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PREFACE

This book covers precalculus and trigonometry: the algebra, functions, and ge-
ometry that calculus takes for granted. It is written for a reader who has fin-
ished algebra (Volume I of this series) and wants to understand these topics
well enough that calculus feels like a continuation rather than a new language.
Most students who struggle in calculus are not struggling with limits or deriva-
tives. They are struggling with the algebra and trigonometry underneath, and
this book is designed to remove that obstacle.

HOW THE BOOK IS ORGANIZED

Part I (Chapters 1-4) develops functions: the real numbers and inequalities,
functions and their graphs, polynomial and rational functions, and exponen-
tial and logarithmic functions. Part II (Chapters 5-8) is a complete course in
trigonometry: angles and the circular functions, their graphs and inverses, