(x) — L| < e whenevera — § <
x < a. The right-hand limit lim,_,,+ f(x) is defined witha < x < a + 4.

Theorem 2.16. lim,_,, f(x) = L if and only if both one-sided limits exist and
equal L.

Proof. If the two-sided limit is L, the same § serves for each side. Conversely,
given ¢, take 6_ and d, for the two sides; then 6 = min(d_,d, ) works for the
two-sided limit.

For the Heaviside function, lim,_,q- H(x) = 0 and lim,_,o+ H(x) = 1: both exist
but differ. For \/x, only the right-hand limit at 0 makes sense, and lim,_,+ /x =

0.
Example 2.17 (Absolute value in a quotient). Evaluate lim | - 3|.
x—3 x2—9
. -3 _ 1 1 —(x=3)  _
Solution. For x > 3, (x_;c)m = %3 — 6 For x < 3, m =

— %% - — %. The one-sided limits differ, so the limit does not exist.

Definition 2.18 (Infinite limits). limy_,; f(x) = oo means: for every N > 0
there is § > 0 with f(x) > N whenever 0 < |x —a| < 4. Similarly for —oo
and for one-sided limits. The line x = a is a vertical asymptote of f if at least
one one-sided limit at a is F-co.

Writing lim f = oo does not assert that the limit exists; it describes the particular

ForgEd « Learn skills that matter. forgedlearn.com



FORGED CALCULUS 1 &1
LIMITS AND CONTINUITY PAGE 26

way it fails to exist.

Example 2.19 (Vertical asymptotes). Find the vertical asymptotes of

X2 —x—-2 _
flx) = 21 and the behavior near each.
Solution. f(x) = % = X for x # 42. At x = 2 the limit is 3: the
graph has a hole, not an asymptote. At x = —2 the numerator tends to —1

while the denominator tends to 0. For x — —2% the denominator is small
and positive, so f — —oo; for x — —27 it is small and negative, so f — +oo.
The only vertical asymptote is x = —2.

The vertical asymptotes of tan x are x = 7 + n7, and that of Inx is x = 0, with
lim,_,o+ Inx = —o0.

2.5 LIMITS AT INFINITY

Definition 2.20 (Limits at infinity). limy_. f(x) = L means: for every
€ > 0 there is N such that |f(x) — L| < € whenever x > N. Similarly
for x — —oco. The line y = L is a horizontal asymptote if limy_, f(x) = L or

lim, , o f(x) = L.

The limit laws and the Squeeze Theorem hold for limits at infinity, with the same
proofs. The basic limit is limy_co % = 0 for every r > 0: given ¢, take N = e 1.

Example 2.21 (Rational functions at infinity). Evaluate lim B -x+2
Y . y). lim 1
d 1 2x +1
=Py

Solution. Divide numerator and denominator by the highest power of x
in the denominator:

1 2 2 1
Soate (30 itwe 0,
5+4-1 75 1+3 1

In general, for p/q with leading terms a,x" and b,,x™: the limitis 0if n < m,
a,/by, if n =m,and oo if n > m.
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Example 2.22 (A difference of square roots). Evaluate lim (\/ x2 +3x —

x) and xg@w (\/ x2 +3x + x). o

Solution. Both have the form co — oo, which is indeterminate. Multiply by
the conjugate:

3x 3 3
Va2 +3x —x = = — = (x = ),
Vx2+3x+x  V1+3/x+1 2 ( )

where we divided by x = v/x2, valid for x > 0. For x — —o0, Vx2 = |x| =
—x,80 VX2 +3x+x= 52— = 3 = -3

Vx24+3x—x —xv14+3/x—x ~ V/1+43/x+1

COMMON ERROR. Writing v/ x> = x when x may be negative. The correct
identity is V'x? = |x|, and it matters every time x — —oo.

Example 2.23 (Exponentials and arctangent). limy,ce™ = 0 and
limy, oe* = 0, so y = 0 is a horizontal asymptote of e*.
lim, 1o arctanx = £7, so the arctangent has two horizontal asymptotes
(Fig. 1.1). And limy_; Sil;x = 0 by squeezing between :I:%, though the
graph crosses the asymptote infinitely often: an asymptote is approached,

not necessarily avoided.

2.6 CONTINUITY

Definition 2.24 (Continuity). A function f is continuous at a if limy_,, f(x) =
f(a). This requires three things: f(a) is defined, the limit exists, and they
are equal. In -4 form: for every € > 0 thereis § > 0 with |f(x) — f(a)| < €
whenever |x —a| < 4. The function is continuous on an interval if it is
continuous at every point (using one-sided limits at endpoints that belong
to the interval).

A discontinuity is removable if the limit exists but differs from f(a) or f(a) is

undefined; a jump if the one-sided limits exist but differ; infinite if a one-sided
limit is infinite; and essential (oscillating) otherwise, as for sin % at 0.
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Theorem 2.25 (Continuity of combinations). If f and g are continuous at a,

soare f £ g, cf, fg, and f/g (if g(a) # 0). If g is continuous at a and f is
continuous at g(a), then f o g is continuous at a.

Proof. The first statement is the limit laws with L = f(a), M = g(a). For the
composition, let € > 0. By continuity of f at b = g(a), there is y > 0 with
|f(y) — f(b)] < € when |y — b| < 5. By continuity of g at a, there is § > 0 with
|g(x) — b|] < 7 when |x —a| < é. Then |x —a| < § gives |f(g(x)) — f(g(a))] <
€.

Theorem 2.26 (Continuity of elementary functions). Polynomials, rational
functions, root functions, exponential and logarithmic functions, the trigonomet-
ric functions and their inverses, and the hyperbolic functions are continuous at
every point of their domains.

Proof for sine and cosine. For any h, |sinh| < |h|: the chord from (1,0) to
(cosh,sinh) is shorter than the arc. Hence sinh — 0 as h — 0, and
1—cosh = 2811‘12% < ’12—2 — 0. Then sin(a + h) = sinacosh + cosasinh — sina,
and similarly for cosine. The other cases are in Appendix A: polynomials
and rational functions follow from the limit laws, and inverses of continuous
one-to-one functions on intervals are continuous.

Continuity lets us move limits inside continuous functions: limy_,, f(g(x)) =
f(lim,_,, g(x)) whenever the inner limit b exists and f is continuous at b. For
example, lim,_,g es™*/* = ¢!, and lim,_, arctan (xx—fl) =7

Example 2.27 (Making a piecewise function continuous). For what c is

2

cxc+2x, x<2

flx) = 3 continuous everywhere?
x°—cx, x>2

Solution. Each piece is a polynomial, continuous on its own interval. At
x = 2, theleftlimitis 4c + 4 and the right limit and value are 8 — 2c. Equality
2

requires 4c +4 =8 — 2¢,soc = 3.
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2.6.1 THE INTERMEDIATE VALUE THEOREM

Theorem 2.28 (Intermediate Value Theorem). If f is continuous on [a, b] and
N is any number between f(a) and f(b), then there is ¢ € [a,b] with f(c) = N.

A continuous function on an interval cannot skip values. The proof (Ap-
pendix A) uses completeness: c is the supremum of the set of points where
f < N. Over the rationals the theorem fails: f(x) = x* — 2 is negative at 1 and
positive at 2, but has no rational zero.

Example 2.29 (Locating a root by bisection). Show that x3 + x —1 = 0 has
arootin (0,1), and locate it to within 0.01.

Solution. f(x) = x>+ x — 1is continuous with f(0) = —1 < 0and f(1) =
1 > 0, so by the IVT there is a root in (0,1). Since f is increasing (a sum
of increasing functions), the root is unique. Bisection halves the interval
repeatedly, keeping the half on which f changes sign: f(0.5) = —0.375, so
the root is in (0.5,1); f(0.75) = 0.172, so (0.5,0.75); f(0.625) = —0.131, so
(0.625,0.75); then (0.625,0.6875), (0.65625,0.6875), (0.671875,0.6875), and
(0.6796875,0.6875), of length 0.0078 < 0.01. The root is 0.6823.... Each
step costs one evaluation and gains one binary digit. Newton’s method
(Chapter 6) gains far more.

2.6.2 THE EXTREME VALUE THEOREM

Theorem 2.30 (Extreme Value Theorem). If f is continuous on a closed,

bounded interval [a,b], then f attains a maximum and a minimum value: there
are ¢, d € [a,b] with f(d) < f(x) < f(c) forall x € [a, b].

Each hypothesis is necessary. On the open interval (0,1), f(x) = x has no max-
imum. On [0,00), f(x) = x has none either. And on [—1,1], the discontinuous
function equal to % for x # 0 and 0 at 0 is unbounded. The proof is in Ap-
pendix A. The theorem guarantees that the optimization problems of Chapter 6
have solutions.

LOOKING AHEAD. Continuity onasetis a property of each point separately:
0 may depend on both € and the point. When a single § works for every

point of the set, f is uniformly continuous. On a closed bounded interval,
continuity implies uniform continuity, and that is exactly what is needed to
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prove that continuous functions are integrable (Appendix A).

2.7 WORKED PROBLEMS

Each problem below is solved in full and combines several ideas from the chapter. Attempt
each one before reading its solution.

Problem 2.1 An e—¢ proof for a square root
Prove from the definition that lim,_,4 /x = 2.

Solution. Scratch work. Rationalize: |/x — 2| = \‘gf‘z < |x£4l, since y/x > 0. So
|x — 4| < 2e suffices. We also need x > 0 for v/x to be defined, which holds if

|x — 4] < 4.
Proof. Lete > 0and 6§ = min(4,2¢). If 0 < |x — 4| < ¢, then x > 0, and

4 —4
Vx-2/=b <l oz _e

The rationalizing identity, which converted a difference of square roots into a
quotient with abounded denominator, is the same algebra used to evaluate limits
like Example 2.2. Proof and computation use the same tools.

Problem 2.2 An ¢—6 proof for a reciprocal

Prove that lim,_,» % = %

Solution.  Scratch work. |1 — 1| = ‘;I;T‘ We must keep |x| away from 0. If
|x —2| <1,thenl < x <3, soz|x| <zand|i—1| < |x 2,

Proof. Given € > 0, let § = min(1,2¢). If 0 < ]x—2| < ¢, then x > 1 and
1 1| _ [x=2 -2

L-3l=A <l <e

The general fact behind the quotient law is the same: if § — M # 0, then even-

tually |g(x)| > |2M, which keeps é under control.

Problem 2.3 A limit that needs the squeeze

Evaluate im ——— and lim x| —
x—00 X 4+ COS X x—0

X +sinx . {1 J
ML
Solution. For the first, divide by x: ﬁ% Since |sinx| <1, —1 < s <1 for
x > 0,s0 ¥ — 0 by squeezing; likewise % — 0. The limit is %18 1.

For the second, the floor satisfies 1 1—1< L}J < % For x > 0, multiply by x:
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1—x < x[1] < 1. For x < 0, multiplying reverses the inequalities: 1 < x|1] <
1 — x. In both cases the bounds tend to 1, so the limit is 1. The function itself
jumps infinitely often near 0, but the jumps shrink.

Problem 2.4 Asymptotes of a rational function

2x2 —3x —2
x—1

Solution. The denominator vanishes at x = 1, where the numerator is2 — 3 —

2 = —3 # 0. So x = 1is a vertical asymptote: as x — 11, f — —oo, and as

x — 17, f — 4o0. There is no horizontal asymptote, since the numerator has

higher degree. Long division gives

Find all asymptotes, including any slant asymptote, of f(x) =

f(x):2x—1—%.

Since -2 — Oas x — oo, f(x) — (2x —1) — 0: theliney = 2x—1lisa

slant asymptote. The graph lies below the line for x > 1 and above it for x < 1. A
rational function has a slant asymptote exactly when the degree of the numerator
is one more than that of the denominator.

Problem 2.5 Three real roots

Show that p(x) = x° — 3x + 1 has at least three real roots, and locate each in an
interval of length 1.

Solution. Evaluate at integers: p(—2) = —324+6+1 = 25, p(—1) = -1+
3+1=3,p0) =1,p(1) = -1, p(2) = 32—6+1 = 27. The sign changes on
[—2,—1], [0,1], and [1,2]. By the IVT there is a root in each, and the intervals
overlap only at the endpoint 1, where p # 0, so the roots are distinct. (A fifth-
degree polynomial has at most five roots by Theorem 1.14. The derivative test of
Chapter 5 will show there are exactly three: p’(x) = 5x* — 3 vanishes at only two
points, so p changes direction only twice.) Numerically the roots are —1.3888,
0.3347, and 1.2146.

Problem 2.6 Continuous at exactly one point

Let D(x) = 1if x is rational and 0 if x is irrational. Prove that D is discontinuous
at every point, and that f(x) = xD(x) is continuous at 0 and nowhere else.

Solution. Every interval contains both rationals and irrationals (Exercise 1.32
and its irrational analog, obtained by adding /2 to a rational). So for any a and
any 6 > 0, D takes both values 0 and 1 in (a2 — 6,4+ ). Withe = %, no L can
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satisfy |D(x) — L| < % for both values. Hence lim,_,, D(x) does not exist, and D
is discontinuous everywhere.

For f = xD: at 0, |f(x) — f(0)] = |x|D(x) < |x|, so 6 = € works, and f is
continuous at 0. Ata # 0, f takes values near a (at rationals) and the value 0
(at irrationals) arbitrarily close to a. With e = %, the limit cannot exist. So f is
continuous only at 0. Pathological functions like these show that continuity is a
pointwise condition, and that “a graph you can draw without lifting the pencil”
is an intuition, not a definition.

Problem 2.7 Fixed points

Prove that every continuous function f : [0,1] — [0,1] has a fixed point: a c
with f(c) = c. Show by example that the conclusion can fail for a continuous
f:(0,1) = (0,1).

Solution. Let ¢(x) = f(x) — x, continuous on [0,1]. Since 0 < f < 1, ¢(0) =
f(0) > 0and g(1) = f(1) — 1 < 0. If either is zero we are done. Otherwise
2(0) > 0> g(1),and the IVT gives ¢ € (0,1) with g(c) = 0, thatis, f(c) = c.

On the open interval, f(x) = 5 maps (0,1) into (0,1) continuously, but 5 = x
only at x = 0, which is not in the interval. This is the one-dimensional case of the
Brouwer fixed-point theorem, which says the same for continuous maps of a closed
disk or ball to itself. It underlies existence proofs throughout mathematics and
economics, including the existence of Nash equilibria.

EXERCISES

A. COMPUTATION

X

2.1 Estimate lim from a table with x = 0.1, £0.01, £0.001.

x—0

2.2 The position of a car is s(t) = > — 2t meters. Find its average velocity on
[1,1 + h] and its instantaneous velocity at t = 1.

2.3 Prove from the definition: lim,_, 1(4 — 5x) = 9.
2.4 Prove from the definition: lim, (x> + x) = 6.
2.5 Prove from the definition: lim,_,q x> = 0.

2.6 Find 6 such that |x — 1| < 6 implies |x*> — 1| < 0.01.
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2.7 Evaluate lim &
) x—3x2—2x—3"

va+t—2
—5

2.8 Evaluate lim

t—0
3 _
2.9 Evaluate lim w
h—0 h
4 _
2.10 Evaluate lim x3 1.
x—1x° —1
. sin3x
2.11 Evaluate lim — .
x—0 sin7x

2

2
2.12 Evaluate lim tan 2x and lim ———.
x—0 X x—01—cosx

2.13 Evaluate lim x cot x.
x—0

2.14 Evaluate lim x* cos %

x—0
2.15 Evaluate lim and lim - + 3.

x——4+ X + x——4- x+4
2.16 Evaluate lim x=2| and lim M

x—2- X — x—2t X —2

, , , 2x* 41
2.17 Find the vertical and horizontal asymptotes of f(x) = e a—
2
—4
2.18 Find the vertical asymptotes of f(x) = XT_Xl—iﬂ’ and identify any re-
movable discontinuity.
. A —x , 9x2 +1

2.19 Evaluate J}LI;{}O m and xl—l>lzloo ﬁ

2.20 Evaluate lim (\/x2 +Tx—+/x2— x).
X—00

X —Xx eX — X

2.21 Evaluate lim c-e and lim ———.
x—oo g¥ 4 =% x——oc0 X 4 =X

2.22 Evaluate lim arctan(x* — x) and lim In(sinx).

X—>00 x—0t
2.23 Find the slant asymptote of f(x) = ©+1
. ymp X241
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2
-1
2.24 Classify the discontinuities of f(x) = |J;_1’
x+1, x <1
2.25 Find 4 and b so that f(x) = {ax>+b, 1< x <2 is continuous every-
3x, x>2
where.
1
2.26 Whereis f(x) = 1% continuous?

V4 —x?
2.27 Show that cosx = x has a solution in (0,1), and find it to two decimal
places by bisection.

2.28 Show that ¢* = 3 — x has exactly one real solution.

. 2 .
229 Find lim S™0) and tim S |
x—0 X

X—mT X — 7T

2.30 Bvaluate lim Y1 ¥ = V1—%
x—0 X

B. THEORY AND PROOF
2.31 Prove thatif limy_,, ¢(x) = M # 0, then lim,_,, ﬁ = ﬁ

2.32 Prove that if lim,_,, f(x) = L > 0, then f(x) > 0 for all x # a sufficiently
close to a.

2.33 Prove that if f(x) < g(x) near a and both limits exist, then lim,_,, f <
limy_,, 8.

2.34 Prove that lim,_,, f(x) = 0 if and only if lim,_,, | f(x)| = 0. Is the analo-
gous statement true with 0 replaced by L # 0?

2.35 Prove that if f is bounded near a4 and lim,,g(x) = 0, then
limy—, f(x)g(x) = 0.

2.36 Prove from the definition that lim,_,« =1

_x_
x+1
2.37 Prove that lim,_,g % = oo from the definition.

2.38 Give an example of functions f, ¢ with no limits at 0 such that f 4+ ¢ and
fg both have limits at 0.

2.39 Prove that a polynomial of odd degree has at least one real root.
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2.40 Prove that if f is continuous on [a,b] and f(x) # 0 for all x, then f has the
same sign throughout [a, b].

C. CHALLENGE

2.41 Prove that lim,_,, v/x = /a for every a > 0 from the definition.

2.42 The Thomae function is T(x) = % if x = g in lowest terms with g > 0, and
T(x) = 0if x is irrational. Prove that T is continuous at every irrational
and discontinuous at every rational.

2.43 A hiker starts up a mountain at 7:00 a.m. and reaches the top at 7:00 p.m.
The next day she starts down at 7:00 a.m. by the same path and reaches the
bottom at 7:00 p.m. Prove that there is a point on the path that she passes
at the same time on both days.

2.44 Prove that there is no continuous function f : R — R that takes every
value exactly twice.

2.45 Prove that if f is continuous on R and f(x +y) = f(x) + f(y) for all x,y,
then f(x) = cx for some constant c. (First show it for integers, then ratio-
nals, then use continuity.)
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CHAPTER 3

THE DERIVATIVE

LEARNING OBJECTIVES
e Define the derivative at a point as a limit, and interpret it as a slope and
as an instantaneous rate of change.

e Prove that differentiability implies continuity, and recognize corners,
cusps, and vertical tangents.

e Derive and apply the power, sum, product, and quotient rules.

e Define the number e by the slope of an exponential, and differentiate *
and the trigonometric functions.

e Use derivatives to describe velocity, acceleration, and rates of change in
the sciences.

The tangent and velocity problems of Chapter 2 led to the same limit: a ratio of
changes, as the change shrinks to zero. That limit is the derivative, the central
object of differential calculus. This chapter defines it, computes it for the basic
functions, and derives the rules that compute it for their sums, products, and
quotients. The chain rule, which handles compositions, is the subject of Chap-
ter 4.

3.1 THE DERIVATIVE AT A POINT

Definition 3.1 (Derivative at a point). The derivative of f at a is

) — i LEEW @) F) — @)

h—0 h x—a X —a

if the limit exists. Then f is differentiable at a. The two forms are related by
x=a+h.
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The quotient W is the difference quotient: the slope of the secant line

through (a, f(a)) and (a + h, f(a+ h)), and the average rate of change of f over
[a,a + h]. Its limit is the slope of the tangent line to the graph at (a, f(a)), whose
equation is

y=f@)+f(a)(x—a),

and the instantaneous rate of change of f at a.

Example 3.2 (Three derivatives from the definition). Find f’(a) for (a)
f(x) =22, (b) f(x) = 3, (c) f(x) = V/x (a>0).

Solution. (a) (”+h112_”2 — 22— 9g 4 2a.

(b) %(ﬁ - %) = = — e T
(c) Vath—va _ _ (ath)—a  _ 1 1
h h(Vat+h+v/a) — Vath+ya " 2va
In each case the difference quotient was 8 at h = 0, and algebra removed
the factor i before the limit was taken. That is the whole art of computing

derivatives from the definition.

Example 3.3 (A tangent line). Find the tangent line toy = 1 at (2, 1), and

X
the points where it meets the axes.
Solution. By (b), the slope is —1. The tangent lineisy = 1 — 1(x —2) =
1— 1. It meets the axes at (0,1) and (4,0). Notice that the point of tangency
(2, %) is the midpoint of the segment between the intercepts. That is true
for every tangent to the hyperbola xy = 1 (Exercise 3.35).

3.1.1 RATES OF CHANGE

If y = f(x), the change Ay = f(x 4+ Ax) — f(x) divided by Ax is the average rate
of change, and f'(x) = limay_0 3 is the instantaneous rate. The units of f’ are
the units of y per unit of x. If s(¢) is position in meters and ¢ is time in seconds,
s'(t) is velocity in m/s. If C(q) is the cost in dollars of producing g items, C'(g),
the marginal cost, is in dollars per item, and approximates the cost of producing
one more item.
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3.2 THE DERIVATIVE AS A FUNCTION

Letting the point vary, the derivative becomes a new function f’, defined wher-
ever the limit exists:
flat )~ fx)

!/ — 1
fi(x) = lim ?
Other notations are jz, dxr dx d £(x), Df(x), and y (for derivatives with respect to

time). Leibniz notation d—z recalls the ratio % it is the limit of. It is not a fraction,
but it often behaves like one, and that is its great virtue. The value at a point is

. d
written g _or f'(a).

Theorem 3.4 (Differentiability implies continuity). If f is differentiable at a,
then f is continuous at a.

Proof. Forx # a, f(x) — f(a) = W -(x—a). As x — a, the first factor tends

to f/(a) and the second to 0, so by the product law f(x) — f(a) — f'(a)-0 =
0.

The converse is false. A continuous function can fail to be differentiable in three
ways:

e a corner, where the one-sided limits of the difference quotient differ: |x| at
0, with one-sided slopes +1;

e avertical tangent, where the difference quotient tends to +oo: \/x at0, where

1/3
X _ —2/3
- = — 00;

e acusp, a vertical tangent with the quotient tending to +co on one side and
—oo on the other: x2/3 at 0.

Worse is possible. Weierstrass gave in 1872 a function, }_, - a" cos(b"7rx) with
0 < a < 1,ban odd integer, and ab > 1+ 2%, that is continuous everywhere and
differentiable nowhere: its graph has corners at every scale.

3.2.1 HIGHER DERIVATIVES

The derivative of f’ is the second derivative f"" = d 4, andsoon: f, f&, .., fi0) =
sz If s(t) is position, v = s’ is velocity and a = v = s” is acceleration. The third
derivative, the rate of change of acceleration, is called jerk, and engineers limit it

in the design of elevators and roller coasters.
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. 2/3
corner x| vertical x!/3 cusp x

|

» »

Figure 3.1: Three continuous functions that are not differentiable at 0.

Example 3.5 (Reading a derivative from a graph). The graph of f’ can be
sketched from that of f: f’ is positive where f rises, negative where f falls,
and zero at the peaks and troughs of f, where the tangent is horizontal.
Steep stretches of f correspond to large |f'|. For f(x) = x> — 3x, the peaks
and troughs are at x = +1; f rises on (—co, —1) and (1,c0) and falls on
(—1,1); and the derivative, 3x2 -3 isa parabola with exactly that sign pat-
tern.

3.3 DIFFERENTIATION RULES

Theorem 3.6 (Constant, power, sum, and constant multiple rules). For con-
stants c and positive integers n, and differentiable f, g:

d d _
Te=0, T =m,  (frg)=ftg, (f) =cf.

Proof. For the power rule, the binomial theorem gives (x + h)" = x" + nx""1h +
(5)x"2h* 4 - + h". So

W = nx" 1 <Z> X" 2h A4 T ol

since every term after the first contains a factor of 4. The sum and constant mul-
tiple rules follow from the limit laws.

The power rule %xr = rx"~1 holds for every real exponent r, wherever x” is
defined. Wehaveseenr = —landr = % in Example 3.2. Negative integers follow
from the quotient rule below, rational exponents from implicit differentiation
(Chapter 4), and the general case from logarithmic differentiation.
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Theorem 3.7 (Product and quotient rules). If f and g are differentiable at x,
then so are fg and, where g(x) # 0, f/g, and

(fe) = f's+fg, (é) = f/gg_zfg/.

Proof. For the product, add and subtract f(x + h)g(x) in the numerator:

Flet Mgt ) = () _ 0, 8+ = ()

h h
—|—g(x)f(x +h21 _f(x)‘
Ash — 0, f(x+h) — f(x) by Theorem 3.4, and the quotients tend to ¢’(x) and
f'(x). For the quotient, first % (m — ﬁ) — _g(uh});g(X) . g(lel)g(x) N -5
f_ 5

and then the product rule applied to f - 1 g 8ives & — 5.

COMMON ERROR. The derivative of a product is not the product of the
derivatives. For f = ¢ = x, (fg)! = (x?)’ = 2x, but f'¢’ = 1. Leibniz
himself first conjectured (fg)’ = f’¢’ in his notebooks, and corrected it
within days.

Example 3.8 (Using the rules). Differentiate (a) y = (x* +1)(x® — 2x), (b)
x2
Solution. (a) (2x)(x —2x) + (x2 +1)(3x2 —2) = 5x* — 3x2 — 2. (Expand-
ing first, x> — x> — 2x, gives the same.)
(b) 2x(x +12 )—(x*=1)2x _ 24x y
(x241)2 (x2+1)
(c) Write y = 3x* — 2x'/3. Theny/ = —12x 5 — 2x72/3.

Example 3.9 (Repeated products: Leibnizs rule). Show that (fg)”" =

f'g +2f'g' + fg", and in general (fg)") = i, (;) f¥g"" Y.
Solution.  Differentiate (fg)’ = f'g + fg’' once more with the prod-

uct rule: "¢+ f'¢’ + f'¢’ + f¢”. The general formula follows by induc-
tion, in exactly the way the binomial theorem does, since differentiating
each term f)g("=k) produces fk+1) g(n=k) 1 f(k) o(n=k+1) ‘and Pascal’s rule

(") + () = (") collects the coeff1c1ents.
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34 THE EXPONENTIAL FUNCTION AND THE NUMBER ¢

For f(x) = b* withb > 0,

bx+h — bx bh -1
! 1 X
fix) = Jim —, b lim

= b f(0).

The derivative of an exponential is proportional to the exponential itself, and the
constant of proportionality is the slope f’(0) of its graph at x = 0. Numerically,
Z-1 5 0.6931...and 3’1,7—*1 — 1.0986. . .. The slope increases continuously with
b, frombelow 1 atb = 2 to above 1 at b = 3, so there is exactly one base for which
it equals 1.

Definition 3.10 (The number e). e is the unique positive number with

e —1

lim

= 1. Numerically e = 2.718281828459. . ..
h—0 h

Theorem 3.11 (Derivative of the natural exponential). %e" =e".

The function e* is its own derivative. That property, rather than any numerical
accident, is why e is the natural base: it appears whenever a quantity grows at
a rate proportional to its size, from compound interest to radioactive decay to
population growth (Chapter 10).

The argument above assumed that the limit L= ~1 exists and depends continu-
ously on b. Both facts are proved in Chapter 7, Where In x is defined as an inte-
gral and e* as its inverse. There we will also show that the slope for base b is
exactly Inb, which explains the numbers 0.6931 = In2 and 1.0986 = In3, and
that e = limy o0 (1 + 1)".

Example 3.12 (Exponential products and quotients). Differentiate y = x2e*

X

e
dy = .
and y T %
/ X X
(1 + ) The derivative is zero only at x = 0, where the graph of 1 + = has a

horizontal tangent.
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3.5 DERIVATIVES OF TRIGONOMETRIC FUNCTIONS

Theorem 3.13.

—sinx = cos X, — COSX = —siny, — tanx = sec? X,

dx dx dx
7

— (CSCX = —cscxcotx, —secx =secxtanx, —cotx = —csc®x.
dx dx dx

Proof. By the addition formula and Theorem 2.13,

sin(x +h) —sinx | cosh—1 sinh )

Y :smx-T—i—cosx- p —sinx-0+cosx-1 = cosx.
Similarly w = cosx - M=l _giny . st 5 _ginx. The other four
follow from the quotient rule; for example, (tanx) = cosxcosx—sinx(—sinx) _

1 ) cos? x
oy = sec® X,

Example 3.14 (Periodic patterns). Find 5%99 sin x and O{‘—; (xsinx).

Solution. The derivatives of sinx cycle with period 4:
cosx,—sinx,—cosx,sinx. Since 99 = 4 .24 + 3, the 99th deriva-
tive equals the third, —cosx. For xsinx, Leibniz’s rule (Exam-
ple 3.9) with f = x, whose derivatives vanish after the first, gives
(xsinx)® = xsin® x +4sin® x = xsinx — 4cosx.

Example 3.15 (Simple harmonic motion). A mass on a spring oscillates
with position x(t) = 4cos2t cm. Find its velocity and acceleration, and
the relation between acceleration and position.

Solution. v = x’ = —8sin2tanda = v = —16cos2t = —4x. (We
used % cos2t = —2sin 2t, an instance of the chain rule of Chapter 4: verify
it directly with the addition formula.) The acceleration is proportional to
the displacement and opposite in sign, the defining property of simple har-
monic motion. The speed is greatest, 8 cm/s, at the equilibrium x = 0, and
the acceleration is greatest at the turning points x = +4.

3.6 RATES OF CHANGE IN THE SCIENCES
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3.6.1 MOTION ALONG A LINE

If s(t) is the position of a particle, then v(t) = s'(t) is its velocity, |v(t)] its speed,
and a(t) = v/(t) = s"(t) its acceleration. The particle speeds up when v and a
have the same sign and slows down when they have opposite signs.

Example 3.16 (A particle reversing direction). A particle moves with s(f) =
£ — 61> + 9t meters for t > 0. When is it at rest? When is it moving forward?
Find the total distance traveled during the first 5 seconds, and the intervals
on which it speeds up.

Solution. o(t) = 3t> —12t+9 = 3(t —1)(t —3) and a(t) = 6t — 12 =
6(t—2). Itisatrestatt = 1 and t = 3. It moves forward (v > 0) on [0,1)
and (3, o), and backward on (1, 3). Positions: s(0) = 0,s(1) = 4,s(3) =0,
s(5) = 20. The distance traveled is [4 — 0| + [0 — 4] + |20 — 0| = 28 m,
though the displacement is only 20 m. It speeds up where v and a have the
same sign: on (1,2), where both are negative, and on (3,00), where both
are positive. It slows down on (0,1) and (2, 3).

3.6.2 OTHER SCIENCES

Example 3.17 (Rates in chemistry, biology, and economics). (a)
Reaction rate. 1If [A](t) is the concentration of a reactant, —%‘?}
is the rate of the reaction.

(b) Population growth. If P(t) is a population, P’(t) is the growth rate, and
P'(t)/P(t) is the relative or per capita growth rate.

(c) Electric current. If Q(t) is the charge that has passed a point in a wire,

I = %—? is the current, in coulombs per second, or amperes.

(d) Linear density. If m(x) is the mass of the first x meters of arod, p = 4

is its density in kg/m.

(e) Marginal cost. If C(q) = 500 + 3q + 0.014* dollars, then C'(q) = 3 +
0.02g, and C’(100) = 5 dollars per item, close to the exact cost of the
101st item, C(101) — C(100) = 5.01.

LOOKING AHEAD. Every law of motion in physics is a statement about

derivatives. Newton’s second law says force equals mass times the second
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derivative of position. In Volume IV, the same idea, applied to a wave in-
stead of a particle, produces the Schrodinger equation, which governs every
atom.

3.7 WORKED PROBLEMS

Each problem below is solved in full and combines several ideas from the chapter. Attempt
each one before reading its solution.

Problem 3.1 Joining two pieces smoothly

X2, x<1

is differentiable everywhere.

Find a and b so that f(x) =
ax+b, x>1

Solution. Differentiability at 1 requires continuity there (Theorem 3.4), so the
left value 1 must equal the right limit a 4 b. It also requires the one-sided dif-

2_
ference quotients to agree. From the left, lim;,_,o- % = 2. From the right,

using a +b = 1, limy,_,p+ W = lim% =a. Soa = 2and b = —1: the
line y = 2x — 1 is the tangent to the parabola at (1,1), as it must be. If we had
matched only the derivative formulas, 2x and a, without imposing continuity,
we would have found a = 2 but no condition on b; the resulting function would
have a jump and no derivative at 1.

Problem 3.2 Tangent lines through an outside point
Find all lines through (1, —3) that are tangent to the parabola y = x2.

Solution. The point (1, —3) is below the parabola, so it is not a point of tangency.
Let the tangency be at (¢, t?). The tangent there isy = 2 +2t(x — t) = 2tx — 1. It
passes through (1, —3) when —3 = 2t — 2, thatis, > =2t =3 = (t = 3)(t + 1) =
0.Sot =3 ort = —1, and the lines are

y=6x—-9 and y=—-2x—-1

The method, parametrizing the unknown point of tangency and imposing the
condition, works for any curve. Every point below a parabola lies on exactly two
tangents, every point above on none, and every point on the parabola on exactly
one.

Problem 3.3 A common tangent

Find the lines tangent to both y = x?> and y = —x? + 2x — 5.
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Solution. The tangent to y = x* at x = ais y = 2ax — a®>. The tangent to

g(x) = —x?2+2x —5at x = b has slope ¢'(b) = 2 — 2b and passes through
(b,g(b)), soitisy = (2 —2b)x + b* — 5 (the intercept is g(b) — ¢'(b)b = —b* +
2b —5— (2 —2b)b = b?> —5). The lines coincide when slopes and intercepts
agree:

20=2-2b, —a®=b"-5.
Thena =1—b,and —(1 — b)? = b* — 5 simplifiesto b> —b —2 = 0,s0 b = 2 or
b= —1,witha = —1 ora = 2. The common tangents are y = —2x — 1 (touching

the first parabola at x = —1 and the second at x = 2) and y = 4x — 4 (touching
atx =2and x = —1).

Problem 3.4 The derivative of a cube root, from the definition

Prove that %xl/ 3 = %xfz/ 3 for x # 0, and that x'/3 is not differentiable at 0.

Solution. TLetu = (x +h)!/% and v = x!/3. The factorization u® — v® = (u —
v) (u* 4+ uv + v?) plays the role that rationalizing played for square roots:

U—0 U—0 1

h w3 —v3 w24 uv+0?

Ash — 0, u — v by continuity of the cube root, and the denominator tends to
3v? = 3x2/3, which is nonzero for x # 0. So the derivative is 3;7/3 At x = 0, the

difference quotient is %/3 = h=2/3 — to0: a vertical tangent (Fig. 3.1).

Problem 3.5 Where is |x> — 4| differentiable?

Find the derivative of f(x) = |x> — 4| where it exists, and identify the points
where it does not.

Solution. f(x) = x> — 4 where |x| > 2 and f(x) = 4 — x> where |x| < 2. On
the open sets [x| > 2 and |x| < 2, f agrees with a polynomial, so f'(x) = 2x
for |x| > 2 and f'(x) = —2x for |x| < 2. Atx =2, f(2) = 0 and the one-sided
difference quotients are

2 . 2
lim W =4, lim 4(274'}1) = lim (-4 —h) = —4.
h—0+ h h—0- h h—0-

They differ, so f has a corner at 2; by symmetry also at —2. In general |g| has a
corner wherever g crosses zero with nonzero slope, and is differentiable where
¢ touches zero with zero slope: |x%| is differentiable at 0.
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Problem 3.6 Pinning down ¢

Using only the definition of ¢, the fact that % increases with b, and a calculator,
show that 2.718 < e < 2.719.

Solution. Approximate m(b) = limy,_,o # with i = 1077, small enough that
the error is about 10~ but large enough to avoid the cancellation warned of in
Chapter 2:

b 2.7 2.71 2.718 2.719 2.72
m(b) 0.99325 0.99695 0.99990 1.00026 1.00063

Since m(2.718) < 1 < m(2.719) with margins far larger than the approximation
error, and m increases, the base with m(b) = 1 lies between them. This is bi-
section (Example 2.29) applied to the function m(b) — 1. With the logarithm of
Chapter 7, m(b) = Inb, and the table is a table of natural logarithms.

Problem 3.7 A projectile

A ball is thrown upward from a height of 1.5 m at 20 m/s, so its height is h(t) =
1.5 4+ 20t — 4.9¢2 meters. Find its maximum height, the time it hits the ground,
and its speed at impact.

Solution. ©v(t) = h'(t) = 20 — 9.8, which is zero at t = 3% ~ 2.041 s. There
h=15+ % ~ 21.91 m: the maximum, since the ball rises before and falls
after. The ball lands when h(t) = 0:

20+ /400 +4(4.9)(1.5) 100+ /10735
B 9.8 B 49

taking the positive root. The velocity there is 20 — 9.8(4.155) ~ —20.72 m/s, a
speed of 20.72 m/s, greater than the launch speed because the ball fell 1.5 m
farther than it rose. Energy conservation confirms it: v? = 20% + 2(9.8)(1.5) =
4294, and v/429.4 = 20.72.

t

~ 4.155s,

EXERCISES
A. COMPUTATION

3.1 Use the definition to find f'(a) for f(x) = 3x> — 5x + 1.

1
x+2

3.2 Use the definition to find f'(x) for f(x) =
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3.3 Use the definition to find f/(x) for f(x) = v/2x + 1.
3.4 Use the definition to find f'(x) for f(x) = x°.
3.5 TFind the tangent line to y = x> — 2x at (1, —1).

3.6 Find the points on y = x® — 3x2 — 9x + 5 where the tangent line is horizon-

tal.

3.7 Each limit is a derivative f’(a). Identify f and a, and evaluate:
lim (1+h)10—1 lim tanx — 1
h—0 h "xSn/ax — /4

3.8 Differentiate y = 5x* — 3x% + % — V.

x3—2y/x

X

3.10 Differentiate y = (3x2 — 1)(x* + 2x).

3.9 Differentiate y =

2x +3
w2 _

1
Jx
1+ x

3.11 Differentiate y =

3.12 Differentiate y =

X

3.13 Differentiate y = x°¢* and y = %.

sin x

3.14 Differentiate y = e*sinx and y = 1T cosx

3.15 Differentiate y = x tan x — sec x.

3.16 Find f"(x) for f(x) = x*e".
x
x+1

3.17 Find % fory =

3.18 Find g:,, <%) and prove your formula by induction.

N & (2
3.19 Find { cosx and $5(x*cosx).
2

x+1atx:1.

3.20 Find the equations of the tangent and normal lines to y =

3.21 Find the points on y = % where the tangent line is parallel to x + 4y = 7.
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3.22 For what values of x does y = x + 2 sin x have a horizontal tangent?

3.23 A particle moves with s(t) = 3 — 9t2 + 24t for t > 0. When is it at rest?
When does it move backward? Find the total distance traveled in the first
6 seconds.

3.24 The height of a rock thrown upward on Mars s /(t) = 15t — 1.86t*> m. Find
its velocity after 2 s, its maximum height, and when it lands.

3.25 The cost of producing g units is C(g) = 2000 + 129 — 0.034% + 0.00014>
dollars. Find the marginal cost at 4 = 100 and compare it with C(101) —
C(100).

3.26 Boyle’s law says PV = c at constant temperature. Find the rate of change
of V with respect to P, and show that it equals — %.

24p, x<2
3.27 Find a,b so that f(x) = D XS is differentiable at 2.
x3, x> 2

3.28 Whereis f(x) = |x — 1| + |x + 1| not differentiable? Sketch f.
3.29 Let f(x) = x|x|. Find f'(x) for all x. Is f’ differentiable at 0?

3.30 If £(2) = 3, f(2) = —1,8(2) = 5, ¢'(2) = 4 find (fg)'(2), (f/g)'(2), and
(2 +3g)'(2).

B. THEORY AND PROOF

3.31 Prove that the derivative of an even differentiable function is odd, and of
an odd one is even.

n —n—1

3.32 Prove the power rule for negative integers, %x‘ = —nx
quotient rule.

, using the

3.33 Prove that (fgh)' = f'gh+ fg'h + fgh', and generalize to n factors.

3.34 Prove thatif f is differentiable at a, then lim;,_, f(‘”h)z;;w = f'(a). Give
an example where this limit exists but f’(a) does not.

3.35 Show that the tangentline to xy = 1 atany point forms, with the coordinate
axes, a triangle of area 2, and that the point of tangency is the midpoint of
the hypotenuse.

3.36 Show that the tangent to y = x° at x = a # 0 meets the curve again at
x = —2a.
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3.37 Prove that if f is differentiable at 4, then f(x) = f(a) + f'(a)(x —a) +
e(x)(x —a) with ¢(x) — 0 as x — a. Conversely, show that if such a repre-
sentation exists for some number m in place of f'(a), then f is differentiable
at a with f'(a) = m.

2

3.38 Derive % cscx = — cscx cotx and % cotx = — csc” x.

3.39 Let f(x) = x?sin1 for x # 0 and f(0) = 0. Show that f is differentiable
everywhere, but f is not continuous at 0.

C. CHALLENGE

3.40 Show thaty = x® — 3x has a tangent line through every point of the plane,
and determine how many tangents pass through (1, a) for each a.

3.41 Prove that if p is a polynomial and p(a) = p’(a) = 0, then (x — a)? divides
p(x). (A double root is a root of the derivative.)

3.42 Find all differentiable f with f(x +y) = f(x)f(y) forall x,y and f'(0) =1
(Show f' = f.)

3.43 The parabola y = x? reflects any vertical ray to the focus (0, ). Prove this
using the tangent line and the law of reflection.

3.44 Using the binomial theorem, show that (1 + %)” increases with n and is
less than 3 for all n. (This is the first step toward proving that lim (1+ 1) b
exists; see Chapter 12.)
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CHAPTER 4

THE CHAIN RULE AND ITS
CONSEQUENCES

LEARNING OBJECTIVES

e State and prove the chain rule, and differentiate compositions of any
depth.

e Differentiate implicitly defined functions and find tangent lines to curves
given by equations.

e Prove the derivative formula for inverse functions, and differentiate log-
arithms, inverse trigonometric, and inverse hyperbolic functions.

e Use logarithmic differentiation, and prove the power rule for all real ex-
ponents.

e Solve related-rates problems, and use linear approximation and differen-
tials to estimate values and errors.

Most functions met in practice are compositions: sin(x?), e t/7 /1 =0v2/c2. The
chain rule differentiates them, and in doing so unlocks everything else in this
chapter: implicit differentiation, the derivatives of inverse functions and loga-
rithms, related rates, and linear approximation. It is the most important rule of
differentiation.

4.1 THE CHAIN RULE

Theorem 4.1 (Chain rule). If g is differentiable at x and f is differentiable at
g(x), then f o g is differentiable at x and

(fog)'(x) = f'(8(x)) &'(x).
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In Leibniz notation, if y = f(u) and u = g(x), then % — vdu

The Leibniz form looks like cancellation of fractions, and that is the right intu-
ition: if u changes 3 times as fast as x, and y changes 2 times as fast as u, then y
changes 6 times as fast as x. The tempting proof, % = %%, fails when Au = 0
for Ax # 0, which can happen infinitely often near x (as for g(x) = x*sin

sin ; near
0). The following proof avoids division by Au.

Proof. Let b = g(x). Define ¢(k) = w — f'(b) for k # 0 and ¢(0) = 0.
Then ¢ is continuous at 0 by differentiability of f, and

f(b+k)—f(b) = (f'(b) +e(k))k  forallk, including k = 0.

Put k = g(x + h) — g(x), which tends to 0 as h — 0 by Theorem 3.4. Then

since (k) — ¢(0) = 0 by continuity of € at 0 and of k in .

Example 4.2 (Inside and outside). Differentiate (a) (x*> — 2x + 5)19, (b)
sin(x?), (c) e~ cos4x, (d) \/1+ /x.

Solution. Differentiate the outer function, evaluated at the inner one, then
multiply by the derivative of the inner function.

(a) 10(x® — 2x + 5)?(3x*> — 2). (b) cos(x?) - 2x. (c) By the product rule
and the chain rule twice, —3e 3" cos 4x — 4¢~3*sin4x = —e3*(3cos4x +

: N S
4sin4x). (d) irey A w2

COMMON ERROR. Forgetting the inner derivative: writing d% sin(xz) =
cos(x?). Or applying the chain rule where it does not belong: % (sinx)? is
2 sin x cos x, while % sin(x?) is 2x cos(x?). Before differentiating, name the

outermost operation.

For a composition of three functions the rule is applied twice: £ f(g(h(x))) =
f'(g(h(x))) ¢’ (h(x)) h'(x). In Leibniz notation, % = %%%: a chain of rates,

which is the origin of the name.
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Example 4.3 (A deep composition). Differentiate y = sin®(e%)

3
( sin (ez")> :
Solution. Working from the outside in: ' = 3sin?(¢?) - cos(e?*) - €2* -2 =
6¢2 sin?(e?*) cos (e¥).

Example 4.4 (Exponentials with any base). Since b* = ¢*"?, the chain rule
gives %bx = ¢*"PInp = b¥Inb. This confirms the claim of Chapter 3 that
the slope of b* at 0 is Inb. For example, %2" = 2%In2 =~ 0.693 - 2%, and
£410-* = —10~*In10.

4.2 IMPLICIT DIFFERENTIATION

Many curves are described by equations rather than formulas: the circle x? +
y?> = 25, the folium x> + 3> = 6xy. Near most of its points such a curve is the
graph of a differentiable function y(x), even when no formula for y can be found.
(The implicit function theorem of Volume IV makes this precise.) We can still
find %: differentiate both sides of the equation with respect to x, treating y as a

function of x and using the chain rule on every term containing y, then solve for
/

y.
Example 4.5 (A circle). Find ¥’ on x? + y*> = 25 and the tangent at (3, —4).
Solution. Differentiate: 2x +2yy’ = 0,s0y’ = —g. At (3,—4),y = %, and
the tangent is y = —4 + 3(x — 3). Note thaty’ = —y says the tangent is
perpendicular to the radius, whose slope is £: a fact from geometry, recov-

ered without solving for y. At (£5,0) the formula fails, and the tangents
are vertical.

Example 4.6 (The folium of Descartes). Find y’ on x° + y® = 6xy, the tan-
gent at (3,3), and the point in the first quadrant where the tangent is hori-
zontal.

Solution. Differentiate: 3x* + 3y%y’ = 6y + 6xy’, so ¥/ (y* — 2x) = 2y — x>

and 5
/_2y—x

oy -2x

y
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At (3,3): y = &2 = —1, and the tangent is x + y = 6. The tangent is

horizontal where 2y = x2, with (x,y) on the curve: x> + ’g—é = 6x - %2, S0
x6 = 1633 and (for x # 0) x® = 16, x = 23 = 2520,y = & = 2°/3 ~
3.175.

Example 4.7 (Second derivative implicitly). Find y” on x* + y* = 16.

Solution. First 4x° + 41’y = 0,50y = —;—z. Differentiate this with the
quotient rule, remembering that ¥ depends on x:

v 3X2]/3 —x3. 3y2y/ _ _3x2y _ 3x3y/

ye v
_ 3Py 430/ 3Pyt at) | 48y
yt y’ y

using the original equation x* + y* = 16 at the end. Simplifying with the
equation of the curve is often the key step.

4.2.1 THE POWER RULE FOR RATIONAL EXPONENTS

If y = x?/4, then y7 = xP. Differentiating implicitly, qy9~'y’ = pxP~!, so

P X P TP
g yi=t g xrle=D/a g

y

This assumes y is differentiable, which follows from the theorem on inverse func-
tions below.

4.3 DERIVATIVES OF INVERSE FUNCTIONS AND LOGA-
RITHMS

Theorem 4.8 (Derivative of an inverse function). Let f be continuous and one-
to-one on an open interval, differentiable at a with f'(a) # 0, and let b = f(a).
Then f~! is differentiable at b and

11
fila) — f(f1(0)

(F)') =

Proof. A continuous one-to-one function on an interval is monotone, and its in-
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verse is continuous (Appendix A). Let k # 0 be small and i = f~1(b + k) — a,
so f(a+h) =b+k Thenh # 0 (since f~! is one-to-one), and &t — 0 as k — 0
(since f~! is continuous). Hence

fAo+k) —f 1) h B 1 1
k T fath)—fla) @@ "~ fa)

Geometrically: the graph of f~! is the reflection of the graph of f in y = x, and
reflection inverts slopes. In Leibniz notation, gy W. Where f'(a) = 0, the

reflected tangent is vertical, and f~! is not differentiable: x° has slope 0 at 0, and
its inverse v/x has a vertical tangent there.

Example 4.9 (Without a formula for the inverse). Let f(x) = x° +x + 1.
Find (f~1)'(3).

Solution. f’(x) =5x*+1 > 0, so f is increasing and one-to-one. We need
a with f(a) = 3: by inspection 2 = 1. Then (f1)'(3) = ﬁ = 1. No
formula for f~! exists in terms of radicals, but its derivative at this point is
exact.

Theorem 4.10 (Derivative of the logarithm). %lnx = %for x > 0, and

Ln|x| = %for x # 0. More generally §-log, x =

xInb’
Proof. y = Inx means ¢¥ = x. By Theorem 4.8, % = dx/dy ely = % For x < 0,
In|x| = In(—x), whose derivative by the chain rule is - - (—1) = 1. Finally
log, x = nx
8b Inb-

Example 4.11 (Logarithms with the chain rule). Differentiate In(x*+1),

In(cosx), and In /£,

Solution. xzz_’ﬁl; —SINX — _ tan x. For the third, simplify first with the laws

of logarithms: %(ln(l + x) —In(1 — x)) has derivative %(ﬁ + ﬁ) =
(This is tanh ™! x, by the last worked problem of Chapter 1.)

lxz
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4.3.1 LOGARITHMIC DIFFERENTIATION

To differentiate a complicated product, quotient, or power, take logarithms first.

x3/4/x2 +1
fy="_VYYT1 then
(Bx +2)5

lnyzglnx—klln(xz—kl)—51n(3x+2), y—,:i+ x B ,
4 2 y 4x  x2+1 3x+2

and y' is y times the right side. The quantity y?/ = (Iny)’ is the logarithmic deriva-
tive, the relative rate of change of .

Theorem 4.12 (General power rule). For any real r, %xr =rx""!forx > 0.

Proof. x" = e"n* g0 its derivative is e % - r=x.r= rx’ L

Example 4.13 (Variable base and exponent). Differentiate y = x* for x >
0.

Solution. Neither the power rule (variable base) nor the exponential rule
(variable exponent) applies. Take logarithms: Iny = xInx, so y?/ =Inx+1

and ¥’ = x*(1 + Inx). The minimum of x* isat x = 1, where 3/’ = 0.

Theorem 4.14 (The limit defining e). lin(l)(l + x)V* = e, and in particular
xX—

lim (1 + %)n =e.

n—oo

Proof. f(x) = Inx has f'(1) = 1, so lim,_ It~ _ 1 that is, In (1+

X
x)1/*) — 1. Since " is continuous, (14 x)¥/* = e(H0) o1, Taking x = 1
gives the second limit.

r
n

pounded 7 times a year, grows by the factor (1 + %)n, which tends to ¢ under
continuous compounding.

The same argument gives lim;, (1 + )n = ¢’: interest at annual rate r, com-

ForgEd « Learn skills that matter. forgedlearn.com



FORGED CALCULUS 1 &1
THE CHAIN RULE AND ITS CONSEQUENCES PAGE 56

4.4 INVERSE TRIGONOMETRIC AND HYPERBOLIC FUNC-
TIONS

Theorem 4.15.

ar arcsin x = \/11_7, c;ix arccosx = —\/11_7 (Ix] < 1),
;x arctanx = 172 c;ix sinh x = cosh x, cic cosh x = sinh x,
% tanh x = sech? x, % sinh !x = \/117,
;xcosh_lx — le_l (x> 1), (ictanh_lx — 1_#362 (x| < 1).
Proof. For y = arcsinx: siny = x with =7 < y < 7, where cosy > 0. By
Theorem 4.8, y' = ﬁ = m = \/11_x2 ; the restricted range is what selects

the positive root. For y = arctan x: iy’ = seclzy = +t;n2y =1 +1X2.
% —arcsinx (Exercise 1.39), its derivative is the negative of that of arcsin. The
hyperbolic derivatives follow from %ei" = +¢**, and their inverses from the
logarithmic formulas of Chapter 1 or from Theorem 4.8 with cosh? — sinh? =

1.

Since arccos x =

The derivatives of the transcendental functions arctan and arcsin are algebraic.
Read backward, this means the integrals of H% and \/1%7, which are algebraic
functions, are transcendental. That is the origin of 7t in so many integrals.

Example 4.16 (Angles of elevation). Differentiate 6(x) = arctan3 —
arctan 3, and interpret.
; ;o 1/2 1/5 _ 2 _ 5 _ 2(25+x2)-5(4+x2)
Solution. ¢ = 74 —2m T oo B T (@O
30—3x2

WW, zero at x = /10. If a viewer at horizontal distance x from
a wall looks at a painting whose bottom is 2 m and top 5 m above eye level,
then 0 is the angle the painting subtends, and /10 ~ 3.16 m is the distance
at which it appears largest: the geometric mean of 2 and 5.
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4.5 RELATED RATES

When several quantities are linked by an equation and all change with time, dif-
ferentiating the equation with respect to t links their rates of change. A system-
atic procedure:

1. Draw a diagram and name every quantity that varies with time. Do not
substitute numerical values for them yet.

2. Write down the given rates and the rate to be found, as derivatives with
respect to t.

3. Find an equation relating the quantities, valid at all times.
4. Differentiate it with respect to t, using the chain rule.

5. Only now substitute the values at the instant of interest, and solve for the
unknown rate.

Example 4.17 (A sliding ladder). A 10 mladder leans against a wall. Its foot
slides away from the wall at 1 m/s. How fast is the top sliding down when
the foot is 6 m from the wall? How fast is the angle between the ladder and
the ground changing?

Solution. Let x be the distance from the wall to the foot and y the height
of the top. Then x? + y* = 100 at all times, and % = 1. Differentiating,
208 4 2y — 0. Whenx = 6,y = 8,50 & = —2dr — _6 _ 075 m/s:
the top slides down at 0.75 m/s.

For the angle 6, cos 0 = ;. Differentiating, — sin 6 % = % %. Attheinstant,

_X
y

sinf = %, SO % = —% rad/s.
Note that % = —%% grows without bound as y — 0: the model predicts

the top falling infinitely fast at the end. In reality the top leaves the wall
before that, and the equation x? + y? = 100 stops describing the motion.

Example 4.18 (Filling a cone). Water flows at 2 m?/min into a tank shaped
as an inverted cone, 4 m deep with top radius 2 m. How fast is the level
rising when the water is 3 m deep?

Solution. At depth & the water surface has radius r, and similar triangles

give ;. = %, sor = % The volume is V = %mfzh = %h? Differentiating,
&V = Zp2¢" With 9¥ =2andh = 3: 4 = & ~ 0.283 m/min. Eliminating

r before differentiating avoided needing %.
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Example 4.19 (Two cars). Car A drives west at 90 km/h and car B north
at 100 km/h, both toward the intersection of their roads. How fast are they
approaching each other when A is 0.3 km and B 0.4 km from the intersec-
tion?

Solution. With x,y the distances to the intersection and z the distance

between the cars, z2 = x* + y?, and 22% = Zx% + Zy%. Both dis-
tances are decreasing;: % = —90, % = —100. At the instant z = 0.5, so
% = 03(790)3?'4(7100) = —134 km/h. They approach at 134 km/h.

4.6 LINEAR APPROXIMATION AND DIFFERENTIALS

Near a point where f is differentiable, its graph is nearly indistinguishable from
its tangent line. The linearization of f at a is

L(x) = f(a) + f'(a)(x — a),

and the linear approximation is f(x) ~ L(x) for x near a. By the definition of the
derivative, the error f(x) — L(x) is small compared with x — a: w — 0.
When f” exists, the error is of order (x — a)?; Taylor’s theorem in Chapter 13 gives
the precise bound |f(x) — L(x)| < ¥ (x — a)2, where M bounds |f”| between a

and x.

Example 4.20 (Square roots and sines). Approximate v/4.1, v/26.5, and
sin(31°).

Solution. /xata =4: L(x) =2+ ;(x —4),s0o V4.1 ~ 2.025. (True value
2.024846.)

Vxata=27:f(27) = 127723 = L 50v/26.5 ~ 3 — % = 2.98148. (True
value 2.98137.)

sinvata = Z:31° = T 4 2 s0sin31° &~ L + Y3 . I — 051511, (True
value 0.51504.) The increment must be in radians.

Example 4.21 (Approximations behind physics). Near 0: sinx = x, cos x ~
1, tanx =~ x,¢* ~ 14+ x,In(1+x) = x,and (1+ x)" =~ 1+ rx. The last,
2
with r = —%, gives the low-speed limit of relativity: ﬁ ~1+ 2”?, SO
N 2 o2 10 i
the relativistic energy # ~ mc” + ;mo*, rest energy plus the classical
kinetic energy. The approximation sin 6 ~ 6 turns the pendulum equation
into that of simple harmonic motion.
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4.6.1 DIFFERENTIALS

If y = f(x), the differential dy is defined as dy = f’(x)dx, where dx is an in-
dependent variable (any real number). Geometrically, dx is a change in x, the
actual change in y is Ay = f(x +dx) — f(x), and dy is the change along the tan-
gent line. For small dx, Ay ~ dy. Differentials make the Leibniz notation % an
honest quotient, and they are the natural language for error estimates.

Example 4.22 (Propagation of error). The radius of a ball is measured as
21 cm with a possible error of 0.05 cm. Estimate the maximum error in the
computed volume, and the relative error.

Solution. V = 373, so dV = 4mr?dr. With r = 21 and |dr| < 0.05:
|dV| < 471(441)(0.05) ~ 277 cm®. The volume is about 38 792 cm?, so the
relative error is 2 = 39 ~ 3(0.00238) = 0.714%. The relative error in a
power 1" is n times the relative error in r: measuring a radius to 1% gives a
volume to only 3%.

4.7 WORKED PROBLEMS

Each problem below is solved in full and combines several ideas from the chapter. Attempt
each one before reading its solution.

Problem 4.1 A logarithmic derivative
(x2+1)3v2x -1
(x+4)°

Solution. Take logarithms: Iny = 31In(x? +1) + J In(2x — 1) — 5In(x + 4). Dif-
ferentiating,

Differentiate y = , and find where 3y = 0 for x > 3.

y _ 6x 1 5
y

T2 1 o1 xid

Since y # 0 for x > %, y' = 0 exactly when the right side vanishes. Over the
common denominator (x? 4+ 1)(2x — 1)(x + 4), the numerator is

6x(2x —1)(x +4) + (x* +1)(x +4) — 5(x* +1)(2x — 1) = 3x° +51x* — 33x +9.

A cubic with positive leading coefficient, it has one real root, x ~ —17.6, outside
the domain; on x > } the numerator is positive (it increases there, from 5.625 at
X = %) Soy’ > 0forall x > %, and vy is increasing. Logarithmic differentiation
turned a quotient-rule nightmare into a sum of simple fractions.
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Problem 4.2 Implicit differentiation and a tangent line

For the curve x?y + 1> = 10, find i/, the tangent line at (1,2), and y" at that point.

2xy

g A2
y' = —+, and the tangent is y = 2 — & (x — 1). For y”, differentiate 2xy + (x* +
3y%)y’ = 0 again:

Solution. Differentiate: 2xy + x?y' +3y?y’ = 0,50y = — . At (1,2

2y + 2xy’ + (2x + 6yy )y + (x* +3y7)y" = 0.
At(L,2)withy = —3%:4- 5+ (2-3) ( — £) 4+ 13y” = 0. The middle terms

gived — &+ B — W = %8, s0y" = — £ ~ —0.300. Differentiating
the unsolved equation, rather than the formula for i/, avoided a quotient rule.

Problem 4.3 An inverse function’s second derivative
If f is twice differentiable and one-to-one with f’ # 0, and ¢ = f~!, show that

' (y) = —j{:/(%l where x = ¢(y). Applyitto f(x) =x+e*aty =1.

Solution. ¢'(y) = ﬁ Differentiate with the chain rule: ¢"(y) =
_ W)y (%) _ 1
Fawr . = e using 8'(y) = g

For f(x) = x+¢* f(0) = 1,sox = O wheny = 1. Then f(0) = 2 and
f"(0) =1, giving ¢’(1) = } and §"(1) = —4. The inverse of x + ¢* (expressible
only through the Lambert W function) has a known slope and curvature at 1
without any formula.

Problem 4.4 A shadow

A man 1.8 m tall walks at 1.5 m/s away from a street light 6 m high. How fast is
his shadow lengthening, and how fast is the tip of the shadow moving?

Solution. Let x be his distance from the base of the light and s the length of his

shadow. Similar triangles (light, ground, tip; man, ground, tip) give fo s = %,
so6s—18x+185ands—}1§x—7x Then :3 15—— 0.643 m/s.

10 15

The tip is at x +s = ¥x, moving at ¥ - 1.5 = 2 14 m/s. Both rates are
constant, independent of his position: the relat10ns are linear, so the derivatives
are constant multiples of 4

Problem 4.5 The angle of a rising balloon

A balloon rises vertically at 3 m/s from a point 40 m from an observer. How fast
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is the angle of elevation changing when the balloon is 30 m high? When is that
rate greatest?

Solution. With height h and angle 6, tan6 = 4ho Differentiate sec2 057 dg =& fli}t’.
At h = 30, the line of sight has length 50, so sec 9 = 3 and 16 = 0.048
h do 40

40 25
rad/s. In general § = arctan 45, so q; = which 1s greatest ath = 0,

1600+72 &
where it is 2 = 0.075 rad/s. The angle changes fastest at the start and ever more

slowly as the balloon rises, approaching 7.

Problem 4.6 Linear approximation with an error bound

Use the linearization of y/x at 100 to approximate /98, and bound the error using
the fact that |f(x) — L(x)| < ¥ (x — a)? when |f”| < M between a and x.

Solution. L(x) = 10+ 5 (x —100), so /98 ~ 10 — 0.1 = 9.9. For the er-
ror, f"(x) = —1x73/2, whose absolute value on [98,100] is largest at 98: M =
1(98)73/2 < 1(97)7%/2 &~ 2.6 x 107%. So the error is at most szﬁ 4 =
5.2 x 10~%. The true value is 9.89949, an error of 5.1 x 10~%, inside the bound.

Since " < 0, the graph is concave down and the tangent line lies above it, so the
approximation is an overestimate, as observed.

Problem 4.7 Differentiating X
Find the derivative of y = x* = x(") for x > 0.

Solution. Take logarithms: Iny = x*Inx. Differentiate the right side by the
product rule, using (x*)" = x*(1 + Inx) from Example 4.13:

/

1 1
Yy _ (1+Inx)Inx +x*- = :x’((lnx—i—lnzx—if).
Yy x x
Soy = x" x*(Inx+In*x+1). Atx =1, =1-1-(0+0+1) = 1. Expo-
nent towers are evaluated from the top: ¥ means "), not (x*)* = x*, whose

derivative is x** (2xIn x + x).

EXERCISES

A. COMPUTATION
_1
(x2 + 4)3

4.2 Differentiate y = vx2+3xand y = v/1 — x4

4.1 Differentiate y = (2x* —5)” and y =
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4.3
4.4
4.5

4.6

4.7
4.8
4.9
4.10
4.11
4.12

4.13

414
4.15
4.16
417
4.18
4.19

4.20
4.21
4.22

4.23

4.24

Differentiate y = sin(3x% + 1) and y = cos*(2x).
Differentiate y = tan(e*) and y = et .
2

Differentiate y = x e

—1\*
Differentiate y = (fe—i—l) .

Differentiate y = sec?(5x) — tan?(5x), and explain the result.
Differentiate y = In(x® — 2x) and y = In(secx + tan x).
Differentiate y = log, (x> + 1) and y = 35"~

Differentiate y = arcsin(2x) and y = arctan y/x.
Differentiate y = xarctanx — 1 In(1+ x?).

Differentiate y = sinh(3x) cosh(2x) and y = tanh™ ! (sin x).

x2v/x +1
(x—2)%"

Use logarithmic differentiation: y =
Differentiate y = x*"* and y = (Inx)*.

Find v/ if x> + xy + y? = 7, and the tangent at (1,2).
Find ¢/ if sin(xy) = x.

Find y' if 7Y = xy.

Find y" if x> — y? = 1.

2

Find the points on x2 — xy + y*> = 3 where the tangent is horizontal, and

where it is vertical.
If f(x) = 2x + cosx, find (f~1)/(1).
Find (f~1)'(2) for f(x) = x® + 3x.

A spherical balloon is inflated at 50 cm®/s. How fast is the radius increasing
when the radius is 10 cm?

A 5 m ladder slides down a wall. When the foot is 3 m out, it moves away
at 0.4 m/s. How fast does the top move?

A trough 6 m long has triangular cross-sections 1 m across the top and 0.5
m deep. Water enters at 0.2 m?3 /min. How fast does the level rise when the
water is 0.3 m deep?
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4.25 A plane flying horizontally at 9 km altitude at 600 km/h passes directly
over a radar station. How fast is its distance from the station increasing
when that distance is 15 km?

4.26 A point moves on y = 4/x so that x increases at 3 units/s. How fast is its
distance from the origin changing at x = 4?

4.27 Find the linearization of f(x) = Inx at x = 1, and use it to approximate
In1.05.

4.28 Approximate v/37 and (1.98)° by linear approximation.

4.29 The side of a cube is measured as 30 cm with possible error 0.1 cm. Esti-
mate the maximum error and relative error in its volume and in its surface
area.

4.30 The period of a pendulum is T = 27/L/g. If L increases by 2%, by about
what percentage does T change?

B. THEORY AND PROOF

4.31 Prove that if f is differentiable and even, then f’ is odd, using the chain
ruleon f(—x) = f(x).

4.32 Prove that if f is periodic with period p and differentiable, then f’ is peri-
odic with period p.

4.33 Derive the quotient rule from the product rule and the chain rule applied

tof-(g)"

4.34 Derive % arccos x directly from Theorem 4.8.

dogiopn—1, 1 . ) 1
4.35 Prove g sinh™ x = i Intwoways: from the logarithmic formula, and

from Theorem 4.8.
4.36 Show that {. In|secx + tan x| = secx.

4.37 Show that the curves x> — y?> = a and xy = b intersect at right angles for
any nonzero a4, b (they are orthogonal trajectories).

4.38 Show that the tangent lines to \/x + /¥ = +/c have intercepts summing to
c.

4.39 Prove that lim;_ (1 + %)” =,
C. CHALLENGE
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4.40 Let f(x) = x*sin 2 (f(0) = 0) and g(x) = x. Verify the chain rule for fo g
at 0, and explain why the naive proof fails for g(x) = x*sin1, f(x) = x
composed the other way.

4.41 The astroid x*/3 + y*/3 = 1: show that the segment of every tangent line
between the coordinate axes has length 1.

4.42 Find all x > 0 for which the tangent line to y = x* passes through the
origin.

4.43 A lighthouse 1 km offshore has a beam rotating at 2 revolutions per minute.
How fast does the beam move along the straight shore at a point 2 km from
the point nearest the lighthouse?

4.44 Prove that if y = f(x) satisfies y’ = ky for a constant k, then y = Cet*.
(Differentiate ye**.)
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CHAPTER 5

THE MEAN VALUE THEOREM AND
THE SHAPE OF GRAPHS

LEARNING OBJECTIVES

e Distinguish absolute and local extrema, prove Fermat’s theorem, and
find absolute extrema on closed intervals.

e State and prove Rolle’s theorem and the Mean Value Theorem, and use
them to prove inequalities and count roots.

o Use the first derivative to find intervals of increase and decrease and clas-
sify critical points.

e Use the second derivative to find concavity and inflection points, and
apply the second derivative test.

o Sketch the graph of a function from the information its derivatives pro-
vide.

The derivative at a point is local information: a slope at one place. This chapter
turns it into global information about the shape of a graph on a whole interval.
The bridge is the Mean Value Theorem, which guarantees that an average rate of
change is achieved as an instantaneous rate somewhere. From it follow the tests
for increase and decrease, for maxima and minima, and for concavity: the tools
that let us sketch a graph, prove inequalities, and, in Chapter 6, solve optimiza-
tion problems.
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5.1 MAXIMUM AND MINIMUM VALUES

Definition 5.1 (Extrema). Let ¢ be in the domain D of f. Then f(c) is the
absolute maximum of f if f(c) > f(x) for all x € D, and a local maximum if
f(c) > f(x) for all x in some open interval around c. Minima are defined
with the inequalities reversed. Maxima and minima are extreme values or
extrema.

An absolute extremum at an interior point is also local. Atan endpoint of a closed
interval, a function can have an absolute extremum that is not local in this sense,
since no open interval around the endpoint lies in the domain.

Theorem 5.2 (Fermat’s theorem). If f has a local maximum or minimum at c,
and f'(c) exists, then f'(c) = 0.

Proof. Suppose a local maximum. For small # > 0, f(c+h) < f(c), so
w < 0, and the right-hand limit gives f'(¢) < 0. For small 1 < 0, the
same numerator is < 0 but the denominator is negative, so the quotient is > 0,
and the left-hand limit gives f'(c) > 0. Hence f’(c) = 0. For a minimum, apply
this to —f.

Definition 5.3 (Critical number). A critical number of f is a number c in the
domain where f'(c) = 0 or f'(c) does not exist.

By Fermat’s theorem, every local extremum occurs at a critical number. The
converse fails: f(x) = x> has f'(0) = 0 but no extremum at 0. Critical numbers
are candidates, not conclusions.

Theorem 5.4 (Closed interval method). If f is continuous on [a, b), its absolute
maximum and minimum exist (Theorem 2.30), and they occur at critical numbers
in (a,b) or at the endpoints. To find them, evaluate f at all of these points and
compare.

Example 5.5 (Extrema on a closed interval). Find the absolute extrema of
f(x) =x®—3x2+1on[—1,4], and of g(x) = x*/3(x — 5) on [—1,4].

Solution. f’(x) = 3x? — 6x = 3x(x — 2), zero at 0 and 2. Values: f(—31) =
%, f(0) =1, f(2) = =3, f(4) = 17. The maximum is 17 at x = 4 (an
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endpoint) and the minimum —3 at x = 2.

g(x) = x%/3 —5x2/3, 50 ¢/ (x) = 3x2/3 — Wx~1/3 = 55’;‘(%/? Critical numbers:
x =2 (¢ =0)and x = 0 (¢ undefined, a cusp). Values: g(—1) = —6,
g(0) =0,¢(2) = —3-2%/3 ~ —4.762, g(4) = —4%/3 ~ —2.520. The maxi-
mum is 0 at the cusp, and the minimum —6 at the endpoint —1. Omitting
the critical number where ¢’ fails to exist would have missed the maximum.

5.2 THE MEAN VALUE THEOREM

Theorem 5.6 (Rolle’s theorem). If f is continuous on [a, b], differentiable on
(a,b),and f(a) = f(b), then there is ¢ € (a,b) with f'(c) = 0.

Proof. By the Extreme Value Theorem, f attains a maximum and a minimum
on [a,b]. If both occur at the endpoints, then since f(a) = f(b), the maximum
equals the minimum and f is constant, so f’(c¢) = 0 for every c. Otherwise one
of them occurs at an interior point ¢, and by Fermat’s theorem f'(c) = 0.

Theorem 5.7 (Mean Value Theorem). If f is continuous on [a, b] and differen-
tiable on (a,b), then there is ¢ € (a,b) with

Proof. Subtract from f the secant line through its endpoints: let h(x) = f(x) —
[f(a) + M(x — a)} . Then h is continuous on [a, b], differentiable on (a,b),

b—a
and h(a) = h(b) = 0. By Rolle’s theorem there is ¢ with 0 = h'(c) = f'(c) —
f(b)—f(a)
b—a -

Geometrically, some tangent line is parallel to the secant line. Physically, if you
drive 120 km in 1.5 hours, at some instant your speedometer read exactly 80
km/h. The theorem says nothing about where c is; its power lies in its existence.
All three hypotheses matter: |x| on [—1,1] is continuous with equal endpoint
values, but no tangent is horizontal, because it is not differentiable at 0.
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a c b
Figure 5.1: The Mean Value Theorem: at some c between a and b, the tangent (solid) is

parallel to the secant (dashed).

5.2.1 CONSEQUENCES

Theorem 5.8. If f'(x) = O for all x in an interval I, then f is constant on 1. If
f'(x) = g'(x) forall x € I, then f — g is constant on 1.

Proof. For any x1 < x7 in I, the MVT gives ¢ with f(x2) — f(x1) = f'(¢)(x2 —
x1) = 0. Apply this to f — g for the second statement.

This innocent theorem is the foundation of integration: two antiderivatives of
the same function on an interval differ by a constant. The interval hypothesis
matters: f(x) = ‘xi' has f’ = 0 on its domain R \ {0}, but it is not constant.

Example 5.9 (An identity from a derivative). Prove that arctanx +
arctan% = 7 forx > 0.

Solution. Let f(x) = arctan x + arctan 2. Then f'(x) = 1+1x2 + 1+§(*2 : (—

%) = ﬁ — x%—&-l = 0. On the interval (0,00), f is constant, and f(1) =
T+ 4 = 7. Compare the trigonometric proof in the worked problems of
Chapter 1. On (—0c0,0) the constant is —%, which shows again why the

interval matters.

Example 5.10 (Inequalities from the MVT). Prove that (a) |sina — sinb| <
la — b| for all a, b; (b) i < In(1+x) < x forx > 0.

Solution. (a) By the MVT, sina — sinb = cosc (a — b) for some ¢, and
| cosc| < 1. Any function with |f'| < M satisfies |f(a) — f(b)| < M|a — b|:

ForgEd « Learn skills that matter. forgedlearn.com



FORGED CALCULUS 1 &1
THE MEAN VALUE THEOREM AND THE SHAPE OF GRAPHS PAGE 69

it is Lipschitz.
(b) Apply the MVT to lnt on[l,1+x]: In(1+x)—In1l = 1. x for some
€ (1,1 + x). Since 1+7x < 1 <1, multiplying by x > 0 gives the result.

W1th X = E' T+1 < In (1 + %) < %, which will bound the harmonic series
in Chapter 12.
Example 5.11 (Counting roots). Show that x® + x® +2x — 1 = 0 has exactly

one real root.

Solution. At least one: f(0) = —1 < 0 < 3 = f(1), so the IVT gives a root
in (0,1). At most one: if f had two roots a < b, Rolle’s theorem would give ¢
with f’(c) = 0. But f(x) = 5x* + 3x% +2 > 2 > 0. So there is exactly one
root. In general, between two roots of f lies a root of f/, so f has at most
one more root than f’.

Theorem 5.12 (Cauchy’s Mean Value Theorem). If f and g are continuous
on [a, b] and differentiable on (a,b), thereis c € (a,b) with (f(b) — f(a))g'(c) =
(8(b) —g(a)) f'(c)-

Proof. Apply Rolle’s theorem to i(x) = (f(b) — f(a))g(x) — (g(b) — g(a)) f(x),
which has h(a) = f(b)g(a) — g(b)f(a) = h(D).

With g(x) = x this is the ordinary MVT. For a curve traced by (g(t), f(¢)), it says
some tangent is parallel to the chord. It is the key to L'Hopital’s rule in Chapter 6.

5.3 MONOTONICITY AND THE FIRST DERIVATIVE TEST

Theorem 5.13 (Increasing/decreasing test). If f' > 0 on an interval, f is
increasing there; if f' < 0, f is decreasing.

Proof. For x1 < x, in the interval, the MVT gives f(x2) — f(x1) = f'(c)(x2 — x1),
which has the sign of f'(c).

3

The converse is false in its strict form: x° is increasing but f'(0) = 0. An increas-

ing differentiable function has f’ > 0.
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Theorem 5.14 (First derivative test). Let c be a critical number of a function
f continuous at c. If f' changes from positive to negative at c, then f has a local
maximum at c; if from negative to positive, a local minimum; if f' does not change
sign, no local extremum.

Example 5.15 (Intervals of increase and local extrema). Find where f(x) =
3x* — 4x3 — 12x% + 5 increases and decreases, and its local extrema.
Solution. f'(x) = 12x> — 12x? — 24x = 12x(x — 2)(x + 1), with critical
numbers —1,0,2. A sign chart of the three factors:

Interval x < -1 -1<x<0 0<x<2 x>2
Sign of f’ — + - +
f decreasing increasing decreasing increasing

So f(—1) = 0is a local minimum, f(0) = 5 a local maximum, and f(2) =
—27 a local minimum, which is also the absolute minimum.

54 CONCAVITY AND THE SECOND DERIVATIVE

Definition 5.16 (Concavity). f is concave upward on an interval if its graph
lies above all its tangent lines there, and concave downward if below. A point
where the concavity changes is an inflection point.

Theorem 5.17 (Concavity test). If f > 0 on an interval, f is concave upward
there; if f"" < 0, concave downward.

Proof. Suppose f” > 0, so f’is increasing. Fix a and let L(x) = f(a) + f'(a)(x —
a). For x > a, the MVT gives ¢ € (a,x) with f(x) — f(a) = f'(c)(x —a) >
f'(a)(x — a), since f'(c) > f'(a). So f(x) > L(x). Forx < a,c € (x,a) gives
f'(c) < f'(a), and multiplying by x —a < 0 reverses the inequality to the same
conclusion.

Theorem 5.18 (Second derivative test). Suppose f" is continuous near ¢ and
f'(c) = 0. If f"(c) > 0O, f has a local minimum at c; if f"'(c) < 0, a local
maximum. If f'(c) = 0, the test is inconclusive.
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Proof. If f"(c) > 0, continuity keeps f” > 0 near ¢, so f" increases through
f'(c) = 0: negative before, positive after. The first derivative test applies.

The inconclusive case is genuine: x*, —x*, and x® all have f'(0) = f”(0) = 0, and
have a minimum, a maximum, and neither.

Example 5.19 (Concavity and inflection). For f(x) = x* — 4x3, find the
intervals of concavity, the inflection points, and the local extrema.
Solution. f'(x) = 4x® — 12x? = 4x?(x —3) and f"(x) = 12x? — 24x =
12x(x — 2). Critical numbers: 0 and 3. At 3, f”(3) = 36 > 0: a local mini-
mum f(3) = —27. At0, f”(0) = 0 and the second test fails; but f < 0 on
both sides of 0 (the factor x> does not change sign), so there is no extremum.
Concavity: f” > 0forx < 0and x > 2 (up), f/ < 0on (0,2) (down). In-
flection points at (0,0) and (2, —16). At (0,0) the tangent is horizontal and
crosses the graph: a horizontal inflection.

COMMON ERROR. f”(c) = 0 does not make c an inflection point: x* has
f"(0) = 0 but is concave upward on both sides. Concavity must actually

change. Conversely, an inflection can occur where f” fails to exist, as for
1/3
x> at0.

5.5 CURVE SKETCHING

A computer plots a graph in an instant, but it plots only the window it is given,
and it can miss a vertical asymptote between two sample points, a tiny local min-
imum, or behavior far away. Calculus tells us which features exist and where, so
that we know what a correct picture must show. A checklist:

A. Domain and intercepts.

B. Symmetry: even, odd, or periodic.

C. Asymptotes: vertical (where the function is unbounded), horizontal or slant
(as x — £o0).

D. Intervals of increase and decrease, from the sign of f/, and local extrema.
E. Concavity and inflection points, from the sign of f”'.

F. Sketch, plotting the special points first.
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2x?
x2—1
Solution. A. Domain x # =1; the only intercept is (0,0). B. Even. C.
Vertical asymptotes x = +1: asx — 17, f — 4o00,andasx — 17, f — —o0
(the numerator is near 2, the denominator near 0 with the sign of x — 1);
symmetrically at —1. Horizontal asymptote y = 2 as x — =oo.
D. f/(x) = 4"“‘2(;}3;)252'2* = 25 S0 f' > 0forx < 0 (x # —1) and f' <
0for x > 0 (x # 1): f increases on (—oo, —1) and (—1,0) and decreases on
(0,1) and (1, 00). Local maximum f(0) = 0.
E. f"(x) = 83;{543 The numerator is always positive, so f” has the sign of

Example 5.20 (A rational function). Sketch f(x) =

(x? —1)3: concave upward for |x| > 1, downward for |x| < 1. No inflection
points, since 1 are not in the domain.

Figure 5.2: y = 22 with asymptotes x = £l and y = 2.

x2—1"

Example 5.21 (A function with a cusp). Sketch g(x) = x2/3(x —5) on R.

Solution. From Example 5.5, ¢'(x) = 5,3(,;_/?) Intercepts (0,0) and (5,0).

No symmetry, no asymptotes; ¢ — 00 as x — F-co.

Sign of ¢': for x < 0, numerator and denominator are both negative, g’ > 0;
n (0,2), ¢’ < 0; forx > 2, ¢’ > 0. Local maximum ¢(0) = 0, at a cusp

(since g’ — +oo from the left and —oo from the right), and local minimum

g(2) = —3V/4 ~ —4.76.

¢"(x) = 109(;121). The denominator is positive, so ¢’ < 0 for x < —1 and

¢" > 0for x > —1, x # 0. Inflection point at (—1, —6).
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Example 5.22 (An exponential). Sketch h(x) = xe™*.

Solution. Domain R; intercept (0,0). As x — —oco, h — —oco. As x —
oo, h — 0, because the exponential decays faster than x grows (proved in
Chapter 6 with L'Hopital’s rule), so y = 0 is a horizontal asymptote on the
right.

W' (x) = (1 —x)e™*: increasing for x < 1, decreasing for x > 1, with abso-
lute maximum h(1) = 1 ~ 0.368.

h'(x) = (x —2)e™*: concave down for x < 2, up for x > 2, inflection at
(2, e%) ~ (2,0.271). The function xe—*, and its relatives x"e~*, describe the
shape of radial probability densities in atoms (Volume IV): the maximum
at x = n is the most probable distance.

5.5.1 SLANT ASYMPTOTES AND THE SHAPE AT INFINITY

If f(x) — (mx+b) — 0asx — oo, the line y = mx + b is a slant asymptote.
For rational functions it is found by division, as in Chapter 2. For others, m =
lim @ and b = lim(f(x) — mx). For example, Vx> +2x hasm = land b =
lim (v/x2 4+ 2x —x) = 1,50y = x + 1 is an asymptote as x — oo, and y = —x — 1
as x — —oo.

5.6  WORKED PROBLEMS

Each problem below is solved in full and combines several ideas from the chapter. Attempt
each one before reading its solution.

Problem 5.1 An inequality by monotonicity
Prove that e* > 1+ x for all x, and thatsinx < x < tanx for 0 < x < 7.

Solution. Let f(x) = ¢* —1 — x. Then f'(x) = e¢* — 1, negative for x < 0 and
positive for x > 0. So f decreases to its minimum f(0) = 0 and then increases:
f > 0 everywhere, with equality only at 0. Geometrically, the tangent line y =
1+ x at (0,1) lies below the graph of the convex function e*.

For the second, let g¢(x) = x —sinx: ¢g(0) = 0 and ¢'(x) = 1 —cosx > 0 on
(0, %), so g increases and g(x) > 0. Let k(x) = tanx — x: k(0) = 0O and K'(x) =
sec?x —1 = tan?x > 0, so k(x) > 0. The method, comparing a function with
its value at an endpoint via the sign of the derivative, proves a vast number of
inequalities.
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Problem 5.2 Where the MVT point is

For f(x) = y/x on [0,4], find all ¢ satisfying the conclusion of the Mean Value
Theorem. Then show that for f(x) = x? on any interval [a, b], c is the midpoint.

Solution. The secant slope is 2% = 7, and f'(c) = 2%& = 3 gives c = 1. Note

that f is not differentiable at 0, but the theorem requires differentiability only on
the open interval, and continuity on the closed one.

For x2: bz:—gz =a+b = 2cs0c = # For a quadratic, the tangent at the

midpoint is always parallel to the chord, a property known to Archimedes, who
used it to find the area of a parabolic segment.

Problem 5.3 Exactly three roots

Prove that x° — 3x + 1 = 0 has exactly three real roots, completing the worked
problem of Chapter 2.

Solution. The IVT gave at least three. Suppose there were four or more. Apply-
ing Rolle’s theorem between consecutive roots would give at least three zeros of
f'(x) = 5x* — 3. But 5x* = 3 has only two real solutions, x = +(3/5)!/4. Hence
there are exactly three roots. The same counting shows a polynomial with k dis-
tinct real critical points has at most k + 1 real roots.

Problem 5.4 A full sketch

2
Sketch f(x) = .

1 including the slant asymptote.

Solution. Domain x # 1; intercept (0,0). Division gives f(x) = x + 1+ -1, so
y = x + lis a slant asymptote, approached from above for x > 1 and from below
for x < 1. Vertical asymptote x = 1: f — +coasx — 1T and —ccasx — 1.

fl(x) =1- (le)z = ’((J(C’:?z) Critical numbers 0 and 2. f increases on (—oo,0)
and (2,00), decreases on (0,1) and (1,2). Local maximum f(0) = 0, local mini-
mum f(2) = 4. Note that the local maximum is smaller than the local minimum:

they lie on different branches.

f'(x) = ﬁ: concave down for x < 1, up for x > 1, with no inflection point.
The graph is a hyperbola, whose asymptotes are x = 1 and y = x + 1.

Problem 5.5 A family of curves

For which values of k does f(x) = x + kx? + 3x have local extrema? For which
values does it have an inflection point, and where?
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Solution. f'(x) = 3x? + 2kx + 3, a quadratic with discriminant 4k? — 36. If
|k| > 3, f’ has two distinct real roots and changes sign at each, giving a local
maximum and a local minimum. If k| < 3, f* > 0 everywhere (with equality
at most at one point), f is increasing, and there are no extrema. The borderline
k = £3 gives f'(x) = 3(x + 1)?, which touches zero without changing sign.

f"(x) = 6x + 2k changes sign at x = — £ for every k: every cubic has exactly one
inflection point. It is also the center of symmetry of the cubic, and when there
are two extrema, their midpoint.

Problem 5.6 A function with f/(0) > 0 that is not increasing near 0

Let f(x) = x + 2x%sin L for x # 0 and f(0) = 0. Show that f'(0) = 1 but that f
is not increasing on any interval containing 0.

Solution. f/(0) = limy_, w = lim(1 + 2hsin}) = 1, by squeezing.
Forx # 0, f(x) = 1+4xsinl —2cosi. Atx = ;1 sinl =0andcosi =1,
so f'(x) = —1 < 0. These points accumulate at 0, and near each f is decreasing.

So no interval around 0 is one on which f increases. The increasing test needs
f' > 0 on an interval, not at a point. A positive derivative at a single point only
guarantees f(x) > f(0) for small x > 0 and f(x) < f(0) for small x < 0.

Problem 5.7 Bounding a value with the MVT

If f(1) = 10 and f'(x) > 2for1 < x < 4, how small can f(4) be? If also
f'(x) <5, find the range of possible values of f(4).

Solution. By the MVT, f(4) — f(1) = 3f’(c) for some ¢ € (1,4). Since f'(c) > 2,
f(4) >10+6 =16. With2 < f' <5,16 < f(4) < 25. Both bounds are attained,
by the linear functions with slopes 2 and 5. This is the logic of speed cameras
on toll roads: if your average speed between two cameras exceeded the limit, the
MVT guarantees that at some instant you were speeding.

EXERCISES

A. COMPUTATION

5.1 Find the critical numbers of f(x) = x> + 6x2 — 15x and of g(x) = x*/5(x —
4)2,

5.2 Find the critical numbers of f(8) = 2 cos 8 + sin’ 6 on [0, 27].

5.3 Find the absolute extrema of f(x) = x> — 6x% +9x +2 on [—1,4].
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5.4 Find the absolute extrema of f(x) = ﬁ on [0, 3].

5.5 Find the absolute extrema of f(x) = x —2Inx on [},4].
5.6 Find the absolute extrema of f(t) = tv/4 — 2 on [-1,2].
5.7 Verify Rolle’s theorem for f(x) = x> — x> — 6x +2on [0,3].
5.8 Find all c satisfying the MVT for f(x) = x> — 3x + 2 on [-2,2].
5.9 Find all ¢ satisfying the MVT for f(x) = Inx on [1,¢e].
5.10 Show that x> — 15x + ¢ = 0 has at most one root in [—2, 2] for any c.

5.11 Find the intervals of increase and decrease and the local extrema of f(x) =
x* —2x% + 3.

5.12 Find the intervals of increase and decrease and the local extrema of f(x) =

xXv6 — x.
5.13 Find the intervals of increase and decrease of f(x) = x%e~ .

5.14 Find the intervals of concavity and the inflection points of f(x) = x% —

6x2 + 9x.

5.15 Find the intervals of concavity and the inflection points of f(x) =
In(x?+1).

5.16 Use the second derivative test to classify the critical points of f(x) = 2x3 +
3x% — 36x.

5.17 Use the second derivative test, where possible, to classify the critical points
of f(x) = x° — 5x%.

5.18 Sketchy = xzi%—l' giving extrema, inflection points, and asymptotes.

2 _
5.19 Sketch y = ;7_‘91.

5.20 Sketch y = x!/3(x +4).
5.21 Sketch y = x — 2sinx on [0, 271].
5.22 Sketchy = e=x"/ 2 the bell curve, and find its inflection points.

5.23 Sketch y = In(cosx) on (—7%, 5).

N3
SE

4
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5.24 Find the slant asymptote of y = x+ 1 and sketch.

5.25 Find constants 4, b such that f(x) = x> + ax? + bx has a local minimum at
x = 1 with value —2.

5.26 Sketch the graph of a continuous function with f’(x) > 0 for |x| < 2,
f'(x) < O0for|x| > 2, f'(x) < 0forx > 0,and f’(x) > 0forx < 0,
f(0)=0.

5.27 For f(x) = x + 1, find the local extrema, and explain why the local maxi-
mum is less than the local minimum.

5.28 Find the local extrema of f(x) = x* for x > 0.

5.29 If f(0) = —3 and f’(x) < 5 for all x, how large can f(2) be?

5.30 Show that v/1+x < 1+ % forx > 0.

B. THEORY AND PROOF

5.31 Prove thatif f'(x) = f(x) for all x, then f(x) = Ce*. (Consider f(x)e *.)
5.32 Prove that | arctana — arctanb| < |a — b|.

5.33 Prove that a polynomial of degree 1 has at most n — 1 critical numbers and
at most n — 2 inflection points.

5.34 Prove that if f” > 0 on an interval, then f has at most one critical number
there, and it is a minimum.

5.35 Show that if f is differentiable and |f'(x)] < M < 1 on R, then f has at
most one fixed point.

5.36 Prove that the inflection point of a cubic is its center of symmetry: f(c +
)+ fe=h) =2f(c).

5.37 Prove that if f is concave up on an interval, then f (%) < fatfb) f ®) fora, b
in the interval.

5.38 Prove Bernoulli’s inequality (1 + x)" > 1+ nx for x > —1 and integers
n > 1, by calculus.

5.39 Use Cauchy’s MVT to prove that if f(0) = ¢(0) = 0 and ¢’ # 0 near 0,

then lim,_ f; E ; = lim,_o f; ,g g when the latter exists.

C. CHALLENGE
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5.40 Prove that a function with f’(x) existing everywhere satisfies the interme-
diate value property for f’ (Darboux’s theorem), even though f’ need not
be continuous.

5.41 Show that %x <sinx < x for 0 < x < 7 (Jordan’s inequality).

5.42 Find the largest value of a for which a* > x for all x > 0. (The answer
involves e/¢.)

5.43 Prove thatif f is twice differentiable on [0, 2] with f(0) = f(1) = f(2) =0,
then f”(c) = 0 for some c.

5.44 Prove thate™ > 71° by studying 12X,

X
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CHAPTER 6

APPLICATIONS OF THE DERIVATIVE

LEARNING OBJECTIVES

e Prove I'Hopital’s rule and use it on all seven indeterminate forms.
e Compare growth rates of logarithms, powers, and exponentials.

e Model and solve optimization problems, and justify that the answer is a
global extremum.

Derive Newton’s method, analyze its convergence, and recognize when
it fails.

Find antiderivatives and solve initial value problems for motion.

The Mean Value Theorem gave us the shape of a graph. This chapter puts that
knowledge to work: to evaluate limits that algebra cannot crack, to find the best
value of a quantity, to solve equations numerically, and to recover a function from
its rate of change.

6.1 INDETERMINATE FORMS AND LHOPITAL'S RULE

A limit of the form lim £ with f — 0and g — 0is an indeterminate form of type %:

the answer depends on how fast each tends to 0, and can be anything. We have
; 2
met such limits as derivatives, 2% and *=!. L'Hépital’s rule replaces the ratio

X
of functions by the ratio of their rates of change.

Theorem 6.1 (LHOpital’s rule). Suppose f and g are differentiable near a (except
possibly at a), §'(x) # 0 near a, and either

e lim, ,, f(x) = 0and lim,_,, g(x) =0, or

e lim,,, f(x) = £ooand lim,_,, g(x) = Fo0.
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If limy_,, ?(x) = L (a number, or £00), then limy_,, % = L. The same holds

() x)
for one-sided limits and for a = £oo.

Proof of the § case, x — a*. Define f(a) = g(a) = 0, making both continuous on
[2, x]. By Cauchy’s Mean Value Theorem (Theorem 5.12) there is ¢ € (4, x) with

f(x)g'(c) = g(x)f'(c). Since g’ # 0, g(x) # 0 (by Rolle’s theorem, as g(a) = 0),

and so ggx; {;:8 Asx — a*,c — a", so the right side tends to L. The £ case

and the case @ = co (substitute x = 1) are proved in Appendix A.

x pa— p—
Example 6.2 (Type § and £). Evaluate (a) lim ¥, (b)
] 3 x—0 X
lim =% (c) lim x4y tim .
x—0 X X—»00 X x—o0 X

; 0. o € *
Solution. (a) g; the rule twice: 5= = 5 —> 3
(b) g, three times- locosx _, sinx _, e —> z

¥ 3x2 6x

X —

(c) =: eNc f — 0.

(d) =, three times: —> : — % — 0.

COMMON ERROR. Applying the rule when the form is not indeterminate.

lim, 0 % = 1, but differentiating gives % — 0. Check the form at

every application. And the rule uses the quotient of derivatives é, not the

derivative of the quotient (é) '

1
Theorem 6.3 (Growth rates). For every p > 0and b > 1: lim L;C = 0and

» X—00 X
x
Jim, e =0
Proof. nX: by the rule, pi{’fl = px,, — 0. For %, apply the rule [p] times: each

application lowers the power of x by one and multiplies the denominator by
Inb > 0, until the numerator’s power is < 0 and the quotient tends to 0.

Logarithms grow more slowly than any power, and powers more slowly than
any exponential. In computer science, an algorithm taking 7 In n steps beats one
taking 1% for large enough 7, and any polynomial-time algorithm beats an ex-
ponential one eventually.
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6.1.1 OTHER INDETERMINATE FORMS

The forms 0 - oo and oo — oo are rewritten as quotients. The forms 0°, co?, and 1
arise from f$; take logarithms, since In(f¢) = gIn f is of type 0 - co.

Example 6.4 (Products, differences, and powers). Evaluate (a) 11%1 xInx,
X—

(b) lim (1_ 1 ). (©) lim x*, (d) lim (1+;)x.

—0\x e —1 x—0+
Solution. (a) 0 (—o0). Write i‘}j‘c, type == _11//’;2 =—x—0.
er—1— e —1 eX 1
TeE=T) 1) type - Twice: w57 = s — 2

(c) 0% In(x*) = xInx — O by (a),so x* — ¢’ = 1.

(b) co — co. Combine:

(d) 1%, Iny = xIn (1 +4) = ln(lf;i/x) type 3. Differentiating: 2% =

Tra7x — 4. Soy — ¢, recovering Theorem 4.14 for continuous compound—

ing.

Example 6.5 (When the rule fails to help). limy_e "*s% = 1, as dividing
by x shows. The rule gives 1+$* which has no limit. The rule says that
if f—: has a limit then so does fg:, not the converse. And lim,_, ¥ x;“
the rule gives ﬁ, then back again. Dividing by x gives 1 at once.

cycles:

6.2 OPTIMIZATION

Optimization problems ask for the best: the largest area, the least cost, the short-
est time. The procedure:

1. Understand the problem; draw a diagram; name the quantity Q to be opti-
mized and the variables.

2. Express Q as a function of one variable, using the constraints to eliminate
the others.

3. Determine the domain of that function from the physical situation.

4. Find the critical numbers, and determine the absolute extremum: by the
closed interval method on a closed bounded domain, or by the first deriva-
tive test (a single critical number at which f’ changes sign gives the abso-
lute extremum on an interval).

5. Answer the question that was asked, with units, and check that the answer
is sensible.
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Example 6.6 (An open box). Squares of side x are cut from the corners of
a 12 x 20 cm sheet, and the sides folded up to make an open box. Find the
largest volume.

Solution. V(x) = x(12 — 2x)(20 — 2x) = 4x> — 64x> + 240x on [0, 6].
V/(x) = 12x? — 128x +240 = 4(3x%* — 32x + 60), with roots x =
B£V10A-70 16%@. Only x = @ A 2.427 lies in [0,6]. At the

endpoints V = 0, so the maximum is V(2.427) ~ 262.7 cm3.

Example 6.7 (The cheapest can). A cylindrical can must hold 500 cm?.
The top and bottom cost twice as much per unit area as the side. What
dimensions minimize the cost?

Solution. With radius r and height h, r*h = 500, so h = %. The cost in
units of the side’s price per cm? is C = 27trh +2 - 27tr> = 1% 4 47¢2, for
r > 0. Then C'(r) = —2%° 4 87r = 0 gives 87rr® = 1000, so 71r* = 125 and
r = % ~ 3.414 cm. Since 500 = 471> at this radius, h = % = 4;—:23 =
4r =~ 13.66 cm. Since C" < 0 for smaller r and C’ > 0 for larger, this is the
absolute minimum. The optimal height is four times the radius, twice the
diameter. If all surfaces cost the same, the same calculation gives h = 2r:

height equal to diameter.

Example 6.8 (Snell’s law from least time). Light travels from point A in air
(speed v1) to point B in water (speed v;), crossing a flat surface. Show that
the path of least time satisfies * b — sinb \here 6,0, are the angles from

U1 U2
the normal.

Solution. Put the surface on the x-axis, A = (0,4) and B = (d, —b), and
let the light cross at (x,0). The time is

Va2 + 22 N Vb2 + (d — x)?

) o

B x B d—x _sinf B sin 6,
v1vVaZ+x2  vy\/b* + (d — x)? U1 vy

T'(0) <0 < T'(d),and T” > 0 (each term of T is convex), so T has a single
critical point, a minimum, where T’ = 0. That is Snell’s law of refraction,
derived by Fermat in 1662 from his principle that light takes the path of
least time.

T(x)

7

T'(x)
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Example 6.9 (The nearest point). Find the point on the parabola y? = 2x
closest to (1,4).

Solution. Minimize the square of the distance, which has the same min-
imizer and no square root. With x = y—;: D(y) = (% — 1)2 + (y —4)2
D'(y) = 2(%2 —1y+2(y—4) =y*—8,zeroaty =2. D' < Ofory <2
and > 0 for y > 2: an absolute minimum. The point is (2,2), at distance
/5. At that point the segment to (1,4) is perpendicular to the tangent: the

1_1

slope of the segment is —2 and the tangent slope is y = 2

6.2.1 OPTIMIZATION IN ECONOMICS

If C(g) is the cost and R(g) = qp(q) the revenue from selling g units at price p(q),
the profitis P = R — C, and P'(q) = 0 gives R'(q) = C'(q): profit is maximized
where marginal revenue equals marginal cost. (The second derivative test requires
R" < C" there.)

Example 6.10 (Pricing). A shop sells 200 units a week at $30. Each $1 price
cut sells 20 more units. Units cost $10 each. What price maximizes profit?

Solution. With a price cut of x dollars, the price is 30 — x, sales are 200 +
20x, and the profit is P(x) = (30 — x — 10)(200 + 20x) = (20 — x)(200 +
20x). Then P’'(x) = —(200 + 20x) + 20(20 — x) = 200 — 40x, zero at x = 5.
P" = —40 < 0, a maximum. The best price is $25, selling 300 units for a
profit of $4500, up from $4000.

6.3 NEWTON'S METHOD

Most equations cannot be solved exactly. Newton’s method approximates a root
of f(x) = 0by repeatedly replacing the curve with its tangent line. From a guess
xy, the tangent y = f(x,) + f'(x4)(x — x,) crosses the axis at

f(xn)

x?l+1 = 'xﬂ - f,(xn) .

Example 6.11 (The square root of two). Apply Newton’s method to f(x) =
x2 —2withx; = 1.

. 2_9
Solution. x,.1 = x, — 2= = Lx,+ 2), the average of x, and 2/x,, the
2x, 2 Xn
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Babylonian method known four thousand years ago. The iterates:

n Xy
2 15

3  1.416 666 666 666 67
4 1.41421568627451
5 1.41421356237469
6 1.41421356237310

The number of correct digits roughly doubles at each step: 1, 3, 6, 12, then
full machine precision.

Theorem 6.12 (Quadratic convergence). Suppose f(r) = 0, f'(r) # 0, and
f" is continuous near r. If x,, is close enough to r, then

()
27 ()|

|Xn41 — 7] §K|xn—r]2, K~ ‘

Sketch. By Taylor’s theorem (Chapter 13), 0 = f(r) = f(xy) + f'(x0)(r — xn) +
3" (&) (r — xy)? for some ¢ between r and x,.. Dividingby f’(x,) and rearranging,

If the error is 1073, the next is about K - 107, then K° - 10712 the doubling of
digits seen above.

COMMON ERROR. Newton’s method can fail. A starting point where
f'(x1) = 0 throws the next iterate far away: for x> — 2x — 5 starting at x; = 1
(where f'(1) = 1), the iterates jump to 7 and then crawl back, 4.77, 3.35, 2.53,
2.17, while x; = 2 converges to 2.094 55148 in three steps. For f(x) = x'/3,
the formula gives x,, 11 = —2x, from any start: the iterates oscillate and di-
verge, because f’ is infinite at the root. Always check that the iterates settle
down.
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6.4 ANTIDERIVATIVES

Definition 6.13 (Antiderivative). F is an antiderivative of f on an interval I if
F'(x) = f(x) forall x € I.

By Theorem 5.8, if F is one antiderivative, every antiderivative on I is F 4- C for a
constant C. The family is the general antiderivative, written [ f(x)dx = F(x) + C;
the reason for the integral sign appears in Chapter 7.

f(x) antiderivative  f(x) antiderivative
xr—i—l
x" (r £ -1 — In |x
(r# ) r+1 X l |
ekx 1 ekx b L
k Inp
1. . 1
cos kx % sin kx sinkx % cos kx
sec? x tanx secxtanx secx
1 1
—_— arctan x arcsin x
1+x2 V1-22
cosh x sinh x sinh x cosh x

Each entry is checked by differentiating the right column. The antiderivative
In |x| is valid on each of the intervals (—oo,0) and (0, o) separately, with an in-
dependent constant on each.

Example 6.14 (An initial value problem). Find f if f"(x) = 12x2 + 6x — 4,
f(0) =4,and f(1) = 1.

Solution. Antidifferentiate twice: f'(x) = 4x3 +3x2 —4x+ Cand f(x) =
x*+x%—2x2+Cx+D. Then f(0) =D =4,and f(1) =1+1-2+C+
4 = 1gives C = —3. So f(x) = x* + x® — 2x? — 3x + 4. Two conditions fix
the two constants of integration.

6.4.1 MOTION WITH GIVEN ACCELERATION

If a(t) is known, v is an antiderivative of a, and s an antiderivative of v. For
constant acceleration a:

o(t) =vo+at,  s(t) =so+ oot + at’,

the formulas of introductory physics, derived in two lines.
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Example 6.15 (Braking distance). A car traveling at 30 m/s brakes with
constant deceleration and stops in 75 m. What is the deceleration, and how
long does it take to stop?

Solution Witha = —k: v = 30 — kt, s = 30t — %ktz. It stops when v = 0,
att = k , having traveled @ — % = 4,20 =75.S0k = 6 m/s?, and it stops
in 5 s. The stopping d1stance is proportional to the square of the speed: at

60 m/s it would be 300 m, four times as far.

6.5 WORKED PROBLEMS

Each problem below is solved in full and combines several ideas from the chapter. Attempt
each one before reading its solution.

Problem 6.1 A limit needing logarithms and LHépital

)tanx

Evaluate lim (sinx x)l/x.

and lim (x+e
x—07F X—00

Solution. First, type 0°. Iny = tanxInsinx = 81X type —  Differentiating,
% = —sinxcosx — 0.Soy — e’ = 1.

(x+e ) (1+e%)/ (x+e¥) 14e¥

Second, type co¥. Iny = , type =: . = 1% again 2: ;2 — L.
So y — e. Intuitively, x + ¢ e ¥ for large x,and (e¥)/* =e.

Problem 6.2 The strongest beam

The strength of a rectangular beam is proportional to its width times the square
of its depth. Find the strongest beam that can be cut from a log of diameter 4.

Solution. A rectangle of width w and depth & inscribed in a circle of diameter
d has w? + h? = d?. Maximize S =wh?>=wd—-w?)for0 <w<d S =
d?> — 3w? = 0 gives w = f’ and h = dz—%z = d\/g. Since S — 0 at both
ends of the interval and there is one critical number, it is the maximum. The ratio
of depth to width is v/2 ~ 1.41, the proportion still used for timber beams.

Problem 6.3 Running and swimming

A woman on the shore at A wants to reach a point B on the opposite bank of a
straight river 3 km wide, 8 km downstream. She runs at 8 km/h and swims at 6
km/h (ignore the current). Where should she enter the water?

Solution. Let her run x km along the bank, then swim straight to B, a distance
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9+ (8 — x)2. The time is T(x) = § + 7"%(6W on [0,8]. Then
T'(x) _ 1 8« =0
8 69+ (8—x)?

With u = 8 — x, this says 6/9 + u2 = 8u, 50 36(9 + u?) = 64u?,so u®> = %, U=
9. ~ 3402, and x ~ 4598 km. Comparing: T(0) = 7> ~ 1424 h, T(8) = 1.5
h, T(4.598) = 0.575 + 0.757 = 1.331 h. She should run about 4.6 km and then

swim. The condition \/917 = ¢ is Snell’s law again (Example 6.8): the sine of

the swimming angle equals the ratio of speeds.

Problem 6.4 Newton’s method for an intersection
Find, to six decimal places, the x-coordinate where y = cos x meets y = x.

Solution. Solve f(x) = cosx —x = 0, with f’(x) = —sinx — 1. From the
graphs the root is near 0.7; start at x; = 0.5: xp = 0.755222, x3 = 0.739142,
xg = 0.73908513, x5 = 0.73908513. The root is 0.739085, confirming the bi-
section estimate of Chapter 2, which needed about twenty steps for the same
accuracy. This number is the Dottie number: pressing the cosine key on a calcu-
lator repeatedly (in radians) converges to it, from any start, by the fixed-point
iteration x,, 11 = cos x,,, which converges only linearly.

Problem 6.5 Comparing growth precisely

For which x > 0is 2* > x!9? Show that the inequality holds for all x > 58.8 but
fails at x = 10, so that “eventually” can be far away:.

Solution. Compare logarithms: 2* > x!%iff xIn2 > 10Inx, iff g(x) = % <
In2 — 0.0693. The function ¥ increases on (0, ¢) and decreases on (e, ), with
maximum % = 0.368, so the equation g(x) = 0.0693 has two solutions: near
x = 1.077 and x = 58.77 (by Newton’s method). Hence 2* > x!° for x < 1.077
and for x > 58.77, but not in between: at x = 10, 210 = 1024 while 10" is ten
billion. The exponential eventually wins (Theorem 6.3), but not until x ~ 58.8,

where both sides exceed 10'7.

Problem 6.6 A ladder around a corner

A hallway 2 m wide meets, at a right angle, a hallway 3 m wide. What is the
longest ladder that can be carried horizontally around the corner?

Solution. A ladder that fits must fit along every line touching the inner corner
and the two outer walls. Such a line making angle 6 with the wider hallway’s
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wall has length L(0) = 25 + -25,0 < 6 < Z. The longest ladder that fits is the
minimum of L. Then

_3cos€ 2sinf
sin2f = cos2f

L'(6) = — tan’f = g, tan® = (1.5)1/3.

3/2
/.Here

In general, for widths 4,b, tanf = (a/b)'/3 and Lyin = (a2/3 + b2/3)
Linin = (32/ 3402/ 3)3/2 ~ 7.02 m. Since L — oo at both ends, the critical point
is the minimum. A minimum of one quantity gives a maximum of another: the

typical twist of a well-posed optimization problem.

Problem 6.7 Recovering motion

A particle has acceleration a(t) = 6t — 4 m/s?, initial velocity v(0) = —3 m/s,
and initial position s(0) = 2 m. Find s(t), the times at which it is at rest, and the
distance traveled from ¢t = 0to t = 3.

Solution. ©(t) = 3t> — 4t — 3 and s(t) = t3 — 2> — 3t + 2. It is at rest when
32 -4t -3 =0:t = 4+g/§ = 2+§/E ~ 1.869 s (the other root is negative).
Positions: s(0) = 2, 5(1.869) ~ —4.06, s(3) = 2. The particle moves backward to
—4.06 and then forward again, so the distance is 6.06 4+ 6.06 ~ 12.13 m, while the
displacement is 0. Distance is the integral of speed, not of velocity, a distinction
made precise in Chapter 7.

EXERCISES

A. COMPUTATION

tanx — x
6.1 Evaluate lim —
x—0 X
. Inx e —1
6.2 Evaluate lim and lim — .
x—1 X — x—0 SInX
( )3 5100
6.3 Evaluate lim and lim .
X—00 x x—00 gx/100

. arctanx — x
6.4 Evaluate lim —_—
x—0 X

6.5 Evaluate lim /xInx and lim xe ™.
x—0F X—0

6.6 Evaluate lim (secx —tanx).
xX—7m/2™
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6.7 Evaluate lim< ,1 — 1)
x—0 \sinx x

sin x 1/x

6.8 Evaluate lim x and lim x
x—0+ X—00

6.9 Evaluate lim (1 + 2x)'/* and lim (cos x)!/*".
x—0 x—0

6.10 Evaluate lim (x * 1)x.

x—oo \x — 1

6.11 Find two positive numbers with sum 20 whose product is as large as pos-
sible.

6.12 Find the dimensions of the rectangle of largest area inscribed in a semicircle
of radius r.

6.13 A farmer has 600 m of fencing to enclose a rectangular field along a straight
river, needing no fence along the river. Find the largest area.

6.14 A box with a square base and open top must have volume 32 000 cm®. Find
the dimensions that minimize the material used.

6.15 Find the point on the line y = 2x + 3 closest to the origin.
6.16 Find the point on the curve y = \/x closest to (3,0).

6.17 A cone is inscribed in a sphere of radius R. Find the largest volume of the
cone.

6.18 A window is a rectangle topped by a semicircle. Its perimeter is 10 m. Find
the dimensions that admit the most light.

6.19 A demand function is p = 60 — 0.01¢q dollars and the cost is C(g) = 2000 +
10g. Find the production level and price that maximize profit.

6.20 A rectangular poster has 384 cm? of print, with margins of 4 cm top and
bottom and 3 cm on the sides. Find the dimensions of the smallest poster.

6.21 Use Newton’s method with x; = 1 to approximate v/5 to six decimal
places.

6.22 Use Newton’s method to find all roots of x* — 2x3 +5x2 — 6 = 0 to six
decimal places.

6.23 Use Newton’s method to solve e = x.
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6.24 Show that Newton’s method for f(x) = 1 —a gives x,41 = x,(2 — ax,),
which computes % without division. Compute 7 from x; = 0.1.

2
6.25 Find the general antiderivative of f(x) = 6x> — 8x + 3 and of g(x) = ot

2

3e* — sec” x.

£+ 2t
6.26 Find the general antiderivative of f(x) = /x + \1f and of g(t) = :_72
x

6.27 Find f if f/(x) = 4cosx —3sinx and f(0) = 2.
6.28 Find fif f’(x) =x"2,x >0, f(1) =0, f(2) = 0.

6.29 A stone is thrown down from a 450 m cliff at 5 m/s. Using g = 9.8 m/ s?,
when does it hit the ground, and how fast?

6.30 A car accelerates uniformly from 0 to 100 km/h in 8 s. Find the acceleration
in m/s? and the distance covered.

B. THEORY AND PROOF

6.31 Prove that lim,_,c M =0foralla,b > 0.
X
6.32 Show thatlim,_,q 67;—,72 = O foreveryn > 0,and deduce that f(x) = e~ 1/¥
(f(0) = 0) has f(")(0) = 0 for all .

6.33 Prove that among all rectangles with a given perimeter, the square has the
largest area, and among those with a given area, the square has the smallest
perimeter.

6.34 Prove that the point on a line ax + by = c closest to the origin lies on the
lc]
a2 +b2°

perpendicular from the origin, and derive the distance

6.35 Show that the reflection law (angle of incidence equals angle of reflection)
follows from minimizing the path length from A to a mirror to B.

6.36 Explain why Newton’s method applied to f(x) = x> + 1 cannot converge,
and describe what the iterates do.

6.37 Show that Newton’s method for x> — a (a > 0) converges to /a from every
x1 > 0. (Show x, > +/a for n > 2 and the sequence decreases.)

6.38 Prove that if F and G are antiderivatives of f on an interval, they differ by
a constant, and give a counterexample on a union of two intervals.

C. CHALLENGE
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6.39 Find lin}) sin(tan x) x—7 tan(sin x)

x—
the series of Chapter 13 help.)

o 1.
. (The answer is —55; computer algebra or

6.40 A painting of height h hangs with its bottom edge a above eye level. Show
that the viewing distance maximizing the subtended angle is \/a(a + h).

6.41 Find the distance from the point (0,a) to the parabola y = x2, for every
a > 0. (The answer changes form at a = %)

6.42 A rope of length L is cut into two pieces, one bent into a square and the
other into a circle. How should it be cut to minimize, and to maximize, the
total area?

6.43 Show that for f(x) = x? — a, the error ¢, = x, — v/a of Newton’s method
satisfies e, ;1 = ;;'n

in Example 6.11.

exactly, and deduce the doubling of correct digits seen
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CHAPTER 7

THE DEFINITE INTEGRAL

LEARNING OBJECTIVES

e Compute areas and distances as limits of sums, using sigma notation and
the formulas for Y ik.

o Define the definite integral by Riemann sums, and use its properties, in-
cluding the comparison and mean value properties.

e State and prove both parts of the Fundamental Theorem of Calculus, and
use it to evaluate integrals and net change.

e Evaluate indefinite and definite integrals by substitution, and exploit
symmetry.

e Define the natural logarithm as an integral, derive its properties, and
complete the theory of e*.

Differential calculus asks for the rate of change of a quantity. Integral calculus
asks the reverse: given the rate, how much has accumulated? Geometrically, the
first question is about slopes of tangent lines, and the second about areas under
curves. The two look unrelated, and for two thousand years they were treated
separately: Archimedes computed areas by exhaustion in the third century BC,
while tangents waited for the seventeenth century. The discovery that they are
inverse operations, the Fundamental Theorem of Calculus, is the central fact of
the subject, and the reason it is called the calculus.

7.1 AREA AND DISTANCE

7.1.1 THE AREA PROBLEM

What is the area of the region S under y = x? from 0 to 1? We know areas
of rectangles, so we approximate S by rectangles. Divide [0, 1] into n strips of
width 1, and on the ith strip [}, L] erect a rectangle whose height is the value
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at the right endpoint, ( ) The total area of these rectangles is

i
n

iiZ _ 1 n(n+1)@2n+1) (n+1)2n+1)
: ol 6 B 6n2 ’

using a formula proved below. Since x? increases, the rectangles overshoot, and

R, > area(S). With left endpoints instead, the rectangles fall short, and L, =
% < area(S). Asn — oo, both tend to 2 = 1. The area is squeezed
between them, so it must be %

n Ly Ry Ry—L,=1
10 0.285000  0.385000 0.1
100 0.328350 0.338350 0.01
1000 0.332834 0.333834 0.001
Rg, right endpoints Lg, left endpoints
1 1
0 T T 0 T T
0 0.5 1 0 0.5 1

Figure 7.1: Upper and lower rectangle sums for the area under y = x2 on [0, 1]. Their
difference is the area of the last rectangle on the right, 1

7.1.2 SIGMA NOTATION AND POWER SUMS

Y, a;idenotesay +ay1+ - - - +a,. Sumsare linear: Y (ca; +b;) = cYa; + Y b;.

Theorem 7.1 (Power sums).

7

il n+1) ilZ nn+1)(2n+1) iig): (n(n+1)>2.

Il
oy

Proof. For the first, write the sum forward and backward and add: each of the n
columns sums to 1 + 1. For the second, use the telescoping identity (i +1)> —
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i3 = 3i% + 3i + 1. Summing from i = 1 to n, the left side collapses to (n +1)3 — 1,
so(n+1)P3—-1=3yi2+3- @ + n, and solving gives the formula. The third
follows the same way from (i + 1)* — i*, or by induction.

7.1.3 THE DISTANCE PROBLEM

If velocity is constant, distance is velocity times time. If velocity varies, divide the
time interval into short pieces, on each of which the velocity is nearly constant,
and add: distance ~ ) v(t;)At. As the pieces shrink the approximation becomes
exact. This is the same sum as for area: the distance traveled is the area under
the velocity graph.

7.2 THE DEFINITE INTEGRAL

Definition 7.2 (Riemann sum; definite integral). Let f be defined on [a, b].
A partition P of [a,b] is a set of points a = xp < x1 < -+ < x, = b; let
Ax; = x; — x;_1 and ||P|| = max Ax;. Choose sample points x} € [x;_1, x;].
The Riemann sum is Y ;" f(x])Ax;. If there is a number I such that for every
€ > 0 thereis § > 0 with

n

Y fx)axi—I| <e

i=1

for every partition with ||P|| < ¢ and every choice of sample points, then f
is integrable on [a,b], and I = fﬂb f(x) dx is its definite integral.

The integral sign [ is an elongated S, for summa, introduced by Leibniz; dx is the
descendant of Ax. The variable x is a dummy: | ab flx)dx = [ ab f(t)dt. When
f > 0, the integral is the area under the graph. In general it is the net area: area
above the axis minus area below.

Theorem 7.3 (Integrability). If f is continuous on [a, b], or bounded with finitely
many discontinuities, then f is integrable on [a, b].

The proof, which uses the uniform continuity of continuous functions on closed
intervals, is in Appendix A. Not every bounded function is integrable: the func-
tion D of Chapter 2, equal to 1 on rationals and 0 on irrationals, has Riemann
sums equal to 1 or 0 depending on the choice of sample points, however fine the
partition.
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For integrable f we may use any convenient partitions, for instance n equal subin-
tervals with right endpoints:

b _
/zf( dx—hme Ax:bna, x; = a+iAx.

n—oo ¢

Example 7.4 (Anintegral from the definition). Evaluate f03(x3 — 6x) dx from
the definition.
Solution. Ax = 2, x; = 3. The Riemann sum is

* o273 18i\3 8l/n(n+1) 54 n(n+1) 81 27
g2 ST N 2 BT % gy 2
_1( n3 n >n n4( 2 ) 2 2 4 4

~.

The integral is negative because the region below the axis (on (0, V/6)) has
more area than the region above (on (v/6,3)).

7.2.1 PROPERTIES OF THE INTEGRAL

Theorem 7.5 (Properties). For integrable f, g and constants c:
(a) fab (cf +g)dx = cfabfdx—l— fabgdx;
(b) fubfdx + [y fdx = [ fdx, with the conventions [’ f = 0and [, f =
~ i fi
(c) if f < gon [a,b], then fubf < fab g in particular, if m < f < M, then
m(b—a) < [ f < M(b—a);

) | f) fdx| < [7|fldx.

Each follows from the corresponding property of finite sums by taking limits.
Property (d) is the triangle inequality for integrals.

Definition 7.6 (Average value). The average value of f on [a,b] is fayg =

5 [ f(x) dx

Theorem 7.7 (Mean Value Theorem for mtegrals If f is continuous on [a, b],
there is ¢ € [a,b] with f(c) f f(x
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Proof. By the EVT, f has a minimum m and maximum M on [a, b]. By (c), m <
favg < M. By the IVT, f takes the value f,yg somewhere.

7.3 THE FUNDAMENTAL THEOREM OF CALCULUS

Theorem 7.8 (Fundamental Theorem of Calculus). Let f be continuous on
[a, b].

Part 1. The function g(x) = [ f(t) dt is continuous on [a, b], differentiable on

(a,b), and g'(x) = f(x )
Part 2. If F is any antiderivative of f on [a, b], then fubf(x) dx = F(b) — F(a).

Proof. Part 1. For h # 0, by property (b), g(x + h) fx+hf dt. By the
Mean Value Theorem for integrals, this equals f (ch) h for some ¢y, between x and
x +h. So w = f(cp). Ash — 0,c;, — x,and f(c;) — f(x) by continuity.
Part 2. By Part 1, g is an antiderivative of f. Any other antiderivativeis F = g+ C
(Theorem 5.8). Then F(b) — F(a) = g(b) — g(a) = fubfdt —

Part 1 says that every continuous function has an antiderivative, namely its accu-
mulation function. Part 2 says that to compute an integral we need only find one
antiderivative. Together: differentiation and integration undo each other. We

write F(x) ‘z or [F(x)]z for F(b) — F(a).

1

Example 7.9 (Evaluating integrals). (a) fo = %3 = 1, the area of

Fig. 7.1, in one line. (b) fo (x% — 6x)dx = [T —3x ]3 =8 _27=-2 as
7T e

in Example 7.4. (c) [y sinxdx = — cosx‘0 =2.(d) [{ de = lnx‘1 =1. (e)

1 dx _ _ _n
Io 1 2 =arctan1 —arctan0 = 7.

COMMON ERROR. FTC Part 2 requires f continuous on the whole interval.

1 iy “ ”
L 4 ismot [ — 1]_ | = —2: the integrand is positive, and the “answer
is negative. The function 1

integral diverges (Chapter 9)

is unbounded near 0, not integrable, and the
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Example 7.10 (Diﬁerentiating an accumulation function). Find
4T Adiand L (X Pt

Solutlon By Part 1 and the chain rule with u = 2% 1+ u? (% =
3x%v/1 + x12. For the second, sphtatO fo S 50 the derivative is e " -

2x — e~ cos x. In general & [/ F(t)dt = f(b(x))b'(x) — f(a(x))a (x).

—t?

No antiderivative of e~" in elementary terms exists, and none was needed.

Part 1 also defines new functions. The error function erf(x) \F foe e~dt of

probability, and the Fresnel integral S(x) = [ sin Z- d t of optics, are not elemen-
tary, but they are as well-defined, as computable, and as differentiable as sin x.

7.3.1 NET CHANGE

Part 2 says that the integral of a rate of change is the net change f F'(x)dx =
F(b) — F(a). If v(t) is velocity, ftl v dt is the displacement, and ftf |v| dt the total

distance. If 7(t) is the rate at which water flows into a tank, fttlz rdt is the amount
that flows in.

Example 7.11 (Displacement and distance) For v( )=t —t—6m/son
[1,4]: the displacement is [ vdt = [£ — & — 6t] —3J m. Since v = (t —
3)(t+2) isnegative on [1, 3) and positive on (3, 4], the distance is — ff vdt+

Jivdt=24+17 = & ~1017m,

74 THE SUBSTITUTION RULE

Every differentiation rule, read backward, is an integration rule. The chain rule

d%F(g(x)) = F'(g(x))g’(x) becomes:

Theorem 7.12 (Substitution rule). If u = g(x) is differentiable and f is contin-
uous on the range of g, then

b (b)
[ faengar= [rwan [ faeng@ax= [ pwa

Proof. If F' = f, then £ F(g(x)) = f(g(x))g'(x) by the chain rule, so both sides
of the first formula equal F(g(x)) + C. For the second, both sides equal F(g(b)) —
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F(g(a)) by the Fundamental Theorem.

In practice: choose u as an inner function whose derivative (up to a constant) ap-
pears as a factor; write du = g'(x) dx; rewrite everything in terms of u; integrate;
substitute back. The differential notation makes the bookkeeping automatic.

Example 7.13 (Substitutions). Evaluate (a) [ x?v/x% + 1dx, (b) [tanxdx,
(o) [ 52 dx, (d) [ 25, (o) [§ k-
Solution. (a) u = x> +1,du =3x%dx: 1 [ udu=3(x*+1)3/24C.

(b) tanx = gg;’;, U = cosx, du = —sinxdx: —f%‘ = —In|cosx|+C =
In|secx|+ C.
(c)u=Inx,du=%: [udu=1Inx+C.

_ PRPS P _ ) 3du_ _
(d) x = 3u (a substitution in the reverse direction, u = x/3): [ Wi

arcsin% + C.
(e) u = 1+ x?, du = 2xdx, and the limits change: x = 0 — u = 1,
5

x:2|—>u:5.80%f15u*2du:%[—%]1:%-%:%.

COMMON ERROR. In a definite integral, change the limits along with the
variable, or return to x before evaluating, but never mix the two: evaluating
an antiderivative in u at the x-limits is the most common substitution error.

Theorem 7.14 (Symmetry). If f is continuous on [—a, a): if f is even, [ f =
2 [y frif fisodd, [*, f=0

Proof. Split at 0 and substitute u = —x in f_oa f(x)dx = [} f(—u)du, which is

Jofor=f'f

So [ Ez x° cos x dx = 0 without computation, since the integrand is odd.

7.5 THE LOGARITHM DEFINED AS AN INTEGRAL

Until now we have used ¢* and In x on the strength of facts about exponentials
we did not prove: that b* makes sense for irrational x, that bhh—’l has a limit, that
this limit depends continuously on b. The integral lets us build both functions
from scratch, and prove every one of those facts.
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"t
e

Definition 7.15 (Natural logarithm). For x > 0,Inx =

Theorem 7.16 (Properties of the logarithm). (a) In is differentiable with
(Inx) = % ; it is increasing and concave down, and In1 = 0.

(b) In(xy) =Inx+1ny, lni =Inx —Iny, and In(x") = rIn x for rational r.

(c) limy oo Inx = 00 and lim, g+ Inx = —oo; the range of In is R.

Proof. (a) By the FIC, (Inx)’ = 1 > 0,and (Inx)” = — % <.
1

(b) Fix y > 0. The functions In(xy) and In x have the same derivative, xly = 1,80
they differ by a constant: In(xy) =Inx+ C. Atx =1, C = Iny. Similarly In(x")
and rIn x both have derivative ; and vanish at x = 1. The quotient rule follows

by applying the product rule to ; Y = X.
(¢) In2 > 0, and In(2") = nln2 — oo; since In is increasing, Inx — oco. Then

In % = —Inx — —ooas x — 07. By continuity and the IVT, In takes every real
value.

Definition 7.17 (e and the exponential). Since In : (0,00) — R is increasing
and onto, it has an inverse, exp : R — (0,00). Define e = exp(1), the
number with Ine = 1, and for any real x and b > 0, define b* = exp(xInb).

For rational x = r, exp(r) = ¢” in the old sense, since In(¢’) = rlne = r. So
exp(x) = e* extends powers of e to all real exponents, and b* = ¢*I"? is the
definition of irrational powers. Now everything follows rigorously:

o Lo¥ = ¢* by Theorem 4.8: (exp)/(x) = s = €.

T In'(e¥)

e The laws of exponents, from the laws of logarithms.

° %bx = b*Inb, so limy,_, bhh—*l = Inb, continuous in b and equal to 1 exactly
when b = ¢, as claimed in Chapter 3.

o ¢ =lim, o (1+ %)n, by Theorem 4.14, whose proof used only In(1) = 1.

Geometrically, In x is the area under the hyperbola y = 1 from 1 to x, and e is the
point where that area reaches 1. In the seventeenth century the logarithm was
in fact first understood as a hyperbolic area, by Grégoire de Saint-Vincent and
Alphonse de Sarasa.
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7.6 WORKED PROBLEMS

Each problem below is solved in full and combines several ideas from the chapter. Attempt
each one before reading its solution.

Problem 7.1 A limit of sums as an integral

n 14 24 .. 4
Evaluate lim Z L and lim te tn .
n—o00 — n2 + 12

n _ 1 1 : —
R = u Tramp Withx =

and Ax = 1, this is the right-endpoint sum for fol %. Since ﬁ is continuous,
the limit is the integral, arctan1 = 7. A formula for 7r from a limit of rational

Solution. Rewrite the first as a Riemann sum: é

numbers.

The second is ) (%)4% — fol xtdx = % The method converts limits of sums,

which are hard, into integrals, which the FTC makes easy.

Problem 7.2 Average value and the MVT for integrals

Find the average value of f(x) = sin’ x on [0, 7t], and every c at which f(c) equals
it.
Solution. Using sin®x = 1(1 — cos2x), [y sin® xdx = [£ — Siffx]g = Z,so the

2 T

1 .« _ 1 5 : — 1 R
¢ = j gives sinc = + 5, and on 0,7]: c =%

average is 1+ - Z = 1. Then sin
or 3Z. The average of sin? over any whole number of half-periods is 1, which is
why alternating-current power is computed with the root-mean-square voltage

Vmax / \/E'

Problem 7.3 An accumulation function

Let g(x) = [, (#* —4)e~"dt. Find the intervals on which g increases, its local
extrema, and the intervals of concavity.

Solution. By the FTC, ¢/(x) = (x> — 4)e*, which is negative on (—2,2) and
positive outside. So g increases on (—oo, —2) and (2, ) and decreases on (—2,2):
alocal maximum at —2 and alocal minimum at 2. Then g’ (x) = (2x — x> +4)e %,
with zeros at x = 1+ 1/5: concave down for x < 1 —+/5and x > 1+ /5, up
between. All of this without evaluating the integral, which is possible here (by
the parts formula of Chapter 9) but not needed.
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Problem 7.4 A substitution that must be found

/4 2
Evaluate / d—x and / ﬂdx
xInxIn(Inx) o l4tanx

Solution. For the first, u = In(In x) gives du = - - 1 dx, exactly the remaining
factor. So the integral is f %” = In|In(Inx)| 4+ C. For the second, u = 1 + tanx,
du = sec? xdx, limits 1 to 2: flz ‘%‘ = In2. In both cases the derivative of the
substituted expression is a factor of the integrand. That observation, not trial

and error, is how substitutions are found.

Problem 7.5 Bounding an integral

Show that % < fol e~ Xdx <1, and then sharpen the lower bound to %

Solution. On [0,1],e~! < e™** < 1, 50 by property (c) the integral lies between
% ~ 0.368 and 1. For a sharper lower bound, use ¢ > 1 + u (the worked prob-
lems of Chapter 5) with u = —x2 e >1—4x2,s0 fol e~ dx > f01(1 — x2) dx =
% ~ 0.667. The true value is 0.746824. The integrand has no elementary an-
tiderivative, and comparison with simpler functions is the main way to bound it
without numerical methods.

Problem 7.6 The derivative of an integral with variable limits

X
Find lim % / sin(t2) dt.
x—0 X 0

Solution. The form is 8, since the integral of a bounded function over an interval

; 2
of length x tends to 0. By LHopital’s rule and the FTC, lim SH;(; ) = % Intuitively,

sin(tz) ~ 2 near 0, so the integral is about %

Problem 7.7 The logarithm from the integral, numerically

Show from Definition 7.15 alone that % < In2 < 1and In4 > 1, and conclude
that2 <e < 4.

Solution. On [1,2], % < % < 1, with strict inequality except at the endpoints,

SO % < 12 % < 1. Thenln4 = 2In2 > 1 = Ine. Since In is increasing, In2 <
1 < In4 gives 2 < e < 4. Finer partitions sharpen this: the trapezoid estimate
with four strips gives In2 ~ 0.6970 (true value 0.6931). Computing logarithms

as areas was the method of the first logarithm tables after Napier and Briggs.
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EXERCISES
A. COMPUTATION

7.1 Compute Ry and Ly for f(x) = - on [1,3], and explain which is an overes-
timate.

2
7.2 Find / (x? + 1) dx as a limit of right-endpoint Riemann sums.
0

n 3i
7.3 Express lim ) =1/1+ 2 asan integral and evaluate it.
7.4 Use properties of integrals to show 2 < fil V1+xZdx < 2v/2.

4
2
7.5 Evaluate/l (f— ;)dx.
/3
7.6 Evaluate / sec? 0 do and / secxtan xdx.
0 0

2
7.7 Evaluate/ |x? — 1| dx.
-1

1.2
7.8 Evaluate / xzjdx.
0o X +1
X xz dt_
7.9 Find ¢/(x) for g(x) = / cos(#*) dt and h(x) = / Iy (x >1).
2 X

7.10 Find the average value of f(x) = L on [1,¢2].

7.11 A particle has velocity v(t) = 3t — 12t + 9 m/s. Find the displacement
and the distance traveled on [0, 4].

7.12 Water flows into a tank at r(t) = 200 — 4t L/min for 0 < t < 50. How
much enters in the first 50 minutes?

7.13 Evaluate /x(Zx2 +3)*dx.

7.14 Evaluate &dx.

v1+4sinx
7.15 Evaluate /ex\/l 4+ eXdx.
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7.16 Evaluate/dx.
x(Inx)?

7.17 Evaluate / ﬂ
x4t 41
sin(In x)
X

7.18 Evaluate/cotxdx and/ dx.

1
7.19 Evaluate/ xe *dx.
0

/2
7.20 Evaluate / cos x sin® x dx.
0

In x)?

e
7.21 Evaluate/ ( dx.
1 X

4
dx
7.22 Evaluate/ _—
0o V2x+1

V2 gy V3 dx
7.23 Evaluate/o ﬁ and/o 9_'_7

T x3
7.24 Evaluate / ———5 cos x dx without computation.
2 14+x

1
7.25 Evaluate / xvV1—xdxwithu =1—x.
0
2
7.26 Evaluate / d—fel/x.
1 X
X
7.27 Find fif f(x) =1 +/ f(t)dt for all x. (Differentiate.)
0

X
7.28 If/ f(t)dt = xsin rtx, find f(2).
0

Xt2_

7.29 Find the interval on which F(x) = / dt is decreasing.

0 2+1

7.30 Use the definition Inx = 1x % and a Riemann sum with 4 strips (mid-
points) to estimate In 3.

B. THEORY AND PROOF

7.31 Prove Y/ 1% = (M)z by induction.
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7.32 Prove that if f is continuous, f > 0 on [4,b], and [ ab f=0,then f =0o0n
[a,b].

7.33 Prove that if f is periodic with period p and continuous, then [ a”p fis
independent of a.

7.34 Prove that fol x™(1—x)"dx = fol x"(1— x)"dx.

7.35 Prove that In(x") = rInx for all real r, using the definition x = ¢"!"~.

7.36 Show that | a”b &t — flb 4t by substitution, and deduce In(ab) = Ina + Inb
geometrically.

7.37 Prove that if f is continuous and [ ab f(x)g(x)dx = 0 for every continuous
g, then f = 0.

7.38 Prove that the Dirichlet function is not Riemann integrable on [0, 1].

C. CHALLENGE

7.39 Evaluate lim — Zln (1 + ) and deduce that

n—oo 11 *

YV(n+1)(n+2)---(2n) é

lim =
n—o0 n
/2 .
sin x T
7.40 Prove that / ———————dx = — by the substitution u = 7 — x.
o sinx 4 cosx 4

7.41 Evaluate / de (Substitute x = tan6, then 0 — 7 — 0; the

0 1 =+ x
answer is g In2.)

7.42 Prove that +1 < In ! < Lysing the integral definition, and deduce that
1+3+-+ % —In n is decreasing and positive.

7.43 Show that f Pay=2_ 77, and deduce that 7 < %

1+x2
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CHAPTER 8

APPLICATIONS OF INTEGRATION

LEARNING OBJECTIVES

e Compute areas between curves, integrating in x or in y.

e Find volumes of solids by slicing, by disks and washers, and by cylindri-
cal shells.

e Derive and apply the formulas for arc length and for the area of a surface
of revolution.

e Set up integrals for work, hydrostatic force, moments, and centers of
mass, and apply the theorem of Pappus.

e Use probability density functions to compute probabilities, means, and
medians.

Every application in this chapter follows one pattern. A quantity Q is built up
from contributions spread over an interval. Cut the interval into small pieces; on
each piece approximate the contribution, AQ = f(x;) Ax, by treating something
that varies as constant; add the pieces to get a Riemann sum; and let the pieces
shrink, so that the sum becomes the integral Q = [ ab f(x)dx. In physics and
engineering this is done in one breath, by writing dQ = f(x) dx for the contribu-
tion of an “infinitesimal” piece and then integrating. The notation is shorthand
for the limit argument, and the art lies in finding the right f.

8. AREAS BETWEEN CURVES

If f(x) > g(x) on [a,b], the region between their graphs is approximated by
vertical strips of height f(x}) — g(x;) and width Ax, so its area is

b
A= [ () - () i

ForgEd « Learn skills that matter. forgedlearn.com



FORGED CALCULUS 1 &1
APPLICATIONS OF INTEGRATION PAGE 108

If the curves cross, the integrand must be |f — g|: split the interval at the cross-
ings. When the region is more naturally bounded by curves x = f(y) and x =

¢(y) on the left and right, integrate in y with horizontal strips: A = [ Cd (f(y) —
g(y)) dy.

Example 8.1 (Two parabolas). Find the area enclosed by y = x>and y =

2x — x2,

Solution. They meet where x> = 2x — x%,at x = 0 and x = 1. On [0, 1] the

second is on top: A = [} (2x — 2x%) dx = [x* — %xﬂl L

0 3°

Example 8.2 (Integrating with respect to y). Find the area enclosed by y* =
2x+6andy =x—1.

Solution. In x, the lower boundary changes formula at x = —1, and two
integrals would be needed. In y: the parabola is x = y2—2 — 3 (left) and
the line is x = y + 1 (right). They meet where y +1 = % — 3, that is,
y?—2y—8=0,aty= —2andy =4. S0 A = [* <y+1—y72+3>dy =

2 374
_ 40 14\ _
[%+4y_%}72_?_<_?) = 18.

8.2 VOLUMES

8.2.1 VOLUMES BY SLICING

If a solid lies between x = a and x = b, and its cross-section by the plane perpen-
dicular to the x-axis at x has area A(x), then a slab of thickness Ax has volume
about A(x)Ax, and

V= /abA(x) dx.

This is Cavalieri’s principle in quantitative form: solids with equal cross-sectional
areas at every height have equal volumes.

Example 8.3 (A pyramid and a sphere). (a) A pyramid with square base
of side s and height /: at distance y below the apex the cross-section is a

ide S _ (hE g 12 1S 7
square of side 3/, s0 V = [ 5-dy = 35°h. (b) A ball of radius r: the cross-
section at x is a disk of radius V72 —x2,s0 V = [*_7(r> — x?) dx = s7r’.
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Both formulas were known to the Greeks; Archimedes regarded the sphere
as his greatest achievement.

8.2.2 DISKS AND WASHERS

When the solid is obtained by revolving a region about an axis, the cross-sections
perpendicular to the axis are disks, or washers if the region does not touch the
axis. Revolving the region under y = f(x) > 0 about the x-axis gives A(x) =
7f(x)2. Revolving the region between f > ¢ > 0 gives washers with outer
radius f and inner radius g:

b
V= /a t(f(x)* — g(x)?) dx.

Example 8.4 (Washers about a horizontal line). The region betweeny = x
and y = x? is revolved about the line y = 2. Find the volume.

Solution. The curves meet at x = 0,1, with x > x? on [0, 1]. Distances are
measured from the axis y = 2: the outer radius is 2 — x? (the curve farther
from the axis) and the inner radius 2 — x. So

V:7r/01 [(2—9(2)2—(2—x)2]dx:71/01 (x* — 5x% + 4x)dx

:n<1—§+2>:%.

8.2.3 CYLINDRICAL SHELLS

Revolving a thin vertical strip at distance x from the axis, of height h(x) and
width Ax, produces a thin cylindrical shell. Cut and unrolled, it is nearly a flat
slab of dimensions 27tx x h(x) x Ax. So revolving the region under y = f(x),
0 <a < x < b, about the y-axis gives

V= /ﬂb27rxf(x)dx.

Example 8.5 (Shells versus washers). Find the volume obtained by revolv-
ing the region under y = 2x%2 — x3,0 < x <2, about the y-axis.

Solution. Washers would require solving y = 2x? — x> for x, a cubic. Shells
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avoid it:
4 5

V= /0227Tx(2x2—x3)dx 227'([% - xS}z :27r(8— g) = 16—”

The choice between methods is the choice between strips parallel and per-
pendicular to the axis. Use whichever makes the integrand easier, or the
boundary a single formula.

Example 8.6 (A torus). Thedisk (x — R)? + y* < 2, with R > r, is revolved
about the y-axis. Find the volume of the resulting torus.
Solution. By shells, the strip at x has height 2,/r> — (x —R)?, so V =
X omx - 24/r2 — (x — R)2dx. Substitute u = x — R: V = 47 [* (u+
R)Vr? — u?du. The term with u is odd and integrates to 0. The other is
47R times the area of a half-disk, 3712, So V = 2712Rr? = (27tR)(7r?): the
area of the disk times the distance its center travels. This is the theorem of
Pappus (Theorem 8.16).

8.3 ARC LENGTH

Approximate a curve y = f(x), a < x < b, by a polygon with vertices on the

curve. The segment over [x;_1,x;] has length /Ax2 + Ay? = \/1+ (AA?)Z Ax,

and by the Mean Value Theorem % = f'(x}) for some x; in the subinterval. So
the polygon’s length is a Riemann sum for:

Theorem 8.7 (Arc length). If f" is continuous on [a, b], the length of the curve
y=f(x),a<x<b,is

L :/ab\/l +f/(x)2dx:/ﬂb\/1+ (ji)zdx.

The differential form ds = /dx? 4 dy? is the Pythagorean theorem for an in-
finitesimal triangle. Arc length integrals are rarely elementary: the square root
usually prevents it. The examples that work are chosen so that 1 + f? is a perfect
square.
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Example 8.8 (A semicubical parabola and a catenary). Find the length of
(a) y = x%/2 from (0,0) to (4,8); (b) the catenary y = cosh x from x = —1
tox =1.

Solution. (a) 1+y2 = 1+ 3%x,s0L = [ \/1+%xdx = % 2(1+

4
3x)"?*| = $(10V10 1) ~ 9.073. The chord has length VB0 ~ 8.944;

the curve is only slightly longer.
(b) 1+ sinh? x = cosh® x, so L = fil cosh xdx = 2sinh 1 ~ 2.350.

COMMON ERROR. [ \/1+ f"2dx is not [(1+ f’)dx: square roots do not
distribute over sums. Most arc length integrals must be computed numeri-
cally (Chapter 9). The circumference of an ellipse, for instance, is an elliptic
integral, which has no elementary formula.

8.4 AREA OF A SURFACE OF REVOLUTION

Revolving a short segment of length As at distance r from the axis sweeps out
a band of a cone, a frustum, whose area is approximately 27tr As (circumference
times slant width). Hence:

b
S = /27rrds, about the x-axis: S = / 27tf(x)\/ 1+ f/(x)?dx.
a

Example 8.9 (Archimedes’ hat-box theorem). Find the area of the zone of
a sphere of radius R between two parallel planes a distance / apart.

Solution. Revolve y = V/R* — x? about the x-axis. Theny’ = — and

yv1+y? = \/y>+ x> = R. So the area between x = cand x = c+ h is
i) “"2nRdx = 27Rh, independent of c. Taking i = 2R gives 47R%. The

c
zone has the same area as the band of the circumscribed cylinder between

the same planes, a result Archimedes had engraved on his tomb.

Example 8.10 (Gabriel's horn). Revolve y = 1, x > 1, about the x-axis.

Show that the solid has finite volume but its surface has infinite area.
Solution. V = [° n;—zdx = mlimy 0 (1 — 3) = 7. The areais S =

f1°° 27”1 /1+ ;—4 dx > floo 27”dx = co. A horn that can be filled with 7 units
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of paint, but whose inside surface cannot be painted. (Integrals over infinite
intervals are made precise in Chapter 9.) The paradox dissolves on reflec-
tion: a finite volume of paint spread to a layer of any fixed thickness covers
only finite area, and the horn’s interior narrows below every thickness.

8.5 WORK

A constant force F moving an object a distance 4 along its line of action does work
W = Fd. In SI units, force is in newtons and work in joules (N-m). If the force
varies with position, F = F(x), the work over a short displacement Ax is about
F(x)Ax, and

W= /ubF(x)dx.

Example 8.11 (Stretching a spring). A force of 40 N holds a spring
stretched 0.1 m beyond its natural length. How much work stretches it from
0.1 m to 0.25 m beyond natural length?

Solution. By Hooke’s law, F(x) = kx, where x is the stretch. Then 40 =
0.1k, k = 400 N/m, and W = [;7°400x dx = 200(0.0625 — 0.01) = 10.5].
In general the energy stored in a spring stretched by x is 2kx?.

When different parts of an object move different distances, slice the object, not the
path.

Example 8.12 (Pumping out a tank). A tank shaped as an inverted cone,
10 m tall with top radius 4 m, is full of water. How much work pumps all
the water out over the top? (Water weighs pg = 9800 N/m3.)

Solution. Measure y upward from the vertex. The horizontal slice at height
y has radius % = 0.4y and thickness Ay, so its weight is 98007t(0.4y)?Ay,
and it must be lifted a distance 10 — y. So

10 3 410
W= / 980077(0.16y%) (10 — y) dy = 156871[& - yﬂo
0

3
= 15687 - 253& ~ 4.10 x 10°7.
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Example 8.13 (Escaping the Earth). The gravitational force on a mass m at
distance r from the Earth’s center is F = G%m. The work to lift it from the
surface r = R to infinity is [ G%m dr = EMm_finite although the distance
is infinite. Setting this equal to the kinetic energy 3mv? gives the escape

velocity v = v2GM/R ~ 11.2 km/s.

8.6 HYDROSTATIC PRESSURE AND FORCE

At depth y in a fluid of density p, the pressure is P = pgy, the same in all direc-
tions (Pascal’s principle). On a horizontal plate the force is pressure times area,
but on a vertical wall the pressure varies with depth. A horizontal strip at depth
y with width w(y) and height Ay feels a force of about pgy w(y) Ay, so

F=/?gwwwdy

Example 8.14 (A dam). A dam has the shape of a trapezoid 50 m wide at
the top, 30 m wide at the bottom, and 20 m tall. Find the force on it when
the water reaches the top.

Solution. At depth y below the surface the width is 50 — y (it decreases
linearly from 50 to 30 over 20 m). So

20 y3 20
F::(/m 9800y(50——y)dy::9800[25y2——47}
0 31lo

8000
::9800(10000——47;—> ~7.19 x 10" N.

8.7 MOMENTS AND CENTERS OF MASS

Masses m; at positions x; on a rod balance at the center of mass ¥ = %, where
the moment )" m;x; is balanced. For a thin plate (lamina) of uniform density oc-
cupying the region between f > ¢ on [g, b], slicing into vertical strips (each with
its mass concentrated at the midpoint of its height) gives the centroid:

b b
%= il/ x(f(x) —g(x)dx, 7= i/ S(F(0)? — g(x?) d,

where A is the area. The centroid depends only on the shape, not the density,
when the density is uniform.
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Example 8.15 (A quarter disk). Find the centroid of the quarter disk x% +
y> <%, x,y > 0.
Solution. By symmetry ¥ = 7. With f(x) = Vr2—x?and A = ”Trz: 7=

4 (rl(,2 .2 — 4 _ 4
—2 oi(” x)dx—m2 T = 3= ~ 0.424r.

[&5]

Theorem 8.16 (Pappus). Ifa plane region of area A lies on one side of a line in its
plane and is revolved about that line, the volume of the resulting solid is V = 2n7 A,
where 7 is the distance from the centroid to the line.

Proof. For the y-axis, shells give V. = [27x(f —g)dx = 2 [x(f — g)dx =
27X A, by the definition of x.

For the torus, the centroid of the disk travels 27tR, so V = 2R - 7172, as found in
Example 8.6. Pappus stated the theorem in the fourth century, thirteen hundred
years before calculus.

8.8 PROBABILITY

A continuous random quantity X, such as the lifetime of a component or
the height of a person, is described by a probability density function f > 0
with [T f = 1: the probability that X lies in [a,b] is [ ab f(x)dx. Its mean is
i = [xf(x)dx, the center of mass of the density, and its median m satisfies

Example 8.17 (Waiting times). The time T in minutes until a customer ar-
rives has density f(t) = te~!/5 for t > 0. Find the probability that the wait
exceeds 10 minutes, the mean wait, and the median wait.

Solution. P(T > 10) = [jjse /°dt = e7? ~ 0.135. The mean is
I ée‘t/ °dt = 5 minutes (by integration by parts, Chapter 9). The me-
dian solves 1 — e~ "/5 = %, som = 5In2 = 3.47 minutes. The median is less
than the mean: occasional long waits pull the mean up. This exponential
distribution is the continuous version of radioactive decay, and its median
is the half-life.

1 —(x—‘u)z/2¢72.

The most important density is the normal distribution f(x) = YT

That [ f = 1 requires [ e dx = /7, a fact proved in Volume IV with a
double integral. The bell curve of Chapter 5 is this density.
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89 WORKED PROBLEMS

Each problem below is solved in full and combines several ideas from the chapter. Attempt
each one before reading its solution.

Problem 8.1 Area of a region with a crossing
Find the total area between y = sinx and y = cosx for 0 < x < 7.

Solution. They cross at x = 7. On [0, §], cosx > sinx; on [%, 7t], sinx > cos x.
So

/4 T
A:/ (cosx —sinx) dx+/ (sinx — cos x) dx
0 /4

=(V2-1)+(1+V2) =2V2.

Integrating sin x — cos x over [0, 7r] without splitting gives 2, the net signed area,
which is not the area.

Problem 8.2 A solid with known cross-sections

The base of a solid is the disk x* + y? < 4. Cross-sections perpendicular to the
x-axis are equilateral triangles. Find the volume.

Solution. At x, the base of the triangle is the chord of length 2v/4 — x2, and an
equilateral triangle of side s has area ?sz. So A(x) = @ 4(4—x%) =34 -
x?), and

3

No revolution is involved. The slicing method needs only the area of each cross-
section.

2 3.2
V:/ \/5(4—x2)dx:\@[4x—x—} 2:32;@%18.48.
-2 —

Problem 8.3 Shells about a vertical line

The region bounded by y = x — x* and y = 0 is revolved about the line x = 2.
Find the volume, by shells and by Pappus.

Solution. Shells. A vertical strip at x € [0,1] is at distance 2 — x from the axis
and has height x — x*:

1 1
V:/ 27'((2—x)(x—x2)dx:27r/ (2x — 3x* + x%) dx
0 0

:2n<1—1+31) :g,
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Pappus. The area is fol (x — x?)dx = }, and by symmetry the centroid has x = 1,

at distance % from the axis. SoV = 27 - % . % = %

Problem 8.4 Length of acurveiny

Find the length of x = yg + 417 forl1 <y <2

Solution. Integrateiny: L = [ \/1+ (dx/dy)?dy. Here g—; = yz—a - ﬁ, and

The square root is exact, as designed: L = flz (y; + zi)dy = [% — Lr =
)-(1-)-2

Problem 8.5 Winding up a cable

A 60 m cable weighing 3 N/m hangs from the top of a building, with a 500 N
load at its end. How much work winds the cable and load to the top?

Solution. The load is lifted 60 m: 500 - 60 = 30000 ]J. For the cable, the piece at
distance y below the top, of length Ay, weighs 3Ay and is lifted y: f060 3ydy =
3-3600 = 5400 J. Total 35400 J. Equivalently, the cable’s weight 180 N acts at its
center of mass, 30 m down: 180 - 30 = 5400 J.

Problem 8.6 Surface area of a paraboloid dish

Find the area of the surface obtained by revolving y = Vx,0 < x <4, about the
Xx-axis.

Solution. y\/1+y2 = x\/1+4 = \/x+1 SoS = [f2m\/x+1dx =

4
47” {(x + %)3/2}0 = 47” (UT‘/ﬁ — %) = Z(17v/17 — 1) = 36.18. The same number

appears in Volume IV as the area of the paraboloid z = x? + y? below z = 4,
computed as a surface integral: the two surfaces are congruent.

Problem 8.7 Centroid of a semicircular region and of a semicircular wire

Find the centroid of the half-disk x2 + yz <72 y > 0, and of the semicircular arc
x% 4+ y? =12,y > 0. Use Pappus to check.

2

Solution.  Region. By the formula with f = Vi2—x2, A = - 7§ =
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mz I3 2)dx = ? . % = 4=, as for the quarter disk. Check: revolving

the half d1sk about the x-axis gives a ball, V = 27 - 5~ - ”2”2 = snrd.

Arc. For a curve, 7 = 1 [yds. On the semicircle yds = rdx (as in the hat-box
example),soj = % f i Lrdx = 2—; ~ 0.637r, higher than the region’s 0.424r, since
the arc’s mass is all at the rim. Pappus for curves (surface area = 27tjjL) gives
the sphere’s area: 277 - 2—; - 7tr = 4rr?,

EXERCISES
A. COMPUTATION

8.1 Find the area between y = x® and y = «x.

8.2 Find the area betweeny =e¢*,y =¢ ¥, and x = 1.

8.3 Find the area enclosed by x = > — 4y and x = 2y — .

8.4 Find the area enclosed by y = 1,y = x, and y = % in the first quadrant.

8.5 Find the volume when the region under y = Vx,0 < x < 4, is revolved
about the x-axis.

8.6 Find the volume when the region between y = x? and y = 4 is revolved
about the y-axis, by disks and by shells.

8.7 Find the volume when the region between y = x? and y = 2x is revolved
about the x-axis.

8.8 Find the volume when the region between y = x? and y = 2x is revolved
about the line x = —1.

8.9 Find the volume of a cone of radius r and height & by revolving a triangle.

8.10 The base of a solid is the region between y = x? and y = 1; cross-sections
perpendicular to the y-axis are squares. Find the volume.

8.11 Find the volume of the solid obtained by revolving y = sinx, 0 < x < 7,
about the x-axis.

8.12 Find the volume when the region under y = e*xz, 0 < x <1, isrevolved
about the y-axis.

8.13 Find the length of y = %3 + Zl—x, 1<x<2
8.14 Find the length of y = In(cosx), 0 < x < 7.
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8.15 Set up, but do not evaluate, the integral for the length of y = x? from 0 to
1, and estimate it with the trapezoid rule, n = 4.

8.16 Find the area of the surface obtained by revolving y = x3,0 < x < 1, about
the x-axis.

8.17 Find the surface area of a cone of radius r and slant height ¢ by revolving
a segment.

8.18 A force of 10 N stretches a spring 4 cm. How much work stretches it 10 cm
from natural length?

8.19 A cylindrical tank of radius 2 m and height 5 m is full of water. Find the
work to pump the water out over the top.

8.20 A hemispherical bowl of radius 1 m is full of water. Find the work to pump
the water out over the rim.

8.21 A vertical rectangular gate 4 m wide and 2 m tall has its top edge 3 m below
the water surface. Find the force on it.

8.22 A triangular plate with base 2 m and height 3 m is submerged vertically,
base at the surface. Find the hydrostatic force on one side.

8.23 Find the centroid of the region under y = sinx, 0 < x < 7.
8.24 Find the centroid of the region between y = x> and y = /x.

8.25 Use Pappus to find the volume obtained by revolving the triangle with
vertices (1,0), (3,0), (2,2) about the y-axis.

8.26 For the density f(x) = kx(4 — x) on [0,4] (zero elsewhere), find k, the
mean, and P(X < 1).

8.27 The lifetime of a bulb has density f(t) = 0.001e~%%! hours. Find the
probability that it lasts more than 1500 hours, and its median lifetime.

8.28 Find the average value of f(x) = xe=* on [0,2].

8.29 Find the volume of the solid of revolution generated by x> + (y — 3)? < 1
about the x-axis, using Pappus.

8.30 A 10 kg bucket is lifted from the ground to a height of 12 m at constant
speed with a rope weighing 0.8 kg/m. Initially it holds 36 kg of water,
which leaks at a constant rate and is gone when the bucket reaches 12 m.
Find the work done (use g = 9.8).
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B. THEORY AND PROOF

8.31 Derive the formula for the volume of a spherical cap of height / cut from
aball of radius R: V = mh?(R — 4).

8.32 Show that the shell formula and the washer formula give the same volume
when the regionunder y = f(x),0 < x < g, with f decreasing, f(a) = 0, is
revolved about the y-axis. (Integrate by parts, or use the inverse function.)

8.33 Prove that the centroid of a triangle is at the intersection of its medians,
two-thirds of the way from each vertex.

8.34 Prove that the work required to pump out a tank equals the total weight of
the liquid times the distance its center of mass must be raised.

8.35 Prove that if f is a probability density symmetric about y (and has finite
mean), its mean and median both equal .

8.36 Show that the arc length of v = f(x) on [a,b] is at least
V(b —a)?+ (f(b) — f(a))2.
C. CHALLENGE

8.37 A ball of radius R has a cylindrical hole of length h drilled through its
center. Show that the volume remaining depends only on /1, not on R. (The
napkin-ring problem.)

8.38 Find the volume of the solid common to two cylinders of radius » whose
axes meet at right angles. (Archimedes’ bicylinder; the cross-sections are
squares.)

8.39 Show that one arch of y = sinx, 0 < x < 71, has the same length as the el-

lipse x* + %2 = 1 has in one half-turn, by writing both as [; v/1 + cos? t dt,
and estimate this length numerically.

8.40 A spherical tank of radius 5 m is half full of oil of density 900 kg/m>. Find
the work to pump the oil out through a hole at the top.

8.41 Find the curve through (0, 1) whose arc length from x = 0 to x = t equals
the area under it from 0 to ¢ for every ¢ > 0.
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CHAPTER 9

TECHNIQUES OF INTEGRATION

LEARNING OBJECTIVES

e Integrate by parts, including repeated and cyclic cases, and derive reduc-
tion formulas.

e Integrate products of powers of trigonometric functions.

o Use trigonometric and hyperbolic substitutions for integrands containing
Va2 £ x2 and vx2 — a2.

e Integrate every rational function by partial fractions.

e Approximate integrals by the midpoint, trapezoid, and Simpson rules,
with error bounds.

e Define, evaluate, and test for convergence improper integrals of both
kinds.

The Fundamental Theorem reduces integration to antidifferentiation, but antid-
ifferentiation, unlike differentiation, has no algorithm that always works. The
derivative of any elementary function is elementary; the antiderivative of e * or
SINX js not. This chapter assembles the methods that succeed for the large and
important class of integrals that do have elementary antiderivatives, and the nu-
merical methods for those that do not. Computer algebra systems now perform
these techniques automatically, but knowing them is still essential: to recognize
which integrals can be done at all, to put answers in useful form, and to un-

derstand the structure of the results, such as why logarithms and arctangents
appear.

9.1 INTEGRATION BY PARTS

The product rule (uv)" = u'v + uv’, integrated, gives:
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Theorem 9.1 (Integration by parts).

b b b
/udv:uv—/vdu, /udv:uv —/ vdu.

The method trades the integral of udv for that of vdu. It succeeds when u
becomes simpler on differentiation and dv can be integrated. A useful guide
for choosing u is the order LIATE: Logarithmic, Inverse trigonometric, Algebraic,
Trigonometric, Exponential. Choose u from as early in the list as possible.

Example 9.2 (Basic uses). Evaluate (a) [xe¥dx, (b) [Inxdx, (c)
[arctanxdx, (d) [ x*sinxdx.

Solution. (a) u = x, dv = e*dx: xe* — [e*dx = (x —1)e* + C.

(b)u =Inx,dv =dx: xInx — [ x- %dx = xInx — x + C. The trick of taking
dv = dx works for any function whose derivative is simpler.

(c) u = arctanx, dv = dx: xarctanx — [ ;7odx = xarctanx —
IIn(1+x%) +C.
(d) Twice: u = x2, dv = sinxdx gives —x%cosx + focosxdx; then

u = 2x, dv = cosxdx gives 2xsinx — [ 2sinxdx. Altogether —x?cos x +

2xsinx + 2cos x + C. Repeated parts with a polynomial u is organized ef-
ficiently in the tabular method: differentiate u down to 0, integrate dv along-
side, and combine diagonally with alternating signs.

Example 9.3 (A cyclic integral). Evaluate [ e* cos x dx.

Solution. Parts with u = cosx: [ = e*cosx + [e*sinxdx. Parts again
with u = sinx: [e*sinxdx = e*sinx —[. So I = e*cosx + e*sinx — I,
and I = %e*(sinx 4 cosx) + C. The original integral reappeared and was

solved for algebraically. (Using complex exponentials, e* cos x = Re e(1 )%,
e(1+i)x

whose antiderivative is Re T

, gives the same result directly.)

Example 9.4 (A reduction formula). Show that [sin"xdx =
—Lsin" ! xcosx + -1 [sin" 2 xdx, and evaluate fon/z sin” x dx.

ion. Parts with u = sin” " x, dv = sinxdx: I, = —sin"~
Solution. Parts with "~y d dx: I n-1

xcosx +
(n — 1) [sin" ?xcos’xdx. Replace cos’x = 1 —sin’x: I, =
—sin" xcosx + (n—1)I,_o — (n — 1)I,, and solve for I,.

On [0, 5] the boundary term vanishes, so J, = ”7_1 Jn—2, with Jo = 7§ and
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J1 = 1. Hence

i :(2m—1)(2m—3)...1lz ; _ (2m)(2m —2)---2
2m (2m)(2m —2)---2 27 2m+1 Cmt)@m—1)---3°

These are Wallis” integrals. Since Jop1 < Jom < Jom—1 and the ratio of the

outer two tends to 1, they yield Wallis’ product 5 = §-5-3-z-2-5- -
(Exercise 9.33).

9.2 TRIGONOMETRIC INTEGRALS

To integrate sin™ x cos” x:

e If m or n is odd, save one factor of the odd power, convert the rest with
sin? 4+ cos? = 1, and substitute u = cos x (if m is odd) or u = sinx (if n is
odd).

2

e If both are even, reduce the powers with sin? x = %(1 — 0S8 2x), cos* x =

3(14 cos2x), and sinx cos x = 3§ sin2x.

For tan™ x sec” x: if n is even, save sec? x and use u = tanux; if m is odd, save

sec x tan x and use u = sec x. Two integrals are worth memorizing:
/secxdx =In|secx +tanx| + C,

1
/sec3xdx = E(secxtanx+ln|secx+tanx|) +C.

The first is verified by differentiating; the second follows from parts with u =
secx, dv = sec?® x dx, and the cyclic trick.

Example 9.5 (Odd and even powers). Evaluate (a) [ sin®x cos? xdx, (b)
I sin* xdx, (c) [ tan® xsec* x dx.

Solution. (a) sin®x = (1 — cos?x)sinx; with u = cosx: — [(1 —
u2)u2du _ _co?;x + co;ix +C.

(b) sin*x = (1=2)" = 1(1 — 2cos2x + cos?2x) = 1(3 —2cos2x +
1 cos4x). Over [0, 1] the cosines integrate to 0, leaving 37. (This is 2],

from Example 9.4: 2 - % . % - 5.)

(c) Save sec? x: tan® xsec? x - sec? x = tan® x(1 + tan® x) sec?> x. With u =
4
tanx: [(u + u’)du = 9% 4 —targ’x +C.
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Example 9.6 (Products of sines and cosines). For integers m,n > 1, show
that ffn sinmx sinnxdx = 7 if m = n and 0 otherwise.

Solution. Use sin Asin B = 3 (cos(A — B) — cos(A + B)). If m # n, both
cos(m — n)x and cos(m + n)x integrate to zero over a full period. If m = n,
the first term is 1 cos0 = 3, integrating to 7. These orthogonality relations
are the foundation of Fourier series, developed in Volume IV.

9.3 TRIGONOMETRIC SUBSTITUTION

Square roots of quadratics are removed by substitutions that turn them into per-
fect squares through a Pythagorean identity:

Expression Substitution Identity
a2 — x2 x=asinf, —F <0< % 1 —sin?0 = cos?0
Va2 4 x2 x=atanf, -5 <0< % 1+ tan? 0 = sec? 6

x2 — a2 x:asec9,0§9<§orn§9<37” sec2f —1 = tan? 0

The restricted ranges make the substitutions invertible and fix the signs of the
square roots. To return to x, draw the reference triangle: for x = asin6, the
opposite side is x, the hypotenuse a, and the adjacent side v a? — x2.

Example 9.7 (The area of an ellipse). Find the area enclosed by ;‘—; + Z—i =
1.

Solution. By symmetry A = 4 - %fg Va2 — x2dx. With x = asinf, dx =
acos 6 df, and limits 0 to 7:

a /2 T
/ \/aZ—xzdx:/ a?cos?0do = a®- =~ .
0 0 4

. T% — 7ab. Fora = b = r thisis 7% a proof that the area of a

SoA=4- g .
circle is 7172, given the definition of 7t as half the circumference of the unit

circle (which entered through the radian measure of 6).

Example 9.8 (A secant substitution). Evaluate [ %— and [ ¥X=2dx
(x > 3).
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Solution. For the first, x = 2tan 6, dx = 2sec?0df, v/x2 + 4 = 2 sec¥:

4tan26 -2sec 4

/ 2sec?6do _1/(2‘0329[19:_ 1 +C:_\/x2+4+cl
sin“ 6 4sind 4x
reading sinf = \/ﬁ from the triangle with opposite side x and adjacent
side 2.
For the second, x = 3sec, dx = 3secftanfdf, vVx2—9 = 3tanb:
g;irc‘gSSeCGtanOdG = 3 [tan?0d0 = 3(tanf —0) + C = Vx2—-9 —
3arcsec 3 + C.

- - - : d _
Completmg the square brmgs any quadratic to one of these forms: f \/T%
i \/T = arcsin %32 + C. Hyperbolic substitutions, x = asinht for
Va2 +x2 and x = acosht for Vx? — a2, are an alternative that leads to the
I . , dx i1 —
logarithmic forms directly: [ 7z =sinh” 14+ C=In (x+Vx2+a2) +C.

9.4 PARTIAL FRACTIONS
Every rational function P(i)) can be integrated in elementary terms, and the
method is the algebra of partial fractions. If deg P > deg Q, first divide to write
g = S(x) + ggg with deg R < degQ. Then factor Q into linear factors and
irreducible quadratics (always possible over R, by the Fundamental Theorem
of Algebra), and decompose:

A
(x—a)k’

e each factor (x — a)* Contrlbutes -+ ( p et

. . 2 +C Byx+C
e each irreducible factor (x> + bx + c)* contributes ;jbx L+t (xZﬁTIZ)k

The constants are found by multiplying through by Q and comparing coefficients,
or by substituting convenient values of x. Each piece integrates to a rational
function, a logarithm, or an arctangent. Hence:

Theorem 9.9. The antiderivative of every rational function is a sum of a rational

function, logarithms of linear and quadratic polynomials, and arctangents of linear
functions.
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Example 9.10 (Distinct linear factors). Evaluate ﬁ% dx.

Solution.  2x® +3x2 — 2x = x(2x — 1)(x +2). Write ;7 550s = 4+
st 25 50X +2x — 1 = A(2 x—1)(x+2)+Bx(x+2)+Cx( x —1).
Substituting the roots: x = 0 gives —1 = —2A A=1l;x=1givesl =2B,
B = %; x = —2gives —1 = 10C, C = _E' So the integral is zln\x] +
+In|2x — 1| — & In|x + 2| + C. (Substituting roots, the cover-up method,
finds each coefficient of a simple linear factor in one step.)

Example 9.11 (Repeated and quadratic factors). Evaluate [ 25=it4 dy

x3+4x
xt—2x2+4x+1
and [ 2325000 dx.

Solution. First: x> + 4x = x(x* + 4), and Z’C(xziz)‘l =44 i’z‘j;f Then

2x2 —x+4=A(x*+4)+ (Bx+C)x: A=1 (fromx =0), A+ B = 2s0
B =1,and C = —1. The integral is In |x| + 1 ln(x2 +4) — %arctan% +C.
Second: divide first, % =x+1+ m, and x° — x2 —x +
1= (x=1)>*x+1). Then iy = w21 + oqp + w1 with 4x =
A(x —1)(x+1)+B(x+1) +C(x —1)% x = 1 gives B = 2; x = —1 gives
C = —1; the x? coefficient gives A+ C = 0,so0 A = 1. The integral is
2 4x+ln|x—1]— 2 —Infx+1]+C.

Example 9.12 (A rationalizing substitution). Evaluate [ @dx.

Solution. Letu = /x+4,50x = u> —4and dx = 2udu: [ 22 du =
f(2—|— 5 4)du—2u+21n ’+C using 2 1 ﬁ—m Substitute
back u = v/x + 4. The substitution = tan 5 likewise converts any rational
function of sin x and cos x into a rational function of t (Exercise 9.34).

u+2

9.4.1 STRATEGY

No single method works for everything. A reasonable order: simplify the inte-
grand algebraically; look for an obvious substitution (is the derivative of part
of the integrand also present?); classify by form (rational function, trigonomet-
ric powers, square root of a quadratic, product of unlike functions for parts); try
again with a different manipulation. And recognize when to stop: integrals such
as [ e dx, i Sh;xdx, [V1+x3dx, [ 1‘1’11% have no elementary antiderivatives (a
theorem of Liouville from the 1830s), and they must be handled numerically or
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by series (Chapter 13).

9.5 NUMERICAL INTEGRATION

On [a, b] with n subintervals of width i1 = -2 and points x; = a + ih, three rules
approximate |[ ab f:
My = h[f(x1) + f(X2) + -+ f(x4)] (i the midpoints),
T = 5 [f(x0) +2f (1) + 2 (x2) + -+ +2f (xu1) + f(xa)],
Su = 5[f(x0) +4f (x1) +2f (x2) +4f (x3) + - +4f (xu1) + f ()],
where n must be even for Simpson’s rule. The trapezoid rule replaces f on each

subinterval by a line; Simpson’s rule replaces it on each pair of subintervals by
the parabola through three points.

Theorem 9.13 (Error bounds). If |f”| < K on [a,b], then |Er| < K= g,g

1
K(b—a)? K(b—a)®
Em| < XE28 1| f8)| < K, then |Es| < K2,

Doubling n divides the trapezoid and midpoint errors by about 4, and Simpson’s
by about 16. Simpson’s rule is exact for cubics, since f*) = 0, one degree more
than its construction from parabolas suggests.

Example 9.14 (Three rules for In2). Approximate 7% = In2 =
0.693 147 18.
Solution.

n M, T, Sy error Ty, error S,

4 0691220 0.697024 0.693254 —39x1073 —1.1x10"*
8 0692661 0.694122 0.693155 —9.7x10"* —74x10°
16 0.693025 0.693391 0.693148 —24x10"% —47x1077

The ratios of errors match Theorem 9.13: 4 for the trapezoid rule and 16
for Simpson’s. The midpoint error is about half the trapezoid error and

of opposite sign, a pattern explained by the theory: Sy, = % cancels
their leading errors. For n = 8 the bounds, with K = max|f”| = 2 and

K = max|f®| = 24 on [1,2], are 2.6 x 1072 and 3.3 x 10~5; the actual
errors are well within them.
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9.6 IMPROPER INTEGRALS

The definite integral was defined for bounded functions on bounded intervals.
Integrals over infinite intervals or of unbounded functions are defined as limits.

Definition 9.15 (Improper integrals). Type 1. [ f dx = lim;_,e  f dx, and
similarly for ffoo. 5o f =[S f+ [ f, where both must converge.

Type 2. If f is unbounded near b, [ ub fdx =lim;_,, [! fdx; similarly ata, or
at an interior point (split there).
The integral converges if the limit exists as a finite number, and diverges oth-

erwise.

Theorem 9.16 (p-integrals). / if converges if and only if p > 1, to ;17
1

1
/ dx converges if and only if p < 1, to 1.
o xP 14

_tlﬂ

Proof. Forp # 1, fl x Pdx ! which converges as t — coiff 1 — p < 0. For

p=1,[{% =Int — co. The second case is similar with t — 0.

The borderline 1 diverges at both ends. Functions must decay faster than 1 at
infinity, and blow up more slowly than ! at 0, to be integrable.

Example 9.17 (Improper Integrals) Evaluate or show divergence: (a)
fo e *dx, (b) [ OonZ, (c) fo Inxdx, (d) 03 ax

Solution. (a) lim; (1 —e~') = 1. (b) limarctan t —limarctan(—t) = %
% = (c) limy_,g+ [xlnx—x]1 = —1—lim(tInt—t) = —1,using tInt —
0. (d) Unbounded at 1: split. fl d" = lim;_,;- In|t — 1| = —o9, so the

integral diverges; there is no need to examine ff’. Ignoring the singularity

3
and writing In |x — 1 ‘0 = In2 would be wrong.

Theorem 9.18 (Comparison test). Suppose 0 < f(x) < g(x) for x > a. If
[ g converges, so does [ f;if [ f diverges, so does [ g.

Proof. F(t f f increases with t and is bounded above by [ ¢. A bounded
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increasing function has a limit at infinity, by the completeness axiom: the limit
issupF.

1+e

2 . )
So [” e ¥ dx converges, smce e <e*forx > 1;and [ dx diverges,

since the integrand exceeds . A refinement, the limit comparison test compares
é — L € (0,00): then both converge or both diverge. It shows at once that
e Jag converges, by comparison with x~3/2.

Example 9.19 (The Gamma function). For s > 0, I'(s f xS le=*dx
converges, and I'(n + 1) = n!.

Solution. Near 0, x* " le™* < x5~ 1 integrable for s > 0 by Theorem 9.16.
Near infinity, x*"le=* < ¢=*/2 for large x, since x*~1e=*/2 — 0 (Theo-
rem 6.3). Integrating by parts, [(s +1) = [ — ]Oo +5 [y x5 e dx =
sI'(s), and T'(1) = 1. By induction F(n 1) . The Gamma function

extends the factorial to non-integers: I'(3) = f o(M)= 4

9.7 WORKED PROBLEMS

Each problem below is solved in full and combines several ideas from the chapter. Attempt
each one before reading its solution.

Problem 9.1 Parts and substitution together

Evaluate fol arcsin x dx and [ eV¥ dx.

. . . . .41 1
Solution.  First, parts with u = arcsinx, dv = dx: [x arcsmx]0 - xdx

V1—x2
I+ [V1- xz]é = 7 — 1. Geometrically, this is the area of the region leftof y =
arcsin x’s inverse, x = sin y, subtracted from a rectangle: 7 -1 — fo siny dy.

Second, substitute t = /x, x = t2, dx = 2tdt: [2teldt = 2(t —1)e! + C =
2(y/x —1)eV* +C.

Problem 9.2 An integral of a square root, three ways

Evaluate [} v/1+ x2dx.

Solution.  With x = tan6: |; sec’0df = %[sec@tan@ + In|secd +

tanf]]y"* = 1(v2+1In(1+v2)) ~ 11478,

/4
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With x = sinht,
sinh™'1
/ cosh? tdt = 2[t—i—smhtcosht‘]smh %(ln(1+\f)+\f)
0

the same, since sinh '1=1n (1 + \@) and cosh <sir1h_1 1) =/2.

Numerically, Simpson’s rule with n = 4 gives 1.14778, within about 10~°. This
integral is the arc length of the parabola y = "2—2 from 0 to 1.

Problem 9.3 Partial fractions with a quadratic

Evaluate [, ! xf_’ﬁl

Solution. x%+1 = (x +1)(x? — x + 1), with irreducible quadratic factor. Write
xg,lH =1t xfxtfl Atx = -1: 1 =3A, A = % Comparing x? coefficients,
A+B =0 B = 3, Constants A+C=1,C = % So the quadratic part is
Loxz 1. 21 4 1. splitting the numerator into a multiple

1
3 ¥2—x+1 ~ 6 x2—x+1 (x—1)2+3/
of the derivative of the denominator plus a constant. Integrating,

/0 x3+1

n(x+1) —fln(x —x+1) + —=arctan

1 1 1 236—1]1
6 V3 V3 lo

In2 4+ " ~ 0.8356.

3V3

(),)‘)—\l—|

Problem 9.4 Convergence by comparison

Determine whether each converges: (a) [~ sin’ “rrdx, (b) fo \/fixy () f°{x, (d)
o7 Snx gy
0 X :

Solution. (a) 0 < sin’ x <3 L, which is mtegrable on [1,00): converges.

(b) Near 0, f+ 5 S \f’ mtegrable on[0,1] (p= < 1): converges.

(c)Inx < x,s0 = > 1 whose integral diverges: diverges.
(d) The integrand is not of one sign, so comparison does not apply directly. In-

tegrate by parts on [1, t]: flt SNy = [ - COSX} flt €93 dx. The boundary term

converges, and ‘“’” < xl—z is integrable, so the integral converges. (Near O,

¥ _, 1 is bounded.) Its value is Z, found in Volume IV by complex anal-
ysis. But [5° [#2%|dx diverges: the convergence relies on cancellation, like an

alternating series (Chapter 12).
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Problem 9.5 A reduction formula for a power of In
Show that fol(lnx)” dx = (—1)"n!.

Solution. Let [, = fol (Inx)"dx, an improper integral of type 2. Parts with u =
(Inx)", dv = dx: I, = [x(In x)"}(l) —n fol (Inx)"~'dx. The boundary term is 0 at
1,and at 0, x(Inx)" — 0 (substitute x = e~ ': t"e~" — 0). So I = —nl,_1, with
Ip = 1, giving (—1)"n!. Alternatively, x = e~f turns I, into (—1)" [ t"e~'dt =
(—1)"T(n +1).

Problem 9.6 How many subintervals?

How large must n be for the trapezoid rule, and for Simpson’s rule, to approxi-
mate [ e¥’dx within 1062

Solution. f(x) = (2 +4x2)e* < 6e on [0,1]. The trapezoid bound 1;’82 < 10 6
requires n? > £ x 10°,n > 1166. For Simpson, f*)(x) = (12 +48x2 + 16x*)e*” <

76e, and 1;894 < 107 requires n* > 1.148 x 10%, so n > 32.7; take n = 34

(even). Simpson needs about thirty times fewer function evaluations. With n =
34, Simpson gives 1.462 65197, within 3 x 1077 of the true value 1.462 651 75.

Problem 9.7 Escape from a singularity

For which p does [;° 1 1 +X) converge?

Solution. Splitat 1. On (0,1], xP(1+x) is between 51; and %, so it converges iff

p < 1. On [1,00), it is between ;- and i, so it converges iff p + 1 > 1, that
is, p > 0. Both ends together: 0 < p < 1. (For p = 3 the substitution x = u?
gives [;” ff”z = 7. In general the value is , as Volume IV shows by contour

integration.)

sm p’

EXERCISES
A. COMPUTATION

9.1 Evaluate [ xcos3xdx and [ x%e *dx.
9.2 Evaluate [ x°Inxdx and [ In® x dx.
9.3 Evaluate [ ¢** sin3xdx.

9.4 Evaluate fol x arctan x dx.
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9.5 Evaluate [ sin® x dx and S cos? x sin? x dx.

9.6 Evaluate f0"/4 tan? x sec? x dx and [ tan® x dx.

9.7 Evaluate [ sin5x cos2x dx.

9.8 Evaluate [ j%.

9.9 Evaluate fo W

dx dx
9.10 EValuatefm and fm-

9.11 Evaluatef%dx.

9.12 Evaluate [ izjdx.

9.13 Evaluate [ %.

9.14 Evaluatef(xzi:ls)dx

9.15 Evaluate fo m.

9.16 Evaluate [ 2 5 and

1+ e*+1'
9.17 Use Ty, M4, and Sy to approximate fol e*xzdx; compare with 0.746824.
9.18 Find n guaranteeing that T,, approximates fl ° X within 1074,

9.19 Evaluate or show divergence: [~ 4, [ xe~*dx, [~ 4X.

NG
9.20 Evaluate or show divergence: [ —4_ [ dx xdy
- *J0 Ja—x27 JO K27 0 (14+x2)2
© _dx
9.21 Evaluate [,” —%— and determine whether [ 42 converges.

9.22 Evaluate fol h‘TjC‘dx.

9.23 Use comparison to decide convergence: f1 o N [ 2eosx gy [ %dx

9.24 Find the area of the region undery = ;- forx > 1.
9.25 Evaluate I'(5), I'(3), and [;~ x%¢ *dx.
9.26 Evaluate [ sec® x dx by parts, verifying the formula in the text.

9.27 Evaluate [ xv/x + 1dx in two ways: by parts and by substitution.
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9.28 Evaluate [ x\/‘% for x > 1.
9.29 Evaluate "/2 %dx
—+sin“ x

9.30 Evaluate [ xffl.
B. THEORY AND PROOF

9.31 Derive the reduction formula f x"eXdx = x"e* —n f x"leX dx and use it
to find [ x3e*dx.

"1 yginx + ”T_l S cos" 2 x dx.

9.32 Derive [ cos” xdx = 1 cos
9.33 Using o1 < Jam < Jom—1 from Example 9.4, prove Wallis” product 7 =

2:2:4-4---(2m) (2
limy, 0 13735, (2m( ?;Ezz)ﬂ)

2
2t 1td

9.34 Show that the substitution t = tan 5 gives sinx = i COSX = 17,

2dt dx

Tl and use it to evaluate TTsimrfcosx:

9.35 Prove that Simpson’s rule is exact for cubic polynomials.
9.36 Prove that Sy, = %Tn + %Mn.

9.37 Prove that [;* €Xdx converges.

9.38 Prove thatT(1) = /7 is equivalent to [©_ e ¥dx = /7.
C. CHALLENGE

9.39 Evaluate fon/Z In(sinx)dx. (Show [ = f”/z Incos xdx, add, and use
sin 2x = 2sin x cos x; the answer is —7 In2.)

9.40 Prove that if f is continuous and decreasing on [1, c0) and lim f = 0, then

Ji f(x) sinx dx converges.

9.41 Szomplllte 01 § e 2) dx by long division, and use it to show 2 — @ <n<
7~ 1260°

9.42 Find [;° § +X2 for all n > 1 by a reduction formula.

9.43 Prove Stirling’s lower bound n! > (2)" by comparing Inn! = ¥ Ink with
J{ Inxdx.
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CHAPTER 10

DIFFERENTIAL EQUATIONS

LEARNING OBJECTIVES

e Model growth, decay, cooling, mixing, and motion with differential
equations, and verify solutions.

e Sketch direction fields and approximate solutions with Euler’s method,
estimating its error.

e Solve separable equations, including the exponential and logistic models,
and orthogonal trajectories.

e Solve first-order linear equations with an integrating factor, and apply
them to circuits and mixing.

e Find equilibria of autonomous equations and of predator—prey systems,
and classify their stability.

A differential equation is an equation involving an unknown function and its
derivatives. Newton’s second law, the law of radioactive decay, the laws of
population growth and of heat flow are all differential equations: they state
how a quantity changes, and leave it to us to deduce what the quantity is.
This chapter treats first-order equations, y' = F(x,y), which involve only the
first derivative. Second-order linear equations, the equations of oscillation, are
studied in Volume IV.

10. MODELING AND DIRECTION FIELDS

A solution of y' = F(x,y) on an interval is a differentiable function satisfying
the equation there. The general solution usually contains an arbitrary constant,
fixed by an initial condition y(xg) = yo; together they form an initial value problem.
Under mild hypotheses (that F and dF /dy are continuous), every initial value
problem has exactly one solution near x( (the Picard-Lindelof theorem, Volume
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V).

Example 10.1 (Verifying a solution). Show that y = Ce¥ — % solves v/ =
2xy + x for every C, and find the solution with y(0) = 1.

Solution. ' = 2Cxe*” and 2xy +x = 2Cxe™ — x +x = 2Cxe™. They agree.
Theny(0) = C — 3 = 1 gives C = 3.

10.1.1 DIRECTION FIELDS

The equation y' = F(x, y) specifies a slope at every point of the plane. Drawing a
short segment with that slope at many points gives a direction field, and solution
curves are the curves that are everywhere tangent to it. A direction field shows
the qualitative behavior of all solutions at once, before any formula is found.

NEAVRNRY
<
~

~
~ ~
~
~

\
NN N
NS S

Figure 10.1: Direction field of ¥/ = x + y, with the solution through (0,1) (gold), the
straight-line solution y = —x — 1 (black), and the solution through (0, —1.5) (dashed).
Solutions above the line rise away from it; those below fall away:.

10.1.2 EULER’S METHOD

Follow the direction field in small steps: from (x,,y,), move a distance & to the
right along the slope F(x,, y,):

Xn4+1 = Xn + hr Yn+1 = Yn + hF(xnryn)-

This is linear approximation applied repeatedly. The error at a fixed x is propor-
tional to h: Euler’s method is first order.
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Example 10.2 (Euler's method and its error). Approximate y(1) for y' =
x+y,y(0) = 1, whose exact solution is y = 2¢* — x — 1.

Solution. The exact value is y(1) = 2e — 2 ~ 3.43656.

h  Eulery(l) error error/h

0.1 3.18748  0.24908 249
0.05  3.30660  0.12997 2.60
0.01 3.40963  0.02694 2.69

Halving h halves the error. The approximations fall short because the solu-
tion is convex, and each tangent step undershoots. Better methods, such as
the Runge-Kutta method of Appendix C, reduce the error to order h*.

10.2 SEPARABLE EQUATIONS

An equation is separable if it can be written % = g(x)h(y). Divide by h(y) (where
h(y) # 0) and integrate both sides:

di) = /g(x) dx

This is justified by the chain rule: if H'(y) = ﬁy) then L H(y(x)) = y =gq(x),
so H(y) = G(x) + C. Constant solutions y = ¢ with hi(c) = 0, lost in the division,
must be checked separately.

COMMON ERROR. Dividing by (y) silently discards the constant solutions
where h(y) = 0. For y’ = y?, separation gives y = — Jh%c, and no value of C
produces the solution y = 0. Always check the zeros of h before dividing.

Example 10.3 (A separable equation). Solve dy = i with y(0) = 2, and
dx = xy* with y(0) = 1.
Solution. First: [ y?dy = [ x?dx, so y®> = x*> + C; with y(0) = 2, C = 8 and

y=+vx3+8.
Second: [y~ 2dy = [xdx gives —1 = ¥ 4+ C,soy = 3¢/ together with

the solution y = 0 lost by d1v1d1ng W1th y(0)=1,C= —%, soy = ﬁ,

which blows up at x = /2. A perfectly smooth equation can have solutions
that cease to exist at a finite x: the interval of existence depends on the initial
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condition.
10.2.1 EXPONENTIAL GROWTH AND DECAY

Theorem 10.4. The solutions of% = ky are exactly y = yoe~".

Proof. yoe™ isa solution. Conversely, if ' = ky, then (ye )’ = y/e % — kye K =
0, so ye X is constant, equal to y(0).

The proof does not divide by y, so it covers solutions that might vanish. Growth
at a rate proportional to size is the law of unchecked populations (k > 0), of
radioactive decay (k < 0, with half-life IT‘T‘Z), and of continuously compounded

interest.

Example 10.5 (Newton’s law of cooling). An object’s temperature changes
at a rate proportional to the difference from the surroundings: 4T =
—k(T — Ts). A cup of coffee at 90°C is placed in a 20°C room and cools
to 60°C in 10 minutes. When will it reach 30°C?

Solution. With u = T —20, ' = —ku,sou = 70e"*. Att = 10,40 =
70e1%, s0 k = % ~ 0.05596 per minute. Then 10 = 70e~* gives t =
1“77 ~ 34.8 minutes. The temperature approaches 20°C exponentially and

never reaches it.

10.2.2 THE LOGISTIC EQUATION

Real populations are limited by resources. The logistic model ‘é—lz =kP(1— %) has
growth rate nearly kP when P is small, falling to zero at the carrying capacity K.

Separating with partial fractions, ﬁ = 3 + 5, gives
K K- Py
P(t) = ——, = .
( ) 14 Ae Kkt Py

Every solution with Py > 0 tends to K: the equilibrium P = K is stable. Growth
is fastest when P = £, the inflection point of the S-shaped curve.

Example 10.6 (Fitting a logistic model). A population is 100 at t = 0 and

400 at t = 5, with carrying capacity 1000. Find the logistic model and the
time at which the population reaches 900.
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Solution. A = 10000 =9 Att=5:400 = 0%, s09¢ 5 = 3 and k =
n6 _ 1000 ivoc okt — 1 p_ In81 _ 58l .
5> ~ 0.3584. Then 900 = 15 =5 gives e P= gt =220 =200 = 12.26.

10.2.3 ORTHOGONAL TRAJECTORIES

Curves that cross every member of a family at right angles are its orthogonal trajec-
tories. In electrostatics, field lines are the orthogonal trajectories of equipotential
curves; in fluid flow, streamlines are orthogonal to lines of constant potential. To

find them, find the differential equation ' = F(x,y) of the family, eliminating
1

the parameter, and solve y/ = — Fxg)®

Example 10.7 (Parabolas and ellipses). Find the orthogonal trajectories of

the parabolas y = cx?.

Solution. ' =2cx,andc = %,s0y’ = % The trajectories satisfy y' = — 3

2ydy = —xdx,soy> = — 5 + C, that s, the ellipses & + y2 = C.

10.3 FIRST-ORDER LINEAR EQUATIONS

A first-order linear equation has the form y’' + P(x)y = Q(x). Multiply by the
integrating factor u(x) = e/ P9, Since u’ = Py, the left side becomes an exact

derivative:
/ i(x)Q(x)dx+C )

Example 10.8 (An integrating factor). Solve xy’ +2y = x> —x + 1forx > 0,

with y(1) = %

Solution. Divide by x: y' + 2y = x — 1+ 1. Then H= el 2/xdx — x2 and
4 3

(x%y)" = x® — x? + x. Integrating, x y:%———f— ® +C. With y(1) = 1

1_1 1, 1
1=i—3t3 +CsoC—12,andy—xZ—§+§+@.

uy' +uPy = (py) = pQ,  so

Example 10.9 (An electric circuit). A circuit with resistance R ohms and
inductance L henries, driven by a constant voltage E, carries a current satis-
fying LY + RI = E. Find I(t) if I(0) = 0.

Solution. I’ + B[ = £ with y = eRt/L: ([eR/L) = EeRUL g0 [eRU/L =
EeRt/L 4 C, and 1(0) = 0 gives C = —£. Hence I(t) = £(1 — e RV/L).
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The current rises toward the steady value £ given by Ohm'’s law, with time
constant L: after one time constant it has reached 1 — e~! ~ 63% of its final
value.

Example 10.10 (Mixing). A 1000 L tank holds pure water. Brine with 0.05
kg of salt per liter flows in at 10 L/min, and the well-mixed solution flows
out at the same rate. Find the salt y(t) in the tank.

Solution. Rate in: 0.05 - 10 = 0.5 kg/min. Rate out: the concentration 15y
times 10 L/min. So y’ = 0.5 — 1J5, linear (and separable). With y(0) =
0: y = 50(1 — ¢~/190). After 60 minutes the tank holds 50(1 — e~ %¢) ~
22.6 kg, and as t — oo the salt approaches 50 kg, the amount at the inflow
concentration.

104 AUTONOMOUS EQUATIONS AND EQUILIBRIA

An equation ' = f(y), with no explicit x or ¢, is autonomous. Its equilibria are
the constant solutions, the zeros of f. Between equilibria f has constant sign, so
solutions increase or decrease monotonically toward the neighboring equilibria,
and by uniqueness can never cross them. An equilibrium c is stable if nearby
solutions approach it, which holds when f’(c) < 0, and unstable when f’(c) > 0.
The phase line, a number line marked with the equilibria and arrows showing the
sign of f, summarizes the behavior of every solution.

Example 10.11 (A harvested population). A fish population obeys P’ =
P(4 — P) — 3 (logistic growth with constant harvesting, in suitable units).
Find and classify the equilibria.

Solution. f(P) = —P?>+44P —3 = —(P —1)(P — 3). Equilibria P = 1 and
P = 3. Since f'(P) =4 —2P, f'(1) =2 > 0 (unstable) and f'(3) = -2 <0
(stable). Populations above 1 tend to 3; populations below 1 collapse to
extinction in finite time. If the harvest rate rises above 4, the maximum of
P(4 — P), there are no equilibria and every population collapses: a model
of overfishing.
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10.4.1 PREDATOR-PREY SYSTEMS

Two interacting populations, prey R(t) and predators W(t), are modeled by the
Lotka—Volterra equations

dR dw
T aR — bRW, T —cW +dRW,

with positive constants: prey grow without predators, predators die without
prey, and encounters, at a rate proportional to RW, benefit the predators at the
prey’s expense. The equilibria are (0,0) and (5, ). Dividing the equations,

dw _ W(—c+dR)

IR = RaIW) which is separable:

/(&—b)dW:/(—lg-l-d)dR —  alnW—bW+cInR —dR = K.

The trajectories in the RW-plane are closed curves around the nonzero equilib-
rium: the populations oscillate periodically, the predator peak lagging the prey
peak. This was Volterra’s 1926 explanation of fish-catch data from the Adriatic.

LOOKING AHEAD. Systems of several first-order equations, like the
predator—prey model, are the general case: any higher-order equation can
be rewritten as one. In Volume IV, linear systems x’ = Ax are solved with

eigenvalues, and the time-dependent Schrodinger equation is exactly such
a system, of infinite dimension.

10.5 WORKED PROBLEMS

Each problem below is solved in full and combines several ideas from the chapter. Attempt
each one before reading its solution.

Problem 10.1 Terminal velocity

A skydiver of mass m falls with air resistance proportional to the square of speed:

md% = mg — kv?. Find o(t) with v(0) = 0, and the terminal velocity.

Solution. Let vr = /mg/k, where the forces balance. The equation becomes

do—o(1- ;’—j), separable:
T

do 40
/1_02//0% — /gdt — UTtanh ‘()77- —gt,
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using [ 1i”;2 = tanh ' u (from Chapter 4). So v(t) = vrtanh %, which
tends to vr. For a skydiver, vr =~ 55 m/s, reached to within 1% after about
%T tanh~'(0.99) ~ 14.9 s. The hyperbolic tangent of Chapter 1 appears as the

natural shape of this approach.

Problem 10.2 A linear equation with a periodic input
Solve y' +y = sint, y(0) = 0, and describe the long-term behavior.

Solution. u = ¢!, and (ye')’ = e'sint. By the cyclic integration of Chapter 9,
[e'sintdt = Je!(sint —cost). Soy = J(sint —cost) + Ce, and y(0) = 0
gives C = %:

y(t) = J(sint — cost) + e ".

is a transient that dies out; the rest is the steady state, - sin (t—

" V2
Z), oscillating at the input frequency with amplitude reduced by \% and phase

The term %e_t

delayed by 7. Every linear system driven periodically behaves this way: the
response forgets its initial condition and follows the input, scaled and shifted.

Problem 10.3 A tank that drains

Water drains from a cylindrical tank through a hole in the bottom. By Torricelli’s
law, % = —kv/h. If the depth falls from 4 m to 1 m in 10 minutes, when is the
tank empty?

Solution. Separating, [h~'/2dh = — [kdt: 2v/h = —kt + C. With h(0) = 4,
C=4.Withh(10) =1: 2= —10k+ 4, k = % The tank is empty when 2vh = 0:
t = % = 20 minutes. Unlike exponential decay, which never reaches zero, the
square root law empties the tank in finite time. The uniqueness theorem fails
at h = 0, where V'l is not differentiable: the solution # = 0 and the draining
solution both pass through it, which is why running the equation backward from
an empty tank cannot tell when it was full.

Problem 10.4 Exact solutions versus Euler

For y’ = y?,y(0) = 1, find the exact solution and show that Euler’s method with
any step size predicts finite values at x = 1, where the true solution is infinite.

Solution. Separating: —% =x+C,C=—1s0y = 1=, whichblows up at x =
1. Euler’s method computes y,+1 = y» + hy?2, a finite number at every step: with
h =0.1,0.05, and 0.01 it predicts y(1) ~ 6.13,9.55, and 30.4. The approximations
grow as h shrinks but are finite for every /; nothing in the output signals that the
true solution does not exist at x = 1. Numerical methods can march straight
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past a singularity without noticing it. Knowing from the exact solution, or from
theory, where solutions exist is essential before trusting a computation.

Problem 10.5 Continuous compounding with deposits

An account earns 5% interest compounded continuously, and the owner deposits
$2000 per year continuously. Starting from zero, how much is in the account after
20 years? How much was deposited?

Solution. A’ = 0.05A + 2000, linear: (Ae %%’ = 2000e~%%f, so Ae 00 =
—40000e~05 4+ C. With A(0) = 0, C = 40000, and A(t) = 40000 (c?%5 —1). At
t = 20: 40000(e — 1) ~ $68731, of which $40 000 was deposited and $28 731 is
interest.

EXERCISES
A. COMPUTATION

10.1 Verify that y = lnxT—&-C solves x?y’ + xy = 1, and find the solution with
y(1) =2.

10.2 For which r does y = ¢'* satisfy y" +y' — 6y = 0?

10.3 Sketch the direction field of ¥’ = y — x, and the solutions through (0,0),
(0,1),and (0,2).

10.4 Use Euler’s method with = 0.2 to approximate y(1) fory’ =y, y(0) =1,
and compare with e.

10.5 Use Euler’s method with i = 0.1 to approximate y(0.5) for y' = x% + 12,
y(0) =0.

10.6 Solve 3 = Y.

10.7 Solve % = }Hi,y(O) =1

10.8 Solve 3 = xe~Y, y(0) = 0.
10.9 Solve % = ycost, y(0) = 2.
10.10 Solve (1 + x?)y’ = xy, y(0) = 3.
10.11 A radioactive isotope loses 20% of its mass in 5 years. Find its half-life.
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10.12

10.13

10.14

10.15
10.16
10.17

10.18

10.19

10.20

10.21

10.22

10.23

10.24

10.25

10.26

10.27

10.28

10.29

A bacteria culture grows exponentially from 500 to 8000 in 4 hours. When
does it reach 10°?

A body at 80°C cools to 50°C in 20 minutes in a 20°C room. Find its tem-
perature after 40 minutes.

Solve the logistic equation P’ = 0.2P(1 — P/500), P(0) = 50, and find
when P = 250.

Find the orthogonal trajectories of x? + y?> = r? and of y = f
Solve y' 42y = ™.

Solve y’ — £ = x* for x > 0,y(1) = 0.

Solve y' + ytanx = cos? x for |x| < .

Solve t3 + 3y = ot for t > 0.

An RC circuit satisfies RQ’ + % = EwithR = 10, C = 0.01, E = 50,
Q(0) = 0. Find Q(#) and the current I = Q'.

A tank contains 200 L of water with 10 kg of salt. Pure water enters at 4
L/min and the mixture leaves at 4 L/min. Find the salt after one hour.

A tank contains 100 L of pure water. Brine with 0.2 kg/L enters at 3 L/min
and the mixture leaves at 2 L/min, so the volume increases. Find the salt

y(t).
Find and classify the equilibria of ' = y® — y, and sketch the phase line.
Find and classify the equilibria of P’ = P(P —2)(5 — P).

For the predator—prey system R’ = 0.1R — 0.002RW, W' = —0.2W +
0.0004RW, find the equilibria, and write the equation of the trajectories.

A ball of mass 1 kg falls with air resistance 0.5v N. Find v(t) with v(0) =0
and the terminal velocity (g = 9.8).

Solve the Bernoulli equation i’ + y = xy> with the substitution u = y 2.
Solve % = X—J;y by writing it as a linear equation.

Solve the homogeneous equationy’ = £ + ; for x > 0 with the substitution
y = ox.
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10.30 An investment grows at 6% compounded continuously, with continuous
withdrawals of $3000 per year. What initial balance keeps the account level
forever?

B. THEORY AND PROOF

10.31 Prove that if y; and y; solve ' + P(x)y = Q(x), then y; — y» solves the
homogeneous equation ¥’ + Py = 0. Deduce the structure of the general
solution.

10.32 Prove that the solutions of the logistic equation with 0 < Py < K are in-
creasing and bounded by K, without solving the equation.

10.33 Show that y = 0 and y = x% both solve y’ = 3y*/3, y(0) = 0. Which
hypothesis of the uniqueness theorem fails?

10.34 Show that the time for a logistic population to go from % to % is 217n9,

independent of K.

10.35 Show that the quantity aln W — bW + cInR — dR is constant along solu-
tions of the Lotka—Volterra system by differentiating it.

10.36 Show that the error of Euler’s method for y’ = y, y(0) = 1, atx = 1is
e — (14 )", and that it is approximately % for small .

C. CHALLENGE

10.37 A mothball evaporates at a rate proportional to its surface area. Show that
its radius decreases linearly, and find when it vanishes if half the volume
disappears in one month.

10.38 A snowplow starts at noon, removing a fixed volume of snow per hour.
Snow began falling before noon at a constant rate. The plow goes 2 km
in the first hour and 1 km in the second. When did the snow start? (The
classic problem of Agnew.)

10.39 Show that the curve whose tangent at every point P meets the x-axis at a
distance from the foot of the ordinate equal to a constant a is an exponential
curve. Find all such curves.

10.40 The Gompertz model P' = kPIn % describes tumor growth. Solve it with
u=1In %

10.41 Show that every solution of iy’ = siny with 0 < y(0) < 7 tends to 7, and
find the solutions explicitly.
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CHAPTER 11

PARAMETRIC EQUATIONS AND
POLAR COORDINATES

LEARNING OBJECTIVES

e Describe curves parametrically, eliminate parameters, and trace orienta-
tion.

e Find tangent lines, concavity, enclosed areas, arc lengths, and surface ar-
eas for parametric curves.

e Convert between rectangular and polar coordinates, and sketch polar
curves.

e Compute slopes, areas, and lengths in polar coordinates.

e Write conic sections in focus—directrix form and use the polar equation
of a conic to analyze orbits.

A curve in the plane is not always the graph of a function. A circle fails the verti-
cal line test, and so does any curve that loops back and crosses itself. This chapter
gives two more flexible descriptions: parametric equations, which give both coor-
dinates as functions of a third variable, and polar coordinates, which locate a point
by distance and direction. Both are the two-dimensional prototypes of the curves
and coordinate systems of Volume IV.

I1.I' PARAMETRIC CURVES

Definition 11.1. A parametric curve is a pair of continuous functions x =
f(t),y = g(t) on an interval I. The variable ¢ is the parameter; as t increases,
the point (f(t), g(t)) traces the curve in a definite direction, its orientation.

A parametrization carries more information than the set of points it traces: it says
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when each pointis reached, in what order, and how often. The curves (cos f, sin t)
and (cos 2t,sin 2t) for 0 < t < 27 trace the same circle, once and twice.

Example 11.2 (Eliminating the parameter). Identify the curves (a) x =1+
2cost,y = —1+3sint,0<t<2m; (b)x =+t y=1—1tt>0.

12 2
Solution. (a) cost = *;!andsint = Y1, s0 % + @ = 1: anellipse

centered at (1, —1), traced once counterclockwise starting from (3, —1).

(b) t = 2,50y = 1 — x> with x > 0: only the right half of the parabola,
traced from (0,1) downward. Eliminating the parameter can lose the re-
striction on x; the range of x(t) must be recorded separately.

Example 11.3 (The cycloid). A wheel of radius r rolls along the x-axis with-
out slipping. Find the path of a point on its rim that starts at the origin.

Solution. After the wheel turns through angle 6, it has rolled a distance 60
(no slipping), so its center is at (8,7). The point is at distance r from the
center, at angle 6 clockwise from straight down. Hence

x =r(6 —sinb), y =r(1—cosb).

The cycloid has a cusp at each multiple of 27r7, where the point touches the
ground and is momentarily at rest.

The cycloid is the solution of two famous problems. It is the brachistochrone, the
curve down which a bead slides from one point to another in the least time (Jo-
hann Bernoulli, 1696); and it is the tautochrone, the curve on which a bead re-
leased anywhere reaches the bottom in the same time (Huygens, 1673), which
Huygens used to design an accurate pendulum clock.

11.2 CALCULUS WITH PARAMETRIC CURVES

11.2.1 TANGENTS

If x = f(t) and y = g(t) are differentiable and f’(t) # 0, then near ¢ the curve is

the graph of a function y(x), and by the chain rule % = % dr.

d
dy _dy/at Py _ §(F)
dx  dx/dt’ dx? dx/dt’

ForgEd « Learn skills that matter. forgedlearn.com



FORGED CALCULUS 1 &1
PARAMETRIC EQUATIONS AND POLAR COORDINATES PAGE 148

The tangent is horizontal where =0 75 7 and vertical where =0 7&
Where both vanish the curve may have a cusp, and needs separate study.

2 2
COMMON ERROR. The second derivative is not %. Differentiate %

with respect to ¢, then divide by 4 3 once more, which is the chain rule ap-
plied a second time.

Example 11.4 (A curve with a loop). Analyze x = t2, y =1 —3t.

; dx _ dy _ a2 dy _
Solution. §f =2tand 37 =3t° - 3,50 3 =

t = +1, the points (1, F2); a vertical tangent at t = 0, the origin. The curve
crosses itself where t; # t; give the same point: t; = t2 forces t, = —t;, and
then 3 — 3t = 0 gives t = ++/3, the point (3,0). The two branches there
have slopes — \f = ++/3. Finally,

d’y _ 3 2t om _3(P+1)

dx2 2t 443

positive for t > 0 and negative for ¢ < 0. The half traced for t > 0, from the
origin down through (1, —2) and back up through (3,0), is concave up; its
mirror image, traced for t < 0, is concave down (Fig. 11.1).

20 e A
] y |,
1 2 3\ 4 1 >
2 - .

Figure 11.1: Left: the curve x = t2, y = t3 — 3t of Example 11.4, with its horizontal
tangents and its double point. Right: the cardioid ¥ = 1 + cos 6.
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11.2.2 AREAS

If the curve x = f(t), y = g(t) > 0 for a < t < B traces the graph of a function
from left to right exactly once, substituting x = f(t) in [ ydx gives

B
A= ["str

If the curve is traced from right to left, the integral is the negative of the area.

Example 11.5 (Under one arch of a cycloid). Find the area under one arch
of the cycloid of Example 11.3.

Solution. A = [ r(1—cosf) - r(1—cosf)dd = 1 [ (1 —2cos6 +
cos? 9)d9 = r2(2m + m) = 37r?, three times the area of the rolling circle,
as Roberval and Torricelli found in the 1630s.

11.2.3 ARC LENGTH

Theorem 11.6. If f' and g’ are continuous on [, B| and the curve is traversed
exactly once as t increases from « to B, its length is

1= V& + ()

Proof. A partition ty < --- < t, gives an inscribed polygon whose ith side has
length \/(Ax;)2+ (Ay;)2. By the Mean Value Theorem, Ax; = f'(t/)At; and

Ay; = ¢/ (1) At; for points t7, £}* in the ith subinterval, so the polygon has length

r \/ f/(t5)? + g’ (t:*)? At;. This is nearly a Riemann sum; because g’ is uniformly
continuous, replacing t;* by t; changes the sum by less than any € once the mesh
is small, and the limit is the integral.

For a graph y = F(x), taking t = x recovers the formula [ /14 F/(x)%dx of
Chapter 8. The quantity ds = /dx? + dy? is the element of arc length.

Example 11.7 (The length of a cycloid arch). Solution. % = r(1 —cos®)
and % =rsinf, so (%)2 + (%)2 =122 —2cos ) = 4r?sin? §. Then

27T 27
L:/ 2rsin%d9: [—4rcos%} = 8r.
0 0

Christopher Wren found this in 1658: an arch is exactly four times the di-
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ameter of the wheel.

11.2.4 SURFACE AREA

Rotating the curve about the x-axis, with y > 0, sweeps a surface of area S =
f f 27y ds, by the same frustum argument as in Chapter 8; about the y-axis, S =
[ 27tx ds with x > 0.

Example 11.8 (A sphere). Rotating the semicircle x = rcost, y = rsint,
0 <t < 71, about the x-axis: ds = rdt,so S = fon 27trsint - rdt = 47r2.

1.3 POLAR COORDINATES

Choose a point O, the pole, and a ray from it, the polar axis (the positive x-axis).
A point P has polar coordinates (r, ) if it lies at distance |r| from O along the ray
at angle 0 from the polar axis, when r > 0, or along the opposite ray, when r < 0.
The conversions are

RI<

x =rcosf, y=rsinb; r2:x2+y2, tanf = =.

Polar coordinates are not unique: (7,6), (r,60 +27), and (—r, 6 + 77) are the same
point, and the pole is (0, 8) for every 6. In converting to polar form, the quadrant
of (x,y) decides 6; arctan £ alone is correct only for x > 0.

Example 11.9 (Conversions). (a) The point (—1,+/3) has r = 2 and lies
in the second quadrant, so § = 27” (b) The circle x2 + y?> = 4y becomes
r?> = 4rsind, that is, r = 4sin6 (the equation r = 0 adds only the pole,
which 7 = 4sin 6 already contains). (c) The line r = secf is rcosf = 1,
thatis, x = 1.

11.3.1 POLAR CURVES

The graph of r = f(6) is the set of points with some polar representation satisfy-
ing the equation. Standard families:

e r = a: acircle about the pole; 6 = c: a line through it.
e v =2acosf and r = 2asin6: circles of radius |a| through the pole.
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o v = a(1 4 cos0): cardioids; r = a + bcos6 with a # b: limagons, with an
inner loop when |b| > |a|.

e r = acosnb: roses, with n petals if n is odd and 2n if n is even.

e r = ab: the spiral of Archimedes; r = ¢: the logarithmic spiral.

To sketch r = f(0), graph r against 6 in rectangular coordinates first, then read
off how the distance changes as the ray sweeps around. Symmetry saves work:
replacing 6 by —6 without changing the equation means symmetry about the
polar axis; replacing r by —r, symmetry about the pole.

11.4 CALCULUS IN POLAR COORDINATES

11.4.1 TANGENTS
The curve r = f(8) is the parametric curve x = f(6) cos6, y = f(6) sin6, so

dy _ r'sin6 +rcosf , dr

dx t'cos@ —rsin6’ TS

At the pole, ¥ = 0 and this reduces to tan 0: a curve passing through the pole at
angle ) is tangent there to the line 6 = 6.

Example 11.10 (Tangents to a cardioid). Find the slope of ¥ = 1 + cos 6 at
8 = 7, and the points with horizontal tangents.

Solution. 1 = —sinf. At§ = Z:r =1,/ = —1,and 3 = Z40 = 1.
In general the numerator is — sin” + (1 + cos ) cos§ = 2 cos? § + cos § —
1 = (2cosf — 1)(cos 6 + 1), which vanishes for cos# = 3 and cos§ = —1.
At § = £7% the denominator —sinf(1 4 2cosf) # 0, giving horizontal
tangents at (3,=%). At = 7 both vanish: that is the cusp at the pole,

where the curve is tangent to the line 8 = 7, the x-axis.

11.4.2 AREA

Theorem 11.11. If f is continuous and nonnegative on &, ], with0 < p—a <
271, the region bounded by r = f(0) and the rays 0 = «, 8 = B has area

p
A= / 1r*do.
o
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Proof. Partition [a, B]. The part of the region between 6;_; and 6; contains the
circular sector of radius m; = min f on that interval and lies in the sector of
radius M; = max f. A sector of radius p and angle A has area 3p*>A6. Hence
the area lies between the lower and upper sums Y m?A6; and Y 3 M2A¥; for 3 f2,
which converge to the integral.

Example 11.12 (Cardioid and rose). The cardioid r = 1 + cos 6 encloses
fozn 1(1+4 cos9)%d6 = (2 + m) = 2F. The four-petaled rose r = cos 20
encloses fom 1cos?20d0 = Z, where integrating over [0,271] traces each
petal exactly once. (Integrating % cos? 36 over [0,27] for the three-petaled
rose r = cos30 would count every petal twice, since that rose is traced

completely on [0, 77].)

Example 11.13 (Between two polar curves). Find the area inside r = 3 sin 6
and outside r = 1 + sin 6.

Solution. The curves meet where 3sinf = 1+ sinf, so sinf = %: 0 =
and %’T. Between these rays the circle is outside the cardioid, and

B

571/6
A= 1(9sin®6 — (1 + sin6)?)d6
/6
571/6
:/ (4sin29—sin0—%)d9:7'£.
/6

Both curves also pass through the pole, but at different values of 0: solving
the equations simultaneously finds only intersections reached at the same
0, so a sketch is needed to find them all.

11.4.3 ARC LENGTH

As a parametric curve in 6, (%)2 + (%)2 = (r'cos® — rsinf)? + (r'sinf +

rcosf)? =r* + 12, s0
p dr\2
= 2 -
L / r +(d9) 6.

For the cardioid ¥ = 1+ cos6, 12 +r? = 2 +2cosf = 4cos? %, and L =
2 ["2cos§do =8.
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I1.5 CONIC SECTIONS

The parabola, ellipse, and hyperbola, studied by Apollonius as sections of a cone,
have a single unifying description.

Definition 11.14. Let F be a point (the focus), ¢ a line not through F (the

directrix), and e > 0 (the eccentricity). The set of points P with dl‘ﬂi‘ ;= eis

a conic section: an ellipse if e < 1, a parabola if e = 1, and a hyperbola if e > 1.

Theorem 11.15. With the focus at the pole and the directrix x = d > 0, the conic
of eccentricity e has polar equation

B ed
"~ 1+ecosf

Proof. For P = (r,0) on the focus side of the directrix, |PF| = r and dist(P, ¢) =
d — r cos 6. The condition r = e(d — r cos 0) rearranges to r(1 4+ ecosf) = ed.

For e < 1the denominator is positive for all §, and the curve is closed: the nearest
pointisatf = 0, d1stance 1f ; the farthest at 6 = 7, distance Ed . The major axis

has length 24 = 1+e + fd = 12_“52, soed = a(l —e?) and
a(l —¢?
= 1(+ecos)9' min = a(1 —e), Tmax = a(1+e).

The distance from center to focus is ¢ = ae, and b? = 4% — ¢? recovers the rectan-

gular form + / = 1 about the center. As e — 0, the ellipse becomes a circle;
ase — 1 w1th the nearest distance fixed, it lengthens toward a parabola.

Example 11.16 (Halley’s comet). Halley’s comet moves on an ellipse with
the Sun at a focus, eccentricity e ~ 0.967, and perihelion (closest) distance
0.586 AU. Find its aphelion distance and period.

Solution. 4 = 2% ~ 17.8 AU, and the aphelion is a(1 + ¢) ~ 34.9 AU,
beyond the orbit of Neptune. By Kepler’s third law, the period in years is
a3/2 ~ 74.8, with a in AU; the observed period, which varies with planetary
perturbations, is 74 to 79 years.

LOOKING AHEAD. Kepler’s laws state that planets move on ellipses with

the Sun at a focus, sweeping out equal areas in equal times. In polar form,
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the area swept is [ 372 d6, so the second law says r24¢ dg is constant: the con-

servation of angular momentum. In Volume IV, Newton s derivation of the
ellipse from the inverse-square law is carried out with vector calculus, and
the same ﬁ reappears in the classical picture of the hydrogen atom.

1.6 WORKED PROBLEMS

Each problem below is solved in full and combines several ideas from the chapter. Attempt
each one before reading its solution.

Problem 11.1 The path of a projectile

A ball is thrown from the ground at 20 m/s at angle 45°. Ignoring air resistance
(§=98m /s%), find its path, range, maximum height, and the distance it travels
through the air.

Solution.  Integrating the acceleration (0, —g) twice, with initial velocity
(vcosw,vsina),

x = (vcosa)t, y= (vsina)t— 1gt*.

Eliminating ¢ gives the parabola y = xtana — 57— cos2 x2. The ball lands when

y=0att= % so the range is o S;“Z"‘ largest at & = 45°: 3% ~ 40.8 m. The

(vsmoc)

height peaks where d? =0, at ~ 10.2 m. The distance traveled is

2.886
L= / V/(14.142)2 4 (14142 - 9.81)2 dt ~ 468 m,
0

which can be done exactly with [ v/a? + u?du from Chapter 9, but is quicker
numerically. The path is about 15% longer than the range.

Problem 11.2 The folium of Descartes
Find the area of the loop of x* + y® = 3axy, a > 0.

Solution. In polar coordinates, r3(c053 0 + sin® 0) = 3ar?cosfsinb, so r =

3asinfcosd The loop is traced for 0 < 6 < 7 (where r > 0 and the loop returns
sin® §+cos3 @ 2

to the pole). Hence

/2 2 aia2 2
1/ (9a sin” 0 cos” 0 0
0

A==
2 sin® 6 + cos? 6)2
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Divide numerator and denominator by cos®6: the integrand becomes

%. With u = 14 tan®60, du = 3tan?0sec?6df, and u runs from
1 to co: 5 5
1 [*3a 3a
A== —du = —.
2/1 )

The polar form turned an implicit cubic, which is hard to integrate in x and y,
into a substitution exercise.

Problem 11.3 The equiangular spiral

Show that the logarithmic spiral r = ¢? crosses every ray from the pole at the

same angle, and find the length of the part with 6 < 0.

Solution. Let i be the angle between the ray (direction #) and the tangent. The
tangent direction is that of (%, %), whose components along and perpendicular
to the ray are " and r (expand (' cos@ — rsinf, ' sinf + rcos@) in the basis
(cosf,sinf), (—sinf,cosf)). Sotany = L. Forr = ¢, ¥ = rand Yy ==

everywhere. The part with 8 < 0 winds infinitely often around the pole, yet its
length is finite:

0 0
L:/ \/629+629d9:\f2/ e do = /2

Jakob Bernoulli, who called it the spira mirabilis, asked for it to be carved on his
tombstone. The mason carved an Archimedean spiral instead.

Problem 11.4 Two cardioids
Find the area commontor =1+ cosf@ andr =1 — cos 6.

Solution. The cardioids meet where cosf = 0, and at the pole. By symmetry
aboutboth axes, the common region is four copies of its part in the first quadrant,
where the smaller curveisr =1 —cosf for0 <6 < 7

/2 31
_ 11— =2(= — — 4= .
14_4/0 (1 - cos0)?df = 2(2 2+4) =4~ 0712

3

Each cardioid has area =,

so they share only about 15% of their area.

Problem 11.5 The ellipse from its focus

1+ecos9 is the ellipse (xt ) + ZZ = 1 with

— ¢2, and that the sum of the dlstances to the two foci is

Show that for 0 < e < 1 the conicr =

ed 2
1—e2’

a= c=uae b*=a

24a.
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Solution. From r = e(d — x), square: x>+ y?> = ez(d )2, so (1 —e?)x? +
2¢%dx + yz = ¢?d’. Complete the square: (1 —¢?)(x + ) +y? = 2d* +
fi‘fz = {2 Dividing by - d2
(x+¢)? y? ed e2d
=1 = — = — = .
a2 a2(1 — e2) ’ iT1oe CTioe

So b? = a?(1 — ¢?) = a®> — ¢2, and the center is at (—c, 0), with foci at the pole and
at (—2c¢,0). For the focal sum, the distance to the first focus is r = a — ex (since
r = ed —ex = a(l —e?) — ex and, with X = x + ¢ measured from the center,
r = a — eX); by symmetry the distance to the other is a 4 eX. Their sum is 2a:
the gardener’s definition of the ellipse, with a loop of string around two pegs.

Problem 11.6 A torus

Find the surface area of the torus formed by rotating the circle (x — R)? + y* = a?,

0 < a < R, about the y-axis.

Solution. Parametrize: x = R +acost, y = asint, 0 < t < 27, with ds = adt.
About the y-axis,

27
S= / 27t(R +acost)adt = 2ma(2R) = 47*Ra.
0

This is Pappus’s theorem: the area of a surface of revolution is the length of the
generating curve (27ta) times the distance traveled by its centroid (27tR). The
volume of the torus, 27t2Ra?, follows the same way from the area of the disk.

EXERCISES
A. COMPUTATION

11.1 Eliminate the parameter and sketch: x =3t — 1,y = 2t + 5.
11.2 Eliminate the parameter and sketch: x = ¢!, y = e~ 2.

11.3 Eliminate the parameter, and identify the part of the curve traced: x =
sect,y =tant, -7 <t < T

11.4 Eliminate the parameter: x = sint, y = cos2t. What part of the parabola
is traced, and how often, for 0 < t < 27?

11.5 Parametrize the segment from (1,2) to (4, —3).
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11.6 Parametrize the ellipse %2 + yzz = 1 clockwise, starting at (0, 2).
11.7 Find the tangentlinetox =+ 1,y = > —tatt = 2.
11.8 Find the tangent line to x = 2cost, y = 3sintatt = 7.

11.9 Find the points of x = #> — 3t, y = t> — 4 with horizontal or vertical tan-
gents.

11.10 Find % forx =cel,y=te !

11.11 Find % for the cycloid x = t —sint, y = 1 — cost, and show that it is
concave down on every arch.

11.12 Find the area enclosed by x = acost, y = bsint.

11.13 Find the area under x = 2, y=e!0<t<1.

11.14 Find the area enclosed by the astroid x = cos®t, y = sin®t.

11.15 Find the length of x = tz,y =8,0<t<1.

11.16 Find the length of x = ¢f cost, y = e’ sint, 0 < t < 7.

11.17 Find the length of the nephroid arc x = 3cost — cos3t, y = 3sint — sin 3t,
0<t< .

11.18 Find the area of the surface formed by rotating the astroid x = acos’t,
y = asin® t about the x-axis.

11.19 Find the area of the surface formed by rotating x = 312, Y= 28,0<t<1,
about the y-axis.

11.20 Convert to rectangular coordinates: (2, 7F), (-3, %), (4, —2F)

11.21 Convert to polar coordinates with r > 0,0 < 6 < 2m: (=3,3), (1, —\@)

2

11.22 Convert to rectangular form and identify: r = 6cosf, r = SO oS

r?sin 260 = 4.
11.23 Convert to polar form: x2 —y?> = 1,y = x>.

11.24 Sketch r = 1 — 2cos 8, and find the values of 6 at which it passes through
the pole.

11.25 Find the slope of the spiral ¥ = f at § = 7.

11.26 Find the points on r = 2sin 6 with horizontal and vertical tangents.
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11.27 Find the area of one petal of r = sin 30.

11.28 Find the area inside ¥ = 2 cos 6 and outside r = 1.

11.29 Find the area of the inner loop of ¥ = 1 42 cos 6.

11.30 Find the length of r = 62,0 < 6 < 27, to three decimal places.

11.31 Identify the conic r = Mﬁ, and find its eccentricity, nearest and farthest
distances from the pole, and semi-major axis.

11.32 Find the polar equation of the parabola with focus at the pole and directrix
y= -3

B. THEORY AND PROOF

11.33 Prove that the tangent to the cycloid at any point passes through the top of
the rolling circle.

11.34 Show that the polar curve r = f(6) through the pole at 6 = 6y (with
f'(60) # 0) is tangent to the line 6 = 6 there.

11.35 Show that the area of a polar region is invariant under rotation: r = f(6 —
¢) encloses the same area as r = f(6).

11.36 Show that for the conic r = H:ﬁ with e > 1, the denominator vanishes
at two angles, and that these are the directions of the asymptotes of the

hyperbola.

11.37 Prove Kepler’s second law in this form: if 72% = h is constant, then the

area swept out from time #; to f is & (t, — #1).

11.38 Prove the reflection property of the parabola y* = 4px: the tangent at any
point makes equal angles with the line to the focus (p,0) and the horizon-
tal.

C. CHALLENGE

11.39 Show that the time for a bead to slide without friction down an inverted
cycloid x = r(6 —sinf), y = —r(1 — cosf) from 6 = 6y to the bottom
(6 = ) is t4/r/g, independent of Oy: the tautochrone property.

11.40 The lemniscate r* = cos26. Find its area, and show that its total length is
4 fol \/%, an elliptic integral studied by Fagnano and Euler.
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11.41 A dog at (1,0) runs toward its owner, who walks up the y-axis from the
origin at the same speed; the dog always heads directly at the owner. Find
the dog’s path (the pursuit curve) and show that the dog never catches up.

11.42 Find the ratio of the length of an ellipse with e = 0.5 to the circumference
of the circle with the same semi-major axis, to four decimal places.

11.43 The epicycloid traced by a point on a circle of radius b rolling outside a fixed
circle of radius a, with § = n an integer, has n cusps. Find its length and
enclosed area.

ForgEd « Learn skills that matter. forgedlearn.com



FORGED CALCULUS 1 &1
7 INFINITE SEQUENCES AND SERIES PAGE 160

CHAPTER 12

INFINITE SEQUENCES AND SERIES

LEARNING OBJECTIVES

e Determine the limits of sequences, including recursive sequences, using
the Monotone Convergence Theorem.

e Sum geometric and telescoping series, and apply the divergence test.

e Apply the integral, comparison, and limit comparison tests, and bound
the remainder of a series.

e Distinguish absolute from conditional convergence, and apply the alter-
nating series test with its error bound.

e Apply the ratio and root tests, and choose an efficient test for a given
series.

What does it mean to add infinitely many numbers? Zeno argued that a runner
can never finish a race, since she must first cover half the distance, then half the
remainder, and so on forever. The answer, that % + % + % +--- =1, requires a
precise definition of an infinite sum, and that definition, as a limit of finite sums,
is the subject of this chapter. Its payoff comes in Chapter 13, where functions
such as e* and sin x are written as infinite sums of powers of x.

12.1 SEQUENCES

Definition 12.1. A sequence is a function on the positive integers, written
(an) or ay,ap,as,.... It converges to L, written lim,_, a, = L, if for every
€ > 0 there is an N such that |a, — L| < € for alln > N. A sequence that
does not converge diverges; it diverges to cc if for every M, a, > M for all
large n.

The limit laws, the squeeze theorem, and continuity carry over from functions
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(Chapter 2) with the same proofs: if a, — L and f is continuous at L, then
f(ay) — f(L). If a, = f(n) for a function with limy_,. f(x) = L, thena, — L,
so L'Hopital’s rule can be applied to the function. The converse fails: sin(7tn) = 0
for every integer n, but sin 7tx has no limit.

Example 12.2 (Standard limits). (a) % — 0, by L'Hopital’s rule on 1%,
(b) n!/m = enm/n 5 o0 =1 ()" = 0if |r] < 1,7 — ooifr > 1,and
(—1)" diverges. (d) (1+ %)n — ¢* (Chapter 6). (e) ¥, — 0 for every x:

n!
|x|

once n > 2|x|, each further factor 2! is less than 3.

Definition 12.3. A sequence is increasing if a,, < a,1 for all n, decreasing if
ay > a,.1, and monotone if either. It is bounded if |a,| < M for some M and
all n.

Theorem 12.4 (Monotone Convergence Theorem). Every bounded monotone
sequence converges.

Proof. Let (a,) be increasing and bounded above. By the completeness of the real
numbers (Appendix A), the set {a,} has a least upper bound L. Given e > 0,
L — € is not an upper bound, so ay > L — € for some N. Forn > N, L —€ <
ay < a, < L,so |a, — L| < e. The decreasing case is the same with greatest
lower bounds.

The theorem guarantees a limit without naming it. For recursive sequences, the
limit can then be found by passing to the limit in the recursion.

Example 12.5 (A nested radical). Leta; = v2 and a,41 = /2 + a,. Show
that (a,) converges and find its limit.

Solution. By induction, a, < 2: true forn = 1, and if a4, < 2 then a,41 <
V4 = 2. And a, isincreasing: a2, — a2 =2+a, —a% = (2—a,)(1 +a,) >
0. So the sequence converges to some L, and letting n — coina | = 2+ay,
gives L2 =2+ L,s0 L = 2 (the root —1is excluded since a,, > 0). The terms
1.414,1.848,1.962,1.990, 1.998, ... confirm it.

COMMON ERROR. Passing to the limit in a recursion is valid only after con-
vergence is known. The recursion a,,1 = 2a,, a1 = 1, gives "L = 2L, so
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| L =07, although a,, = 2" 1 — cc.

12.2 INFINITE SERIES

Definition 12.6. The series }_,;_; a, has partial sums sy = a; + - - - +an. If
sN — s, the series converges with sum s; otherwise it diverges.

Theorem 12.7 (Geometric series). For a # 0, the series ), ar" converges if
and only if |r| < 1, and then its sum is %=

Proof. Forr # 1,sy = a+ar+--- +arV71 = a (mult1ply by 1 —r and
telescope). If [r| < 1,7N — Oand sy — % If ]r] > 1 the terms ar” do not tend
to 0, so the series diverges by the next theorem.

Example 12.8 (Repeating decimals). 0.27 = % + % + = 123{}?80 =
% = 2. Every repeating decimal is a geometric series and so a rational

number; in particular 09 = 12/11/(10 =1.

Example 12.9 (Telescoping series). Yo, % =y (% — n+1) has sy =

1— N%rl — 1. Similarly, nzll =14 - %H)' and the sum from n = 2

telescopes to (14 3) = 2: here each term cancels with the one two places
later, leaving two terms at the start.

Theorem 12.10 (Divergence test). If Y a, converges, then a, — 0. Equiva-
lently, if a, #+ 0, the series diverges.

Proof. ay, = sy, —sp-1 —+5—5=0.

The converse is false, and the most important counterexample is the harmonic
series.

Theorem 12.11. 32 1 diverges.
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Proof. Group the terms in blocks ending at powers of 2: % +1>2=
% > % = %, and in general the 251 terms from zkj - to % exceed 2K-1.
So sy > 1+ % — 00. (Oresme, around 1350.)

NI—=
~
(61
+
N|—= +

The divergence is slow: sy — In N tends to Euler’s constant 7y ~ 0.5772,s0 amillion
terms sum to only about 14.4.

Convergent series can be added and multiplied by constants termwise, and
changing finitely many terms changes the sum but not whether the series
converges.

12.3 THE INTEGRAL TEST

Theorem 12.12 (Integral test). Let f be continuous, positive, and decreasing on
[1,00), with a, = f(n). Then ¥ ay, and [{° f(x) dx converge or diverge together.
If they converge, the remainder Ry = s — sy satisfies

) f(x)dx <Ry < /oof(x)dx.
N

N+1

. . . n+1
Proof. Since f is decreasing, a1 < [

f < au. Summing the left inequality
fromn = 1to N — 1 gives sy — a1 < le f; summing the right gives leH f <
sn. The partial sums are increasing, so by Theorem 12.4 they converge if and
only if they are bounded, which by these inequalities happens if and only if the
integral converges. Summing the same inequalities from n = N to co bounds

Ry = LN n-
Corollary 12.13 (p-series). Y, = converges if and only if p > 1.

Proof. For p > 0 apply the integral test with f(x) = x~7; [ x Pdx converges
exactly when p > 1 (Chapter 9). For p < 0 the terms do not tend to 0.

Example 12.14 (Estimating {(3)). Estimate 2% using ten terms, with a
guaranteed error bound.

Solution. s;9 ~ 1.197532. With [ x3dx = 51, the remainder lies be-
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tween 51— ~ 0.004132 and 5 = 0.005, so

> 1
1.201664 < 21 3
n—=

< 1.202532.
The midpoint 1.202098 is within 0.00005 of the true value 1.2020569, Apéry’s

constant, proved irrational only in 1978. By contrast, Euler showed in 1735
that ) % = %2 (Chapter 13).

124 COMPARISON TESTS

Theorem 12.15 (Comparison test). Suppose 0 < a, < by, forall n. If } b,
converges, so does Y ay; if Y a, diverges, so does )_ by,.

Proof. The partial sums of ) a, are increasing and bounded by }_b,, so they
converge by Theorem 12.4. The second statement is the contrapositive of the
first.

Theorem 12.16 (Limit comparison test). Suppose an, b, > 0and = — c with
0 <c < oo. Then) ay, and Y b, converge or diverge together.

Proof. For large n, 5 < Z—Z < 2¢,s0a, < 2cb, and b,, < %an. Apply the compari-
son test both ways.

The limit comparison test makes precise the idea that only the dominant behavior
of the terms matters: compare with the p-series or geometric series obtained by
keeping the leading powers.

Example 12.17 (Comparisons). (a) 2 m -z < 7,50 it converges.
(b) Z ”*3 : the terms behave like 25 = — —1~,and the limit of the ratio is 1,

so it Converges. (o)X 21171. comparing with % gives ratio %, so it diverges.
(d) & 12—2”: since Inn < +/n for all n, the terms are less than #, and it
converges.
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COMMON ERROR. The comparison must go the right way. Showing that
a, < b, with }_b, divergent proves nothing about }_a,: % < 1 yety %
converges.

125 ALTERNATING SERIES AND ABSOLUTE CONVER-
GENCE

Theorem 12.18 (Alternating series test). If b, is decreasing with b, — 0, then
Yo 1 (=1)""b, converges, and its sum s satisfies |s — sy| < bny1: the error is
at most the first omitted term.

Proof. The even partial sums sy, = (by — bp) + - - - + (byx—1 — by ) increase, since
each bracket is nonnegative. They are bounded by b1, since syr = by — (by —
b3) — -+ — byk. So sy — s by Theorem 12.4, and sop 11 = Sox + bogr1 — S too.
The odd partial sums decrease toward s and the even ones increase toward it, so
s lies between any two consecutive partial sums, which differ by by1.

Example 12.19 (The alternating harmonic series). 1 — % + % — % +--- con-

verges, and in Chapter 13 its sum is shown to be In2 ~ 0.693147. The con-
vergence is slow: sj9 ~ 0.645635, and guaranteeing an error below 0.001
requires 1000 terms. In contrast, } (;ll!)n = %, and eight terms (n = 0to 7)
give 0.367857, with error at most é ~ 0.000025.

Definition 12.20. Y a, converges absolutely if }_ |a,| converges. A convergent
series that does not converge absolutely converges conditionally.

Theorem 12.21. An absolutely convergent series converges.

Proof. 0 < a, + |a,| < 2|ay|, so Y(an + |an|) converges by comparison, and
Y. a, =Y (an + |an|) — ¥ |ax| is a difference of convergent series.

The alternating harmonic series converges conditionally. The distinction mat-

ters because sums of conditionally convergent series depend on the order of the
terms.
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Theorem 12.22 (Riemann rearrangement theorem). Every rearrangement of
an absolutely convergent series converges to the same sum. If y a, converges con-
ditionally, then for every real S there is a rearrangement whose sum is S.

Sketch. For the second statement, the positive terms and the negative terms each
form a divergent series (if either converged, so would the other, and the series
would converge absolutely), while the terms tend to 0. Add positive terms until
the partial sum exceeds S, then negative terms until it falls below S, and repeat.
Each overshoot is at most the size of the last term used, which tends to 0.

Example 12.23 (Rearranging In2). Write the alternating harmonic series
with one positive term followed by two negative terms:

DG S Gp) e
1 1 1 1 1 1

The same terms, in a different order, have half the sum.

12.6 THE RATIO AND ROOT TESTS

Theorem 12.24 (Ratio test). Suppose ”g—:l\ — L. IfL < 1, ) ay, converges
absolutely; if L > 1 (including L = o0), it diverges; if L = 1 the test gives no
information.

Proof. If L < 1, choose r with L < r < 1. For n > N, |a,4+1| < rla,|, so |ank| <
lan|r*, and ¥ |a, | converges by comparison with a geometric series. If L > 1, |a,,|
eventually increases, so a, / 0. For L = 1: both Z% and ) % have ratio limit
1.

Theorem 12.25 (Root test). Suppose |a,|/" — L. If L < 1, ¥ a, converges
absolutely; if L > 1, it diverges; if L = 1 the test is inconclusive.

Proof. If L < r < 1, then |a,| < r" for large n; compare with }_r". If L > 1,
|an| > 1 for large n.
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Example 12.26 (Ratio and root tests). (a) 23—:: Gy (D 3, s0

an 2n?
it converges; its sum is 6 (Chapter 13). (b) ¥ Z: = % =
(niﬂ)n — 1 < 1, s0 it converges. (c) ¥ (ﬁ)n: the nth root is 5 — 2,

so it converges. (d) ), i—; ratio — 3, so it diverges.

12.6.1 CHOOSING A TEST
1. If a, # 0, the series diverges. Check this first.

2. Geometric, p-series, and telescoping series can be recognized and decided
directly.

3. For positive terms that are algebraic in n (ratios of powers and roots), use
limit comparison with a p-series.

4. For factorials and exponentials, use the ratio test; for nth powers, the root
test.

5. For alternating terms, test absolute convergence first; if that fails, use the
alternating series test.

6. If a, = f(n) with f easy to integrate, the integral test applies, and also
gives error bounds.

LOOKING AHEAD. Convergence of series is the foundation for representing
functions by infinite sums. Power series, in the next chapter, are the simplest
case. Fourier series, sums of sines and cosines, are treated in Volume IV,

where the wave function of a particle in a box is written as such a series,
and absolute convergence becomes the condition }_ |c, ]2 < oo that defines
the space of quantum states.

12.7 WORKED PROBLEMS

Each problem below is solved in full and combines several ideas from the chapter. Attempt
each one before reading its solution.

Problem 12.1 A bouncing ball

A ball dropped from 10 m rebounds each time to 3 of its previous height. Find
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the total distance it travels and the total time before it comes to rest (¢ = 9.8
2
m/s”).

Solution. After the initial fall of 10 m, the ball rises and falls 10(%)k on the kth
bounce, so the distance is

7.5

1075 0m

10+2:i110(i)k —10+2-

A fall from height h takes \/2h/g, so the kth bounce takes 2./2h;/g =
2,/20/g (v/3/ 4)k. The times also form a geometric series, with ratio /3/4 ~

0.866:
T = @(H 2v3/4 V3/4) ~199s.
q 1—/3/4

Infinitely many bounces happen in finite time, Zeno’s paradox made physical.
(A real ball stops sooner, because the model of a constant restitution ratio fails
at small heights.)

Problem 12.2 Series at the edge of convergence

Determine whether Y, —— and Y, W converge.

Solution. Both terms are positive and decreasing, so the integral test applies.
Withu = Inzx,

[ e
» xInx  Jou » x(Inx)?2  Jou?2  In2’

The first diverges and the second converges. Both lie between the harmonic series
and every p-series with p > 1, so the p-series do not mark a sharp boundary:
there is no “slowest divergent series”. The first diverges very slowly; its partial
sums grow like InIn N, which at N = 10100 jg only about 5.4.

Problem 12.3 A sum of Fibonacci numbers

The Fibonacci numbers are F; = F, = 1, F,11 = F, + F,—1. Show that Y7 4 %
converges and find its sum.

Solution. Since F,,11 < 2F,, F, < 2"=1 which is not enough: the terms would
be bounded by 1. Better, Fie1 tends to the golden ratio ¢ = 1%@ ~ 1.618 (Exer-

n

cise 12.33), so the ratio test gives § < 1 and the series converges, to S say. Then
use the recursion:

1 1 &Fai+FRo 3 1 1 1

S:—+—+ZT=—+—(S——>+—S.

24 = 472" 2) "4
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SoS=3+1S—1+1S, giving 1S = 1, and S = 2. The shifts were legitimate
only because S was already known to be finite, the same lesson as the pitfall on
recursive limits.

Problem 12.4 Deleting the nines

Show that the sum of % over the positive integers n whose decimal digits contain
no 9 converges, with sum less than 80.

Solution. Count the k-digit integers with no 9: 8 choices for the leading digit

(not 0 or 9) and 9 for each other, so 8 - 9¥~1. Each is at least 10¥~1, so their recip-

k-1
8-9 =8

k-1 .
T (19—0) . Summing over k,

rocals sum to at most

1 0 9 k-1
L <k_218<10> “1-09 ¥

This is Kempner’s series (1914); its sum is about 22.92. The paradox dissolves on
counting: almost all large integers contain a 9, and the harmonic series diverges
only because of them.

Problem 12.5 Accuracy of an alternating sum

_1\n+1
How many terms of ) ,° ; ( 11)4 guarantee an error below 1076? Is the sum

larger or smaller than sy for that N?

Solution. By Theorem 12.18 the error after N terms is at most (N-l%il)‘* Since

31% = 923521 < 10° < 32% = 1048576, we need N + 1 = 32, so 31 terms. The
partial sum s3; ends with a positive term, and the proof of the theorem shows

that the odd partial sums lie above the sum: s < s3;. (The exact sum is %.

Problem 12.6 A series with a parameter

n

For which x does }3” | 5 converge?

(n+1)x”+1/3”+1 _ n+1 ) m
nxn/3n n 3

absolutely for |x| < 3 and diverges for |x| > 3. At x = +£3 the ratio test is
silent, but the terms are n and (—1)"n, which do not tend to 0: divergence. The
set of convergence is the open interval (—3,3). Every series of the form ) ¢, x"
converges on an interval like this, as Chapter 13 shows.

12

Solution. Ratio test: — 5. The series converges
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EXERCISES
A. COMPUTATION

3 —
12.1 Find lim 5’:12 +’;

12.2 Find lim nsin %

12.3 Find lim (1+ 2)".

12.4 Find lim (V2 +n —n).

12.5 Determine whether a,, = (—1)" ;15 converges.
12.6 Find lim 2.

12.7 Leta; = 1and g, = @. Show that (a,) is increasing and bounded,
and find its limit.

12.8 Leta; = 2 and 4,41 = 3%{1” Show that (a,,) is decreasing and bounded
below by 0, and find its limit.

129 Find 17 (3)".
12.10 Find Y5, 37
12.11 Write 0.123 as a fraction in lowest terms.
1212 Find Y5 75

12.13 Show that )’ ;In diverges by finding its partial sums.

n+1
12,14 Find Y5 (& + 5)-
12.15 Determine whether }_ ;.75 converges.

12.16 Determine whether }_ ﬁ converges.

12.17 Use the integral test to decide whether )| ne =" converges.

12.18 Use the integral test to decide whether )| n%ﬂ converges, and bound its
sum.

12.19 Estimate ) # with five terms, giving upper and lower bounds from the
integral test.

12.20 Determine whether ”4 "5 converges.
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12.21 Determine whether Z Tt +1 converges.

12.22 Determine whether ) sin % converges.

12.23 Determine whether ¥ 2+ converges.

12.24 Determine whether }_

né” converges.

12.25 Determine whether Z converges absolutely, conditionally, or not at
all.

12.26 Determine whether 2 = converges absolutely, conditionally, or not at
all.

12.27 conditionally, or not at
all.

12.28 Determine whether }_(—1)" /7 converges.

12.29 Use the ratio teston }_ ’31—3

12.30 Use the ratio teston ¥ %I.

12.31 Use the ratio test on Z

n] 2511 .

n+1

12.32 How many terms of -

guarantee an error below 0.0005?
B. THEORY AND PROOF
12.33 Letr, = F”F—:l for the Fibonacci numbers. Show that r,,1 = 1+ %, that
[The1 — @] < @ (using r, > 1), and deduce thatr, — ¢.

12.34 Prove that a convergent sequence is bounded, and give a bounded
sequence that diverges.

12.35 Prove that if ) a, converges with a, > 0, then ) a% converges. Show by
example that the hypothesis 2, > 0 is needed.

12.36 Prove the Cauchy condensation test: if a, > 0 is decreasing, then ) a, con-
verges if and only if Y 2¥a, does. Use it to give a second proof of Corol-
lary 12.13.

12.37 Show that the root test is at least as strong as the ratio test: if
then |a,|/" — L.

An+1 ‘
UEINY
an ’
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12.38 Prove that Hy — In N is decreasing and bounded below by 0, so Euler’s
constant v = lim(Hy — In N) exists.

C. CHALLENGE

12.39 Prove that e is irrational. (Suppose e = g ; multiply e = Y& by g! and
show that the remainder is an integer strictly between 0 and 1.)

12.40 A stack of identical blocks of length 2 is built so that each overhangs the
one below as far as possible without toppling. Show that the top of a stack
of n blocks can overhang the bottom block by H,, = 1+ % 4+ 4 % in total,
so the overhang can be made arbitrarily large.

12.41 Show that Y converges. (Sum by parts, using the bounded partial
sums of sinn.)

12.42 Find all p for which Y, —1— converges.

12.43 Rearrange the alternating harmonic series to make its sum 2, describing
the pattern of the first few terms.
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CHAPTER 13

POWER SERIES AND TAYLOR SERIES

LEARNING OBJECTIVES

e Find the radius and interval of convergence of a power series.

e Represent functions as power series by algebraic manipulation, differen-
tiation, and integration of known series.

e Compute Taylor and Maclaurin series, and know the standard series by
heart.

e Prove convergence of a Taylor series to its function with Taylor’s theorem,
and bound the error of a Taylor polynomial.

e Use series to evaluate limits, integrals, and sums, and to approximate
physical formulas; meet Euler’s formula e = cos § + i sin 6.

Polynomials are the easiest functions to compute: only addition and multipli-
cation are needed. This chapter shows that the functions of calculus, €%, sinx,
In(1 + x), arctan x, are “polynomials of infinite degree” on suitable intervals, and
that truncating these series gives polynomial approximations with controlled er-
ror. This is how calculators compute, how physicists simplify, and how the linear
approximation of Chapter 4 is extended to any order.

13.1 POWER SERIES

Definition 13.1. A power series centered at a is a series Y, cn(x —a)" =
co+c1(x —a) + co(x —a)? + - - -, with the convention (x —a)? = 1 even at
X =a.

Lemma 13.2 (Abel). If Y c,x" converges at x = b # 0, it converges absolutely
for every |x| < |b].
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Proof. Since Y c,b" converges, c,b" — 0, so |c,b"| < M for all n. Then |c,x"| =
n||x|" x| . .
|c,,b"| ‘E‘ <M | 3|, a convergent geometric series.

Theorem 13.3. Forapower series Y c,, (x — a)" exactly one of the following holds:
it converges only at x = a; it converges absolutely for all x; or there is an R > 0,
the radius of convergence, such that it converges absolutely for |x — a| < R and
diverges for |x —a| > R.

Proof. Take a = 0. Let R be the least upper bound of the set of |x| at which the
series converges (or o if that set is unbounded). If x| < R, there is a point b of
convergence with |x| < |b|, and Lemma 13.2 gives absolute convergence at x. If
|x| > R, the series diverges at x by the definition of R.

We set R = 0 and R = oo in the first two cases. At the endpoints x = a = R any-
thing can happen, and each must be tested separately. The interval of convergence
is the set of all x where the series converges. The ratio test usually finds R: if
| - L, thenR = {.

Example 13.4 (Intervals of convergence). (a) Z%: % — 0,50 R = oo.

(b) Y n!x": the ratiois (n + 1)|x| — coforx # 0,s0 R = 0. (c) © (xn_;,l)n:
|x—2]

the ratio tends to 5,50 R =3. At x = 5 the series is ) %, divergent; at

x=—1itis)_ (_nl)”, convergent. The interval is [—1,5).

13.2 REPRESENTING FUNCTIONS BY POWER SERIES

The geometric series is the source of many others:

1 - n 2
= X"=14+x4+x"4+---, x| < 1.
L-5 N
Substitution and multiplication give more: H% = ¥ (=1)"x*" for |x| < 1, and
o 1 o n+1
7% =3 102 = L g for x| < 2.

Theorem 13.5 (Termwise differentiation and integration). If f(x) =
Y.cu(x — a)" has radius of convergence R > 0, then f is differentiable on
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(a—R,a+R),and

[ee]

f/(x):n;lncn(x_a)n—ll /f(x)dxzc—f—zn_;_zl(X—a)n-‘rl,

n=0

both series having radius of convergence R.

The proof, which needs uniform convergence, is in Appendix A. The radius is
preserved because n!/" — 1, but endpoint behavior can change.

Example 13.6 (Logarithm and arctangent). Integrate %th =Y (-1)"t" and
L =¥ (~1)"" from 0 to x:

1+£2
x2 3 00 ( 1)n—1xn
In(1 —x——4+=—...=
n{l+x) =x—>+73 n; n
x3 xS =] (_1)nx2n+1
t P E R — A
arctan x X 3+5 ng%) a1

for |x| < 1. Both series also converge at x = 1, by the alternating series test,
and Abel’s theorem (a power series that converges at an endpoint is continu-
ous there from inside) gives
1 1 1 T 1 1 1
11’12—1—5—‘—5_1"‘, Z—l—g—Fg—?—*—
The second is the Leibniz series (1674 ), beautiful but useless for computation:
by Theorem 12.18, five decimal places of 7 need 100 000 terms.

Example 13.7 (Summing a series by differentiating). Differentiate

X

Y0 X" = = and multiply by x: ¥ nx" = 5 Repeating, y_n’x" =

x%ﬁ = J(Cfl_tj)z) Atx = %, ) Z—,z, = % = 6, the value promised in
Chapter 12.

13.3 TAYLOR AND MACLAURIN SERIES

If f(x) = Y cn(x —a)" on an interval about a, differentiating k times and setting
x = a kills every term except the kth: f*)(a) = k!c;. So the coefficients are
determined by f:
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Theorem 13.8. If f has a power series representation at a with R > 0, then

This is the Taylor series of f at a; when a = 0 it is the Maclaurin series. Its partial

sum Ty(x) = YN, ) (x —a)" is the Taylor polynomial of degree N. Tj is

n!
the linear approximation; Ty is the unique polynomial of degree at most N that

agrees with f and its first N derivatives at a.

The theorem says that if a series exists, it must be the Taylor series. It does not
say that the Taylor series converges to f.

Example 13.9 (A function not equal to its Taylor series). Let f(x) = g1/

for x # 0 and f(0) = 0. Every derivative of f at 0 is 0 (each is a limit of
p(1/x)

el/x2
identically zero, and converges everywhere, but equals f(x) only at x = 0.

The function is so flat at 0 that no polynomial detects it.

the form lim,_.

= 0 for a polynomial p), so its Maclaurin series is

134 TAYLOR'S THEOREM

To show a Taylor series converges to its function, we must show the remainder
Ry(x) = f(x) — Tn(x) tends to 0.

Theorem 13.10 (Taylor's theorem). If f(N*1) is continuous on an interval con-

taining a and x, then

x (N+1) (¢
Ru() = 7 [ e 0N = L e v

for some c between a and x. In particular, if | fNTV| < M between a and x, then

M|x— N+1
R (x)] < Mt

Proof. For N = 0, the integral formula is the Fundamental Theorem: f(x) —
f(a) = [T f'(t) dt. Assume it for N — 1 and integrate by parts with u = f(N)(¢),
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—t N-1 —t N
do = (j(cN—)l)! dt, v = _(XN!) :

X _ f\N-1
RN—l(x):/a (J(CNi)l)!fm)(t)dt

— f(N)(ﬂ) (x N [l)N + /x (x &lt)Nf(NnLl)(t) dt.

Since Ry = Ry_-1 — %(X —a)N, this is the integral formula for Ry. For

the second form, take a < x (the other case is similar). The weight w(f) =

(xﬁ!)N is nonnegative on [a, x], with [ w = (’EN’Q:]; . If m and M are the mini-

mum and maximum of f(N“) on [a,x], thenm [w < fwf(N“) <M [w,so
[wfN+D / [ w lies between m and M, and by the Intermediate Value Theorem
it equals f(N*1)(¢) for some c in [a, x].

The second form, due to Lagrange, says that the error looks like the next term of
the series, with the derivative evaluated at an unknown point.

Theorem 13.11 (Standard series). For all real x,

=y

n:

) 00 n 2n+1 00 (—1)”x2”
sin x ; 2n+1' , cosx:ngow.

:‘R

Proof. Every derivative of e* is ¥, bounded by el* between 0 and x, so |[Ry (x)| <
el (|If,| 1 — 0 by Example 12.2(e). Every derivative of sin and cos is +sin or

N+1
+ cos, bounded by 1, so |[Ry(x)| < %

f(”) (0): all 1 for ¥, and the cycle 0,1,0, —1 for sin.

— 0. The coefficients follow from

Function Maclaurin series Valid for
I T+x+x24+23+--- |x| <1

e 1+x+’§—?+§—?—0—~-- all x

sin x X — §+§— all x

cos x 1-— §+%— all x
In(1+x) x—%2+3§—3—--~ -1<x<1
arctan x x—x—;+%5—--~ -1<x<1
A+x)f 1+ke+ 802000 1y <1
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Example 13.12 (Computing e and sin0.1). With N = 10, e =~ Zn 0 n, =
2.718281801, with error at most 13; < % ~ 7.5 x 1078; the true value is
2.718281828. For sin 0.1, the series alternates, so 0.1 — m = 0.0998333 has

error at most 2210 ~ 8.3 x 1078; indeed sin 0.1 = 0.09983342.

COMMON ERROR. A Taylor polynomial is accurate near its center and can
be useless far from it. Ty for e* at 0 gives e with an error of more than
40%, and Ty for In(1 + x) diverges for every x > 1 no matter how large N
is. Choose the center near the point of interest, or transform the problem
first.

13.4.1 THE BINOMIAL SERIES

Theorem 13.13 (Binomial series). For every real k and |x| < 1,

(Atxf =3 (Dx (k> K(k=1)---(k=n+1)

- I
= n n!

Proof. The ratio test gives R = 1 (the ratio of coefficients is £ w1 — — 1) Let g(x)
be the sum. Differentiating termwise and using (1 +1)(,, +1) + n( ) = k(¥), one
checks (14 x)g’(x) = kg(x). Then & [(1+x)Fg(x)] = (1+x) 1 ((1+x)g —
kg) = 0,50 (1+x) *g(x) = g(0) = 1.

When k is a nonnegative integer, the coefficients vanish for n > k and this is the
binomial theorem. Newton discovered the general case in 1665.

Example 13.14 (Square roots). v1+x = 1+ 5 — % + % — -+ and
A= =1+3+% +55 +- . Forexample, vI.1 ~ 14 0.05 - 0.00125 =

1.04875, compared with 1.048809.

13.5 APPLICATIONS OF TAYLOR SERIES
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13.5.1 LIMITS

Series show the dominant behavior of a function near a point at once. Since
. 3 5
sinx —x=—%+q55— """,
limsirwc—x_hm( 1~|_x2 )_ 1
=0 X3 x50 6 120 B
which L'Hopital’s rule reaches only after three differentiations. Similarly
lim ex*x% = 1 and lim 2¢20X=* — _ 1 can be read off the series.

13.5.2 INTEGRALS

Example 13.15 (The error function). Evaluate fol e~ dx to four decimal
places.

. _ 42 . . . 2 —1)ny2n
Solution. ¢~ hasno elementary antiderivative, bute™ =} %, and
integrating termwise,

! —x2 & (_1)71
/0 ¢ dx_,;)n!(znﬂ)

1,1 111
- 3 10 42

216 1320 T 9360

This is alternating with decreasing terms. The eighth term is m ~ 1.3 x
1075, so the sum of the first seven terms, 0.746836, has error less than 1.3 x
107>, and the integral is 0.7468 to four places. This integral is the basis of
the normal distribution in statistics.

13.5.3 PRODUCTS AND QUOTIENTS

Series can be multiplied like polynomials, collecting powers: e*sinx = (14 x +
x—2+---)(x—x—3+~-) = x4+ 22+~ — L 4 ... Division works too: from
2 6 3730 : ; . :
tan x cos x = sin x, matching coefficients gives tanx = x + % + 2%5 4+

13.5.4 EULER’S FORMULA

Substituting x = 0, with i> = —1, into the series for e* and separating real and
imaginary parts (legitimate for absolutely convergent series):

et — (1—9%+94—---)+i(9—gj+~-) — cos@ +isiné.
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We take this as the definition of the complex exponential. At 6 = 7 it gives
™ +1 = 0, linking the five most important constants of mathematics.

LOOKING AHEAD. Euler’s formula is the language of quantum mechan-
ics. In Volume 1V, a free particle has wave function ¢’ (kx=wt) ‘and the time
evolution of every quantum state is multiplication by e~/ h. Taylor series

in several variables, and the expansion of a potential about its minimum,
V(x) & V(x0) + 3V"(x0)(x — x0)?, explain why the harmonic oscillator ap-
pears everywhere in physics.

13.6 WORKED PROBLEMS

Each problem below is solved in full and combines several ideas from the chapter. Attempt
each one before reading its solution.

Problem 13.1 Euler and the Basel problem

s

Reproduce Euler’s 1735 argument that ) >, % = %, and say what it lacks as a

proof.

Solution. A polynomial with roots 71, ..., 7 and value 1 at 0 factors as [] (1-
7 ) The function smx has value 1 at 0 and roots £71, £27,...; treating it as a
polynom1al of 1nf1n1te degree,

T () (o ee)

The coefficient of x% on the right is — % YL

xX_—1_ % 4,
itis —}. Equating, n2 = —2. The numerics agree: ), <109 % ~ 1.63498, and the

mtegral test bounds the remainder between fﬁ and 1%, consistent with %2 ~
1.64493.

The gap is the infinite product: a function is not determined by its zeros (e
has the same zeros). Weierstrass justified this product a century later. In Volume
IV, Fourier series give a two-line proof.

X smx

Problem 13.2 Relativistic kinetic energy

In special relativity a particle of mass m and speed v has kinetic energy K =
mcz(\/#w —1). Show that K ~ jmv? for v < ¢, and estimate the relative

error of the classical formula at v = 0.1c.
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Solution. With f = 2 and the binomial series (1 —u) /2 =14 % 4 3 1 ...
atu = B2,
_ (B3 OB (143
K_mc< tg Tt )—2m0<1+4ﬁ+ )
The leading term is Newton’s kinetic energy. At B = 0.1 the correction is about

%(0.01) = 0.75%. For a car at 30 m/s, 2 = 10~ !*: Newtonian mechanics is the
first term of a series whose second term is invisible in daily life.

Problem 13.3 Computing 7

Show that 7 = 4 arctan% — arctan 2;)—9 (Machin, 1706), and estimate how many
terms of each arctangent series give 7t to 7 decimal places.

Solution. Leta = arctan . 5. By the double angle formula, tan2a = = 1/ 735 = -

10/12 120
and tan4a = 125/t = 119 Then

120
7T 1
a“( & 4) 1+128 239

and since 4x — 7 is between 0 and 7, it equals arctan 2:1))—9 Both series alternate.

Five terms of arctan 5 have error at most (1/ 5) ~ 1.9 x 1077, multiplied by 16 in
7T; two terms of arctan 35 have error at most (1/ 2539) ,negligible. The total error is
under 4 x 1078, and the computation gives 3.14159268, against 77 = 3.14159265.
Machin computed 100 digits by hand this way; formulas of this type held every

record until the 1970s.

Problem 13.4 Choosing a center

Approximate v/8.1 with a second-degree Taylor polynomial, and bound the er-
ror.

Solution. Expand f(x) = x!/3 at a = 8, where everything is exact: f(8) = 2,
f'(8) = 1 8723 = 12;f//( ):_%’875/3:_144 So

01 (0.1)2
Tp(8.1) =2+ o5 — —5ed- A 2.0082986.

M( 0'1)3, where M bounds f"(x) = x7%/3 on [8,8.1];
its maximum is at X = 8, 27 256 ~ 0.00145. So the error is at most 2.4 x 107
and in fact it is 2.39 x 10~7: the Lagrange bound is nearly sharp here because f"’
changes little over the interval. Expanding at 0 would be hopeless, since x/3 is
not differentiable there.
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Problem 13.5 Series solution of a differential equation
Find the power series solution of y’ = x + y, y(0) = 1, and identify it.

Solution. Puty =) c¢,x" with¢y = 1. Theny’ = Y (n + 1)c,+1x", and matching
coefficients of x" iny' = x +y:

(n+1)cp1 =cn+[n=1],

where [n = 1] is 1 if n = 1 and 0 otherwise. So¢; = 1, ¢; = % =1,c3 = %,

€4 = %,andforn >2,cp = % Hence y = 1+x+22n22% =14+x+2(e* —
1 —x) = 2¢* — x — 1, the solution found by Euler’s method in Example 10.2.
Many equations of physics, such as Bessel’s and Hermite’s equations in Volume
IV, have no elementary solutions, and their power series solutions define new

functions.

Problem 13.6 Taylor series of the logarithm at 2
Find the Taylor series of In x at @ = 2 and its interval of convergence.

Solution. Write Inx = In2+1n (1 + "T_z) and substitute u = ’%2 in the series
for In(1+ u):

—1)" 1 (x —2)" x—2
QS

Inx =In2+ ) _ <1+ 0<x<4
n=1

The interval is centered at 2 and reaches exactly to 0, where In fails to exist. This
isno accident: a power series converges in the largest interval (in fact disc, in the
complex plane) that avoids the singularities of its function, which is why &7,
with no real singularity, still has R = 1 at 0: it is singular at x = +i.

EXERCISES
A. COMPUTATION

13.1 Find the interval of convergence of ) ’é—z

13.2 Find the interval of convergence of ) nx".

(x+1)"
2n/n *

13.4 Find the interval of convergence of }_n!(x — 1)".

13.3 Find the interval of convergence of )

(71)"9{2”
(2n)!

13.5 Find the interval of convergence of )
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13.6 Find the interval of convergence of ) M

13.7 Find the radius of convergence of }_ n"x".
13.8 Find the interval of convergence of } -, %

13.9 Find a power series for ﬁ and its radius of convergence.

13.10 Find a power series for %
13.11 Find a power series for In(1 — x?) and its radius of convergence.

13.12 Differentiate a geometric series to find a power series for ﬁ

13.13 Find a power series for x arctan(x?) and its radius of convergence.

13.14 Find Y% 2.

13.15 Find Y, 51

13.16 Find the Taylor series of e* ata = 3.

13.17 Find the Taylor series of cosx ata = 7.

13.18 Find the Maclaurin series of sinh x and cosh x.

13.19 Find the Maclaurin series of x%e~~.

13.20 Find the Maclaurin series of sin? x.

13.21 Find the first three nonzero terms of the Maclaurin series of sec x.

13.22 Find T; for /x ata = 4.

13.23 Find T3 for Inx at a = 1, evaluate it at 1.2, and bound the error with Theo-
rem 13.10.

13.24 What degree of Taylor polynomial at 0 approximates ¢*> within 1076?

13.25 Use the binomial series to approximate v/1.06 to four decimal places.

13.26 Find the binomial series for § Jrlx)g,.

1—cosx—x%/2

13.27 Use series to find lim,_,q e

X —1—x—x2/2

13.28 Use series to find lim,_,( 3

13.29 Evaluate [ sin(x2) dx to three decimal places.
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13.30 Evaluate [;/> 25 gy to three decimal places.

13.31 Find the sum of Y5 ;nl();nﬁn )

13.32 Write ¢/"/3 and ¢"/2 in the form a + bi.

B. THEORY AND PROOF

13.33 Prove that if Y_c,x" has radius R, then ¥_ ¢, x*" has radius VR.

13.34 Prove that the Maclaurin series of f is even (only even powers) when f is
even.

13.35 Prove that if |c,|!/" — L with 0 < L < oo, the radius of convergence is 7.

13.36 Use Taylor’s theorem to prove the second derivative test: if f'(a) = 0 and
f"(a) > 0, with f” continuous, then f has a local minimum at 4.

13.37 Prove that |sinx — x| < % for all x.

13.38 Use Euler’s formula to derive the addition formulas for cos(a + b) and
sin(a + b) from ¢/(*+) = ¢i%eil,

C. CHALLENGE

1/x2

13.39 Prove that every derivative of e~ at 0 is 0, completing Example 13.9.

13.40 The period of a pendulum of length L released from angle 6, is
n/2 — ain b . . .
4\/7 IN Jiere k2 ey k = sin73. Expand by the binomial series

tOShOWTNZR'\/; 1+E .

13.41 Show that S, "1 — 50,

13.42 Find the Maclaurin series of -*5 up to x*.

Bernoulli numbers, which give the sums ) ﬁ

Its coefficients define the

13.43 Prove Abel’s theorem for the series of In(1 + x) directly: show that | In2 —

—1)n—1 1 . AN
- (T) < Jo tNdt, using I =¥, n(—1)" + (1+)t ‘

n=1
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APPENDIX A

FOUNDATIONS: PROOFS OF THE
THEOREMS ON CONTINUITY,
INTEGRABILITY, AND SERIES

This appendix proves the theorems whose proofs were postponed. Everything
rests on the completeness axiom of Chapter 1: every nonempty set of real numbers
that is bounded above has a least upper bound. The least upper bound of S is written
sup S; the greatest lower bound, which exists for nonempty sets bounded below
(apply the axiom to —S), is written inf S. The defining property used again and
again: if s = sup S and € > 0, then s — € is not an upper bound, so some element
of S exceeds s — €.

A.l CONSEQUENCES OF COMPLETENESS

Theorem A.1 (Archimedean property). For every real x there is an integer n >
x. Consequently + — 0.

Proof. If not, x is an upper bound of N, so s = sup IN exists. Then s — 1 is not an
upper bound: somen > s—1. Butthenn+1 > sandn +1 € N, a contradiction.

Theorem A.2 (Bolzano—Weierstrass). Every bounded sequence has a conver-
gent subsequence.

Proof. Leta < x, < b for all n. Bisect [a,b]; at least one half contains x, for

infinitely many n. Call it [a1, b1], and choose n1 with x,, € [a1, b1]. Bisect again,

choose a half [a, b] containing infinitely many terms, and choose n, > 17 with
bf

Xu, € [az,by]. Continuing, we obtain nested intervals with by — a; = 2—,(“ and

indices nqy < np < --- with x,,, € [ag, bx]. The sequence (ay) is increasing and
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bounded by b, so it converges to some ¢ by Theorem 12.4 (whose proof uses only
the completeness axiom). Since a; < ¢ < by, |x,, —c| < by —a; — 0.

We also use the sequential criterion: f is continuous at ¢ if and only if f(x,) — f(c)
for every sequence x, — c in the domain. The forward direction is immediate
from the definitions. Conversely, if f is not continuous at ¢, there is an € > 0 such
that for every n some x, with [x, — c| < 2 has [f(x,) — f(c)| > €; thenx, — ¢

but f(x) # f(c).

A.2 THE INTERMEDIATE AND EXTREME VALUE THEO-
REMS

Proof of the Intermediate Value Theorem (Theorem 2.28). Let f be continuous on
[a,b] and f(a) < N < f(b) (the case f(a) > N > f(b) follows by applying this
to —f). Let S = {x € [a,b] : f(x) < N}, nonempty (it contains a) and bounded
by b; let c = sup S. We show f(c) = N.

If f(c) < N, then ¢ < b, and by continuity f(x) < N on some interval [c,c + ),
which contains points of S larger than c: impossible. If f(¢) > N, thenc > a,and
by continuity f(x) > N on some interval (¢ — §, c]. No point of this interval is in
S, and no point to the right of c is in S, so ¢ — ¢ is an upper bound of S smaller
than c: impossible. Hence f(c) = N.

Proof of the Extreme Value Theorem (Theorem 2.30). Let f be continuous on [a,b].
First, f is bounded: otherwise for each n there is x, with |f(x,)| > n. By The-
orem A.2, a subsequence x,, — ¢ € [a,]], and by continuity f(x,,) — f(c), a
finite number, contradicting | f (xy, )| > nx — oco.

Let M = sup{f(x) : a < x < b}. Foreachn, M — % is not an upper bound, so
there is x,, with f(x,) > M — % A subsequence converges to some ¢ € [a,b], and
f(c) = lim f(x,,) = M. So the maximum is attained; apply this to — f for the
minimum.

A.3 INVERSE FUNCTIONS AND THE ROOT LAW

Theorem A.3. Let f be continuous and one-to-one on an interval I. Then f is
strictly monotone, f(I) is an interval, and f =1 is continuous on f(I).

Proof. Monotone. If not, there are x < y < zin I with f(y) not between f(x) and
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f(z); say f(y) > max(f(x), f(z)) (the other case is symmetric). Any value N
strictly between max(f(x), f(z)) and f(y) is taken on (x,y) and on (y, z), by the
Intermediate Value Theorem, contradicting one-to-one.

Interval. By the Intermediate Value Theorem, f(I) contains every value between
any two of its values.

Continuity of the inverse. Let f be increasing (so g = f ! is increasing too), d =
f(c) an interior point of f(I), and € > 0 small enough thatc+e € I. Putd =
min (d — f(c—e€), f(c+e)—d) >0.1f [y—d| <, then f(c—€) <y < f(c+e),
and since g is increasing, ¢ — e < g(y) < ¢+ €. Endpoints are handled with
one-sided versions of the same argument.

Corollary A 4 (Root law). Iflimy_,, f(x) = L and n is a positive integet, then
lim, ,, {/f(x) = = VL, L, provided L > 0 when n is even.

Proof. The function x — x" is continuous and one-to-one on [0, o) (and on R if
n is odd), so by Theorem A.3 its inverse x — {/x is continuous. A continuous
function of a function with a limit has the corresponding limit (Chapter 2). If n
iseven and L > 0, then f(x) > O near a, so {/f(x) is defined there.

By the same theorem, In (the inverse of exp), arcsin, arctan, and the other in-
verse trigonometric functions are continuous, which completes the proof of the
continuity theorem of Chapter 2.

A4 L'HOPITALS RULE: THE REMAINING CASES

Proof of the % case of Theorem 6.1. Considerx — a+ with ¢(x) — oo and I

<ef0ra<t<a—l—5 Fix

y=a-+ 5 (shrmkmg 0 if needed so that f and g are differentiable on (a,y]). For
a < x <y, Cauchy’s Mean Value Theorem gives c € (x y) with

(=10 1O, (=1
glx) —gly) &) y
(g(x) # g(y) by Rolle’s theorem, since g’ # 0). Now write

fw%_ﬂ@—ﬂw.@ g@»+fW)

L‘<€

g(x)  g(x) —g(y) gx)/  glx)
As x — at, g(x) — £oo while y is fixed, so the second factor tends to 1 and
the last term to 0. Hence ch E ; lies within 2¢ of L for x close enough to a. As e
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was arbitrary, J;% — L. (The hypothesis f — =00 was not even used.) For

f/—L‘ <€sh0ws§>%

L = 400, the same argument with é > M in place of 7

eventually.

Proof of the case a = oo. Put F(t) = f(1)and G(t) = g(3) fort > 0. Then F'(t) =
—5f'(}) and G'(t) = —%¢'(}), so g,((?) = {;8;2 — Last — 0". By the cases

already proved, % — Last — 0T, that s, % — Lasx — oo.

A5 INTEGRABILITY OF CONTINUOUS FUNCTIONS

Definition A.5. f is uniformly continuous on a set S if for every € > 0 there
isad > Osuch that |f(x) — f(y)| < eforall x,y € S with |x — y| < J.

Theorem A.6 (Heine). A function continuous on [a, b] is uniformly continuous
there.

Proof. 1f not, there is € > 0 such that for each n there are x,,y, € [a,b] with
1xn — yu| < Lbut|f(x4) — f(ya)| > €. By Theorem A.2, a subsequence x,, —
¢ € [a,b]; then y,, — c too. By continuity, f(x,,) — f(yn,) — f(c) — f(c) =0,
contradicting | f(x,,) — f(yn,)| > €.

For a bounded f and a partition P, let M; and m; be the supremum and infi-
mum of f on [x;_1, x;], and define the upper and lower sums U(P) = }_ M;Ax; and
L(P) = Y m;Ax;. Every Riemann sum for P lies between L(P) and U(P).

Lemma A.7. For any two partitions P and Q, L(P) < U(Q).

Proof. Adding a point to a partition splits one subinterval in two; the infimum on
each piece is at least the infimum on the whole, so lower sums do not decrease,
and similarly upper sums do not increase. Let R = P U Q, a refinement of both.
Then L(P) < L(R) < U(R) < U(Q).

Proof of Theorem 7.3 for continuous f. By the Extreme Value Theorem f is
bounded, and by Lemma A.7 the set of all lower sums is bounded above
by any upper sum. Let I = sup,L(P). Then L(P) < I < U(P) for every
partition P.
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Given € > 0, by Theorem A.6 choose ¢ with |f(x) — f(y )| < % when |x —
y| < o. If |[P|| < 4, then on each subinterval M; — m; < ;< (the extremes are
attained, by the Extreme Value Theorem, at points less than ¢ apart), so U(P) —
L(P) < 3% Y. Ax; = €. Both I and every Riemann sum for P lie in the interval
[L(P),U(P)], of length at most €, so they differ by at most €. This is the definition

of [ f=1

Sketch for bounded f with finitely many discontinuities. Let |f| < M and let the dis-
continuities be dy, ..., d. Given ¢, enclose each d]- in an open interval of length
1 = gu- On the complement, a finite union of closed intervals, f is continu-
ous and so uniformly continuous; the argument above makes the contribution
of those subintervals to U(P) — L(P) at most 5 for fine partitions. Subintervals
of a fine partition that meet the small intervals have total length at most 2k#, and
contribute at most 2M - 2kyy = §. So U(P) — L(P) < € when |[|P|| is small, and
the conclusion follows as before.

A.6 UNIFORM CONVERGENCE AND POWER SERIES

Definition A.8. Functions f, converge uniformly to f on a set S if for every
€ > 0 thereis an N with | f,,(x) — f(x)| < eforalln > Nandall x € S.

Pointwise convergence lets N depend on x; uniform convergence does not. The
functions x" on [0, 1] converge pointwise to a function that is 0 for x < 1 and
1 at x = 1: continuous functions with a discontinuous limit, which uniform
convergence forbids.

Theorem A.9. Let f,, — f uniformly on [a, b], with each f, continuous. Then f
is continuous, and | ab fo— [ ah f.

Proof. Givene,choose nwith |f, — f| < §on [a,b], and d with |f,,(x) — fu(c)| < §
for |x —cf <. Then [f(x) = f(e)| < [f(x) = ()| + [fa (%) = fu(e) + |fule) -

f(c)| < e. For the integrals, f is continuous and hence integrable, and | f (fn —

A< [P 1= Fl < (b—a)sup|fu— f| = 0.

Theorem A.10 (Weierstrass M-test). If |u,(x)| < M, on S and }_ M, con-
verges, then Y u, (x) converges absolutely and uniformly on S.
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Proof. Absolute convergence at each x is the comparison test. The remainder af-
ter N terms satisfies ‘ Y on Un(X) ‘ <Y ..~~N M;, which tends to 0 independently
of x.

Proof of Theorem 13.5. Take a = 0 and 0 < r < R. Choose s with 7 < s < R; the
series converges at s, so |c,|s" < K for all n. On [—1, 7],

n K n—1
lenx"| < K<K> , [nc,x" 1| < —n(f) ,
s s \s

and both bounds form convergent series (the second by the ratio test). By the
M-test, both ¥ ¢,x" and g(x) = Y nc,x" ! converge uniformly on [—r,7], and
their sums are continuous by Theorem A.9.
Integration. Applying Theorem A.9 to the partial sums on the interval between 0
and x gives [ f = ch%.
Differentiation. Integrating g termwise in the same way, [y g(t) dt = ¥,,>1 cux™ =
f(x) — co. Since g is continuous, the Fundamental Theorem gives f'(x) = g(x)
for [x| < r,and r < R was arbitrary.

Radii. The argument shows the differentiated and integrated series converge for
|x| < R. If either converged at some |x| > R, then differentiating or integrating
it back would give convergence of the original series beyond R, by what was just
proved.

Theorem A.11 (Abel). IfY ¢, converges to s, then Y c,x™ converges for |x| < 1
and lim,_,1- Y c,x" = s.

Proof. Convergence for |x| < 1is Lemma 13.2. Lets, = ¢o+ - - - + ¢,. For |x| <
1, the identity )~ c,x" = (1 — x) ¥_,,50 52" follows by multiplying out (both
series converge absolutely, since (s;,) is bounded). Since (1 — x) Y x" =1,

chx —s=(1—-x) i

Given € > 0, choose N with [s, —s| < e forn > N. For 0 < x < 1, the right
side is at most (1 — x) Y, < [sn — 5| +€(1 —x) Loy X" < (1 —x)C + €, where
C does not depend on x. This is less than 2¢ for x close to 1.
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APPENDIX B

FORMULAS AND TABLES

Every antiderivative below has been checked by differentiation. Constants of
integration are omitted, and a > 0 throughout.

ALGEBRA AND GEOMETRY

Quadratic formula  ax?> +bx+c=0 < x = %izi@

Factoring > —b?>=(a—0b)(a+b), a®+£b = (a£b)(a®>Fab+b?)
Binomial theorem  (a+b)" = Y1 (})a"kbF
Exponents ag" ="t (a™)" = g™
a "= ain/ ah/n — 1/ gm
Logarithms In(xy) =Inx+Iny, Iny=Inx—Iny
x

[ —
Inx" =rlnx, log,x= 13

(X1+X2 yﬁ‘yz)
’ 2 /2

N| —f

Distance, midpoint \/ (xp — x1)2 + (y2— 1)

Circle area 7172, circumference 27r; sector %729, arc r0
Sphere volume %7‘(1’3, area 47r?

Cylinder volume 7tr?h

Cone volume %m’zh, lateral area 7trv/r2 + h?
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Product to sum

Law of sines

Law of cosines

TRIGONOMETRY

Pythagorean sin? x 4 cos? x = 1, 1+tan’x =sec?x, 1+ cot?x =csc?x
Addition sin(a £ b) = sinacosb £ cosasinb

cos(a £ b) = cosacosb Fsinasinb

_ _tanattanb

tan(a + b) - lirg;nata;nb
Double angle sin2x = 2sin x cos x

cos2x = cos® x —sin®x = 2cos’x —1 =1 —2sin’ x
Half angle sin? x = 1569821 g2 x = LicosZx

sinacosb = }[sin(a — b) +sin(a + b)]
sinasinb = 4[cos(a — b) — cos(a + b)]

cosacosb = %[cos(a —b) + cos(a +b)]

sinA __ sinB __ sinC

a b c

2 = 4%+ b% —2abcosC

Hyperbolic sinhx = €=¢", coshx = €4 cosh?x —sinh?x = 1
T T T T 21 3 5r
0 5 1 3 2 3 1 % T
: 1 V2 V3 V3 V2 1
Sim 9 2 v 5 1 5 v 2 0
V3 ov2 o1 1 V2 V3
cos® > 7 2 0 -5 -5 -5 -1
tan 0 $¥o1 B3 — V3 -1 ¥ o
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f f' f f!
x" rar 1 e*, a* e*,a*Ina
1 1
In |x| E log, x Y
sin x COoS X COS X —sinx
tanx sec? x cotx —csc? x
secx secxtanx cscx —cscxcotx
. 1 1
arcsinx —— arccos x -
V1—x2 V1—x2
1 1
arctanx —— arcsec x ——
142 |x|va2-1
sinh x cosh x cosh x sinh x
tanh x sech? x tanh ! x 1fx2

Rules: (cf) =cf',(f+g) = f +¢,(fg)

(fe8)8, ()W) = 77y
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= Fa+fe () = B% (fog) =
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INTEGRALS
fxrdx:’;:rll (r #—1) [ % =1In|x|
[e*dx =e* [a¥dx =& (a #1)

JInxdx =xInx —x
[xe*dx = (x —1)e*
[tanxdx = In|sec x|

[ secxdx =1In|secx + tan x|
[sec? xdx = tan x

[sec® xdx =
Ik aZTxZ = 1 arctan %

f x2dfa2 - Zﬂ In ’ x+a ’

[ arctan x dx = x arctan x — %ln(l + xz)
Va2 —x2+ % arcsin 2
IVxrta2+ gln{x—i- Va2 +a?|

[Va% —x%dx =
[Vx2ta?dx =

[N]

sin 2x
4

[xInxdx = ‘2—21 nx — %
[sin®xdx =%
[ cotxdx = In|sinx|
[ escxdx = —1In|escx + cotx|

[ cos? xdx = % + sinx

T(secxtanx + In|secx + tan x|)

f\/a’;l"izarcsinE
IW In |x 4+ vx2 £ a?|

[ arcsinxdx = xarcsinx + V1 — x?

ax : _ ax :
f X sinbx dx = © (a su;?icrbzbcos bx) fegx cosbxdx = ¢ (a COZzbinrzb sin bx)
Integration by parts: [udv = wuv — [vdu. Reduction: [sin"xdx =
ian—1 _ . _

__sin nxcosx 4 nnl f51nn Zde'
SERIES

Geometric Y ° gar" = % for |r| <1

2
p-series Y ni,, convergesiff p > 1; ). nl—z =
Finite sums Y/ ;i = (n+1), ?_1 2= w

111

Taylor

Jg n+l)

flx) =%

)(x—a) — g)N+1
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Test Conclusion Notes
Divergence an /0 = diverges Never  proves
convergence
Integral Y. f(n) and [;” f together f positive, de-
creasing
Comparison 0<a, <b, Yb, <oco=Ya, < Comparewith p-
00 series, geometric
Limit compari- Z—;’ — ¢ € (0,00): same behavior Positive terms
son
Alternating by 1 0= Y.(—1)"b, converges Error < first
omitted term
Ratio {a’;—;ﬂ — L: L < 1converges, L > Factorials, expo-
1 diverges nentials
Root |la,|'/" — L: same as ratio nth powers
GREEK ALPHABET
« alpha 7 eta vnu Ttau S beta 0 theta
¢ xi vupsilon v,I'gamma :iota oomicron ¢, @, ® phi
0,Adelta xkappa 7, Ilpi xchi ¢eepsilon A, Alambda
p tho P, ¥Ypsi (zeta pmu o,Xsigma w,()omega
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APPENDIX C

NUMERICAL METHODS

Most equations cannot be solved in closed form, most integrals have no elemen-
tary antiderivative, and most differential equations have no formula for their
solutions. This appendix collects the numerical methods of the text in four short
Python programs, each followed by the output it actually produced. They use
only the standard library. The theme is the same throughout: a method of order
p has error proportional to /¥, so halving the step divides the error by 27, and
the output tables show those ratios directly. Seeing the predicted ratio is the best
evidence that a program is correct.

C.I SOLVING EQUATIONS: BISECTION AND NEWTON'S
METHOD

Bisection rests on the Intermediate Value Theorem: if f(a) and f(b) have opposite
signs, a root lies in [a, b]; test the midpoint and keep the half on which the sign
changes. Each step halves the interval, so n steps locate the root within bZ_n”. It

always works, but slowly: about 3.3 steps per decimal digit.

Newton’s method (Chapter 6) replaces f by its tangent line: x,,41 = x,, — jf,((fc"n)). By

Taylor’s theorem with N = 1, if r is a simple root,

0= f(r) = f(xn) + f(xa)(r —2xa) + 5" (c) (r = x0)?,
and dividing by f’(x,),

r—Xpi1 = —&(7 —x,)%

2f"(xn)

The error is squared at each step: quadratic convergence, which roughly doubles
the number of correct digits per step once x,, is close to r.

# Bisection and Newton's method for f(z) = 273 - 2z - 5 (Newton's own ezample,
1669)

X: X**%3 - 2%x - 5

X: 3¥x**2 - 2

f
df

ForgEd « Learn skills that matter. forgedlearn.com



FORGED CALCULUS 1 &1
NUMERICAL METHODS PAGE 197

a, b =2.0, 3.0 # f(2) =-1<0< 16 = f(3)
("bisection: n midpoint interval width")
n (1, 21):
m=(a+b) /2
f(a) * f(m) <= 0: b=m

ta=nm
n’% 5 ==0: (£f"{n:154} {m:.10f} {b - a:.2e}")
x = 2.0
("Newton: n  xn [£(x_n) ")
n (1, 6):
x =x - f(x) / df(x)

(f"{n:15d} {x:.13f} {abs(£f(x)):.2e}")

OUTPUT
bisection: n  midpoint interval width
5 2.0937500000 3.12e-02
10 2.0947265625 9.77e-04
15 2.0945739746  3.05e-05
20  2.0945520401  9.54e-07
Newton: n x.n |£f(x_n) |
1 2.1000000000000 6.10e-02
2 2.0945681211042 1.86e-04
3 2.0945514816982  1.74e-09
4  2.0945514815423 8.88e-16
5 2.0945514815423 8.88e-16

Twenty bisection steps give six digits; three Newton steps give nine, and the
fourth reaches the limit of double precision. The price is that Newton’s method
needs f’ and a good starting point; started near a critical point of f it can be
thrown far away. In practice the two are combined: bisect until the interval is
small, then switch to Newton.

C.2 NUMERICAL INTEGRATION

Kz (b*ﬂ)a
12n2

, where K; bounds |f (7)|. The program tests both on the integral

The trapezoid rule and Simpson’s rule of Chapter 9 have error bounds
K4(b7a)5
) 180n%

fo e~ dx of Example 13.15, whose exact value is available in terms of the error

function.

and

# Trapezoid and Simpson rules for the integral of exp(-z72) on [0, 1]
math
f = x: math.exp(-x * x)
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exact = math.sqrt(math.pi) / 2 * math.erf(1)

trap(n):
h=1/n
h * (£(0) / 2 + (f(1 * h) i (1, n)) + £(1) / 2)
simpson(n) :
h=1/n
s = £(0) + £(1) + (4 i%2 2) * £(i * h) i (1, n))
h/3=xs

(f"exact = {exact:.12f}")
(" n trapezoid error ratio Simpson error ratio")
pt = ps = None
n [4, 8, 16, 32, 64]:
et, es = trap(n) - exact, simpson(n) - exact
rt = £"{pt / et:6.2f}" pt g 0
rs = f"{ps / es:6.2f}" ps " "
(f"{n:3d} A{et: .3e} {rt} {es: .3e} {rs}")

pt, ps = et, es

OUTPUT

exact = 0.746824132812
n  trapezoid error ratio Simpson error ratio
4 -3.840e-03 3.125e-05
8 -9.585e-04 4.01 1.988e-06 15.72

16  -2.395e-04 4.00 1.246e-07 15.95

32 -5.988e-05 4.00 7.795e-09 15.99

64 -1.497e-05 4.00 4.872e-10 16.00

The trapezoid ratios approach 4 = 22 and the Simpson ratios 16 = 2%, as the
bounds predict. The trapezoid errors are negative because e~ is concave on
most of [0,1] and the chords lie below the curve there. With n = 64, Simpson’s
rule is accurate to ten digits, using only 65 function values.

The ratios suggest an improvement. If T,, ~ I + Ch2, then To, ~ I + %hz, and
eliminating C gives | ~ %, which is exactly Simpson’s rule Sy,. Repeating
this Richardson extrapolation on Simpson’s rule gives Romberg integration, which is
how many library routines work.
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C.3 DIFFERENTIAL EQUATIONS: EULER TO RUNGE--
KUTTA
Euler’s method follows the slope at the start of each step and is first order (Ex-

ample 10.2). Better methods sample the slope at several points of the step and
average:

e The improved Euler (Heun) method takes a trial Euler step, evaluates the
slope k; atits end, and uses the average klzikz, as the trapezoid rule averages
the endpoints. It is second order.

o The classical fourth-order Runge—Kutta method (RK4, 1901) uses four slopes,
kq :P(xn;]/n)/ kZIF(xn'f’%/ ]/n‘f’%kl)/

k3 :F(xn_l_%/ ]/n"‘%kz)/ k4 :F(xn +h/ yn+hk3)/
Yntl = Yn + %(kl + 2k, + 2k3 + k4)

When F depends only on x, this is exactly Simpson’s rule, and its error is
fourth order.

# Euler, improved Euler (Heun), and fourth-order Runge-Kutta for y' =z + vy, y

0) =1
math
F = X, y: x +y
exact = 2 * math.e - 2 #y=2ez -z -1atzx=1
euler(h):
x, y=20.0, 1.0
- ( 1/ n):
y +=h *x F(x, y); x +=h
y
heun(h) :
x, y =0.0, 1.0
- ( 1/ n):
k1 = F(x, y); k2 = F(x + h, y + h * k1)

y +=h *x (k1 + k2) / 2; x +=h

y
rk4(h):
x, y=0.0, 1.0
_ ( (1 / h)):
k1l = F(x, y)

k2 =F(x+h /2, y+h/ 2 *kl)
k3 =F(x+h /2, y+h/ 2 *k2)
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k4 = F(x + h, y + h * k3)
y +=h / 6 % (k1 + 2 * k2 + 2 * k3 + k4); x += h

y

(f"exact y(1) = {exact:.12f}")
name, method [("Euler", euler), ("Heun", heun), ("RK4", rk4)]:
prev = None
h [0.1, 0.05, 0.025]:
err = exact - method(h)
ratio = f" ratio {prev / err:5.2f}" prev "
(f"{name:6s} h = {h:<6} error = {err:.3e}{ratiol}")
prev = err

OUTPUT

exact y(1) = 3.436563656918

Euler h = 0.1 error = 2.491e-01

Euler h = 0.05 error = 1.300e-01 ratio 1.92
Euler h = 0.025 error = 6.644e-02 ratio 1.96
Heun h=0.1 error = 8.402e-03

Heun h = 0.05 error = 2.182e-03 ratio 3.85
Heun h = 0.025 error = 5.558e-04 ratio 3.93
RK4 h=0.1 error = 4.169e-06

RK4 h =0.05 error = 2.716e-07 ratio 15.35
RK4 h =0.025 error = 1.733e-08 ratio 15.67

The ratios approach 2, 4, and 16. With i = 0.1, ten RK4 steps, forty evaluations
of F in all, are about 65 times more accurate than ten thousand Euler steps. RK4,
with automatic adjustment of the step size, is the standard tool for the differential
equations of physics and engineering, including the systems of Volume IV.

C.4 ACCELERATING SERIES

The integral test (Theorem 12.12) does more than bound the remainder of a se-
ries: the bounds can be added to the partial sum as a correction. For )| %, the
remainder after N terms lies between ﬁ and %, and the midpoint rule suggests
the sharper estimate [y 12 x2dx = ﬁl/z For the alternating harmonic series,
the sum lies between consecutive partial sums (Theorem 12.18), so their average
should be closer than either.

# Accelerating slowly convergent series
math

# (1) zeta(2) = pi 2/6: add the integral-test estimate of the tail, about 1/(N
+ 1/2)

ForgEd « Learn skills that matter. forgedlearn.com



I c FORGED CALCULUS 1 &1
NUMERICAL METHODS

PAGE 201

target = math.pi ** 2 / 6

("zeta(2): N s_N error corrected error")
N [10, 100, 1000]:
s = (1 / n *x 2 n (1, N + 1))
(£"{N:14d} {target - s:.3e} {target - (s + 1/ (N + 0.5)):.3e
i3]
# () ln2=1-1/2 + 1/3 - ...: average consecutive partial sums
("ln 2: N s_N error averaged error")
N [10, 100, 1000]:
= (1) ** (m+ 1) / n n (1, N + 1))
=s+ (-1 »* (N+2) / (N+1) # s_{N+1}
(f"{N:14d} {abs(math.log(2) - s):.3e} {abs(math.log(2) - (s +
t) / 2):.3e}")
OUTPUT
zeta(2): N s_N error corrected error
10 9.517e-02 -7.176e-05
100 9.950e-03 -8.209e-08
1000 9.995e-04 -8.321e-11
1n 2: N s_N error averaged error
10 4.751e-02 2.058e-03
100  4.975e-03 2.451e-05
1000 4.998e-04 2.495e-07

The corrected sums gain several digits for free: one thousand terms of ) nl—z, cor-

rected, give %2 to ten places, where the uncorrected sum gives three. The cor-
rected errors fall like N3 and the averaged ones like N ~2 instead of N~!. These
are the simplest cases of general acceleration methods, the Euler-Maclaurin for-
mula and Euler’s transformation of alternating series, with which Euler com-
puted ), % accurately enough to recognize %2 before he could prove it.
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ANSWERS TO SELECTED EXERCISES

Answers are given for odd-numbered computational exercises. Every numerical answer
here was checked by computer algebra. Proof exercises are not answered; check proofs
against the definitions and theorems they rely on.

CHAPTER 1 2.1 The values 1.0517, 0.9516, 1.0050,
FUNCTIONS AND THEIR GRAPHS (1).9950, 1.0005, 0.9995 suggest the limit
1.1 (=3,3); (—00,2] U [6, ). '

(=3,3):( JUl6,e) 2.3 Take 6 = €/5: then |(4 —5x) — 9] =
1.5 [-2,3) U (3,00). 2.5 Take 6 = €!/3: then |x®| = |x|® <e.
1.7 (—o0,0) U (4, ). 2.7 3.
1.9 Even part -, odd part . 29 12.
1.11 y =3(x +2)? — 5; vertex (—2,-5).  2.11 3.
113 h = fogokwith k(x) = 2x+1, 213 1.

— _ .53
g = cos, f(u) =, 2,15 —oo; +co.
-1 -1 — i

115 f7(x) = 2(1 +1In(x 3))’ domain 2.17 Vertical: x = —1, x = 2. Horizontal:

(3,0). _

y=2.
117 1,2,3. 219 2; 2.
1.19 x =In2orx =In3. 2.21 1; —1.
121 x= 2 07565 - 1
<l X = In(5/2) = 7% 2.23 y = x, since f(x) = x + .77
1.23 37, 7 2100, 2250=73,b=3
1.25 7, %ﬂ/ %ﬂ/ %ﬂ 2.27 x ~ 0.74 (more precisely 0.739085).
1.27 1 . 1 2.29 0; —1.
) T+x27 V/1-22"
1.29 3; 3. CHAPTER 3
THE DERIVATIVE

CHAPTER 2

! = —
LIMITS AND CONTINUITY 3.1 f (a) = 6a—5.
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1

3.3 f/(x) = WorEst
35 y=x-2
3.7 f(x) = x10

a=7:2
3.9 2x+x3/2
2(x% +3x+1)

(@17

—2)eX
x2(x +3)e%; %

,a=1:10. f(x) = tanx,

3.11 —

3.13

2

3.15 tan x + xsec” x — sec x tan x.

2
(x+1)3%

3.19 sinx; x2sinx — 6x cos x — 6sin x.
321 (2,1)and (-2,-1).
3.23 Atrestatt = 2 and t = 4; backward

3.17 —

on (2,4); distance 20 +4 +20 = 44 m.

3.25 C'(100) = $9.00; C(101)
$9.0001.

3.27 a =3,b = —4.

3.29 f'(x) = 2|x| for all x (including
f'(0) = 0); f" is not differentiable at

— C(100) =

CHAPTER 4
THE CHAIN RULE AND ITS CONSEQUENCES

6x
4.1 42x%(2x° —5)6;, - ———.
Sy Fe
4.3 6x cos(3x% +1); —8 cos®(2x) sin(2x).

2

4.5 2x(1 — x2)e™™".

24 —tan? u = 1 is constant.

4.7 0, since sec
2x
(x2+1)In2

4.11 arctanx.

2
413 y = y(; +

4.9 - 38INX 1 3 cog .

1 3
2(x+1) _xfz)'
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24y, /
1,2),y =
5y 2 (12)y

the tangent isy=2—z(x—1).

4.15 y =

Iy

y— ex+y

4-17 y/ — m

4.19 Horizontal at (1,2) and (—
tical at (2,1) and (-2, —1).

—2); ver-

4.21 ~ 0.2459, where a =~ 0.5961

302 +3
is the real root of a® + 34 = 2.

4.23 The top slides down at 0.3 m/s.
4.25 480 km/h.

427 L(x) = x—1, In1.05 =~
value 0.04879).

4.29 Volume: +270 cm3, relative error 1%.
Surface area: +36 cm?, relative error
0.67%.

0.05 (true

CHAPTER 5

THE MEAN VALUE THEOREM AND THE SHAPE OF
GRAPHS

5.1 f: —5,1. g: 0 (where ¢’ is undefined),

8,4

5.3 Maximum 6 at x = 1 and x = 4; mini-
mum —14 at x = —1.

5.5 Maximum % +2In2 =~ 1.886 at x = %;
minimum 2 —2In2 ~ 0.614 at x = 2.

5.7 £(0) = f(3) = 2; ¢ = 110 ~ 1.786.

59 c=e¢—-1

5.11 Decreasing on (—oo,
increasing on (—1,0)
minima f(£1) = 2,1
f(0)=3.

5.13 Increasing on (0,2); decreasing on
(—00,0) and (2, o0).

—1) and (0,1),
and (1, o0); local
ocal maximum

5.15 Concave up on (—1,1), down on
|x| > 1; inflection points (+1,1n2).

517 Atx = 4 f”(4) = 320 > 0, local
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minimum —256. At x = 0 the test
fails; the first derivative test gives a lo-
cal maximum f(0) = 0.

5.19 Even; intercepts (0,3), (&£2,0);
asymptotes x = £3, y = 1; increasing
for x < 0, decreasing for x > 0 (away
from +3); local maximum (0, §); con-
cave up for |x| > 3, down for |x| < 3;
no inflection points.

5.21

Local minimum at x %, value
- V3 ~ —0.685; local maximum at
X = 57”, value %” + /3 ~ 6.968; in-
flection at (7z, 7).

5.23 Maximum 0 at x = 0; concave down
throughout; vertical asymptotes x =
+Z.

2

525 a=0,b=—3: f(x) = x> —3x.

5.27 Local maximum f(—1) = —2, local
minimum f(1) = 2; they lie on differ-
ent branches, separated by the asymp-
tote x = 0.

5.29 f(2) <7.

CHAPTER 6
APPLICATIONS OF THE DERIVATIVE

6.1 1.

6.3 0;0.

6.5 0;0.

6.7 0.

6.9 ¢2; ¢ 1/2,
6.11 10 and 10.

6.13 150 m perpendicular to the river by
300 m along it; area 45000 m?.

6.15 (- ¢,2).
6.17 Height %&; volume 3257;1[{3.
6.19 g = 2500 units at p = $35.
6.21 /5 ~ 1.709976.
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6.23 x =~ 0.567143.

6.25 2x3 — 4x? + 3x + C; 2In |x| + 3¢* —
tanx + C.

6.27 f(x) =4sinx+3cosx — 1.
6.29 After about 9.09 s, at about 94.0 m/s.

CHAPTER 7
THE DEFINITE INTEGRAL

7.1 Ry = 0950, Ly ~ 1.283; since 1 de-

creases, Ly overestimates and R4 un-
derestimates (In3 ~ 1.099).

7.3 [} xde =1
19
75 1.

N
N
QI

79 ¢ (x) = cos(x3);h’(x) = hfiz — L
1
Ty

Inx —

7.11
713

Displacement 4 m; distance 12 m.

2 (2x2+3)5 + C.

7.15 2(1+¢%)%2 4 C.
rctan (x?) + C.

(1-b.

%
717 §
7.19 ]
7.21
7.23
7.25
7.27 f(x) = ¢~
7.29 (-1,1).

1
3
s
67 18"
4
5

CHAPTER 8

APPLICATIONS OF INTEGRATION
1

8.1 ;.

8.3 9.

8.5 8.

64
8.7 &z,
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FORGED

ANSWERS TO SELECTED EXERCISES

FE

8.9 imrh.
2
8.11 7.
8.13 1Z.
815 L = [} V1+4x2dx; Ty ~ 14883
(true value 1.4789).
8.17 nrd.

8.19 4900007 ~ 1.54 x 10°7.

8.21 313600 N.

8.23 (%, %).

8.25 87t (area 2, centroid at ¥ = 2).

8.27 ¢ 19 ~ 0.223; median 1000In2 =~
693 hours.

8.29 6772,

CHAPTER 9
TECHNIQUES OF INTEGRATION

9.1 £sin3x + cos3x + C; —(x? + 2x +

2)e * +C.
2.

9.3 %5 (2sin3x — 3cos3x) + C.

9.5 —cosx+%cos3x— %cos5x+C;§—

51r3124x +C.

cos 7x cos 3x
9-7 7T - T + C.

2
9.9 V2.
9.11 2In|x — 1|+ JIn2x + 1| + C.
9.13 In|x+1| —Infx[ -1 +cC
9.15 I — 1.

9.17 Ty ~ 0.742984, My ~ 0.748747, Sy ~
0.746855.

9.19 %; 1; diverges.
9.21 1; diverges.

9.23 Converges; diverges; converges.

. .15
9.25 24; YT 15,
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9.27 Z(x+1)%2(3x—2)+C.
9.29 7.
CHAPTER 10
DIFFERENTIAL EQUATIONS
_ 1 2
10.1 y = X2

10.3 The line y = x + 1 is a solution;
through (0,0): y = x+1—¢%
through (0,2): y = x + 1+ e€*.

10.5 (0.5) ~ 0.0300.

10.7 y = tan (arctanx + F) = {12,
10.9 y = 2¢sint,

10.11 About 15.5 years.

10.13 35°C.

10.15 Lines y = kx through the origin; hy-
perbolas x> —y? = C.

3

1017 y = 555
10.19 y = &5t
10.21 10e!? ~ 3.01 kg.

10.23 y = —1 unstable, y = Ostable,y =1
unstable.

10.25 (0,0) and (500,50); 0.1lnW —
0.002W + 0.2In R — 0.0004R = K.

10.27 y=2 = x + 1 + Ce?.
10.29 y?> = ¥*(2Inx + C).

CHAPTER 11

PARAMETRIC EQUATIONS AND POLAR COORDI-
NATES

11.1 Theliney = 2417,

11.3 x2 — y2 =1, x > 1: the right branch,
traced upward.

M5 x=1+3t,y=2-5,0<t<1.
1M7y=%-1
11.9 Horizontal at (0,—4); vertical at
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FORGED

ANSWERS TO SELECTED EXERCISES

FE

(=2,-3) and (2, -3).
11141 — —1 7 <0.

(I—cost

11.13 24

e"

13v/13-8
11.15 13V13-8

1117 12.
24m(1+v2
11.19 27(iv2)

11.21 (3v2,3F); (2,°F).

11.23 r2c0s20 = 1; r = tan @ secH.

11.25 —2.

11.27 .

11.29 77— 3%

11.31 Ellipse; ¢ = %, fmin = 2, Fmax = 6,

a=4.

CHAPTER 12

INFINITE SEQUENCES AND SERIES

3
121 2.
12.3 ¢2.

12.5 Diverges: the terms approach 1 and
—1 alternately.

12.7 6.
12.9 3.
41
1211 2L
12,13 sy = —In(N+1) — —co.

12.15 Diverges: a,, — 1.

12.17 Converges; [{° xe " dx = L.
12,19 s5 ~ 1.08035; 1.08190 < s <
1.08302.
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12.21 Converges; compare with #
12.23 Converges; limit comparison with
(3)"

12.25 Conditionally.

12.27 Absolutely.

12.29 Converges; ratio —

Uil Q=

12.31 Converges; ratio —

CHAPTER 13

POWER SERIES AND TAYLOR SERIES
13.1 [-1,1].

13.3 R =2;[-3,1).

13.5 Allreal x.

13.7 R=0.

13.9 ©(-3)"x"; R = 1.

1311 -y, 25 R=1.

_l)nx4n+3

1313 ¥, ¢

2n+1 ;R=1

13.15 In 3.

_ 1+l 2n+1
1847 0 2

_ 1\ An+2
1319 ¥, S
13.21 1+ % + 3.
13238 T, = (x—1)— G510 4 Go1p,
T5(1.2) ~ 0.182667; error at most
0.0004.

13.25 1.0196.
13.27 — 4.
13.29 0.310.
13.31 cos 7 = 0.
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INDEX

A

Abel’s lemma, 173

Abel’s theorem, 175, 190
absolute maximum, 66
absolute value, 6
algebraic function, 8
alternating series test, 165
antiderivative, 85
Apéry’s constant, 164

arc length, 110
Archimedean property, 185
astroid, 64

autonomous, 138

average value, 97

B

bicylinder, 119

binomial series, 178

bisection, 29, 196
Bolzano-Weierstrass, 185
bounded, 161

bounded above, 4
brachistochrone, 147

Brouwer fixed-point theorem, 32

C

carrying capacity, 136

catastrophic cancellation, 20
catenary, 12

Cauchy condensation test, 171
Cauchy’s Mean Value Theorem, 69
Cavalieri’s principle, 108

center of mass, 113

centroid, 113

Chain rule, 50
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change of base, 9

closed interval method, 66

comparison test, 127, 164

completeness axiom, 4

composition, 7

concave downward, 70

concave upward, 70

concavity, 70, 71

concavity test, 70

conic section, 153

constant, power, sum, and constant
multiple rules, 39

Continuity, 27

Continuity of combinations, 28

Continuity of elementary functions, 28

continuous at a, 27

converge uniformly, 189

converges, 127, 160

converges absolutely, 165

converges conditionally, 165

corner, 38

cover-up method, 125

critical number, 66

cusp, 38

cycloid, 147

D

decreasing, 6, 161

definite integral, 96

degree, 8

derivative, 36

Derivative at a point, 36

Derivative of an inverse function, 53
Derivative of the logarithm, 54
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Derivative of the natural exponential,
41

difference quotient, 37

differentiability implies continuity, 38

differentiable at a, 36

differential, 59

differential equation, 133

direct substitution, 23

direction field, 134

directrix, 153

divergence test, 162

diverges, 127, 160

domain, 5

Dottie number, 87

E

eccentricity, 153

ellipse, 153

elliptic integral, 111

epicycloid, 159

equilibria, 138

error bounds, 126

error function, 99

Euler’s constant, 163

even, 6

even, odd, increasing, decreasing, 6
exponential function with base b, 9
extrema, 66

Extreme Value Theorem, 29
extreme values, 66

F

factor theorem, 8

Fermat’s theorem, 66

First derivative test, 70
first-order, 133

first-order linear, 137

fixed point, 32

floor, 6

focus, 153

fourth-order Runge-Kutta, 199
Fresnel integral, 99

frustum, 111

function, 5

Fundamental Theorem of Calculus, 98
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G

general antiderivative, 85
general power rule, 55
Geometric series, 162
Gompertz model, 143
graph, 5

growth rates, 80

H

half-angle, 10

harmonic series, 162
Heaviside step, 6
Heine’s theorem, 188
hole, 26

horizontal asymptote, 26
hyperbola, 153
Hyperbolic functions, 12

I

improper integrals, 127
improved Euler, 199

increasing, 6, 161
increasing/decreasing test, 69
indeterminate form of type g, 79
Infinite limits, 25

inflection point, 70

initial condition, 133

initial value problem, 133
instantaneous rate of change, 37
instantaneous velocity, 19
Integrability, 96

integrable, 96

Integral test, 163

integrating factor, 137
Integration by parts, 121
intercepts, 71

Intermediate Value Theorem, 29
interval of convergence, 174
inverse, 7

Inverse trigonometric functions, 11
irrational, 3

J
jerk, 38
jump, 27
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L

I'Hopital’s rule, 79
lamina, 113

least upper bound, 4
left-hand limit, 25
Leibniz notation, 38
Leibniz series, 175
lemniscate, 158

Limit comparison test, 164
limit comparison test, 128
Limit laws, 22

limit, informal, 19

Limits at infinity, 26
linear approximation, 58
linearization, 58
Lipschitz condition, 69
local extrema, 71

local maximum, 66
Logarithm, 9

logarithmic derivative, 55
logarithmic spiral, 151
logistic model, 136
Lotka—Volterra equations, 139
lower sums, 188

M

Maclaurin series, 176

major axis, 153

marginal cost, 37

maximum, 5

mean, 114

Mean Value Theorem, 67

Mean Value Theorem for integrals, 97
median, 114

minimum, 88

moment, 113

monotone, 161

Monotone Convergence Theorem, 161

N

napkin-ring problem, 119
natural exponential function, 9
natural logarithm, 9, 101
Newton’s method, 196
normal, 114
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(0]

odd, 6

one-sided limits, 25
one-to-one, 7

one-to-one; inverse, 7

order, 196

orientation, 146

orthogonal trajectories, 63, 137
orthogonality relations, 123

P
Pappus, 114

Pappus’s theorem, 156
parabola, 153

parameter, 146

parametric curve, 146
parametric equations, 146
partial sums, 162

partition, 96

phase line, 138

polar axis, 150

polar coordinates, 146

pole, 150

polynomial, 8

power series, 173

Power sums, 95
power-reduction, 10
probability density function, 114
product and quotient rules, 40
properties, 97

properties of absolute value, 3
properties of the logarithm, 101
pursuit curve, 159

Q

quadratic convergence, 84, 196

R

radians, 10

radius of convergence, 174
range, 5

rapidity, 15

Ratio test, 166

rational function, 8
remainder, 176
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removable, 27

Richardson extrapolation, 198
Riemann rearrangement theorem, 166
Riemann sum, 96

Riemann sum; definite integral, 96
right-hand limit, 25

Rolle’s theorem, 67

Romberg integration, 198

Root law, 187

Root test, 166

roses, 151

S

sample points, 96

secant line, 19

second derivative, 38
Second derivative test, 70
separable, 135

sequence, 160

sequential criterion, 186
series, 162

slant asymptote, 31
solution, 133

spira mirabilis, 155

spiral of Archimedes, 151
Squeeze Theorem, 24
stable, 138

standard series, 177
steady state, 140
Substitution rule, 99
sum, 162

supremum, 4
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symmetry, 100

T

tabular method, 121

tangent line, 37

tautochrone, 147

Taylor polynomial, 176

Taylor series, 176

Taylor’s theorem, 176

termwise differentiation and
integration, 174

Thomae function, 35

time constant, 138

transcendental, 8

transient, 140

triangle inequality, 3

Trigonometric identities, 10

U

uniformly continuous, 29, 188
uniqueness of limits, 22
unstable, 138

upper bound, 4

'

vertical asymptote, 25
vertical line test, 5
vertical tangent, 38

w
Wallis” integrals, 122
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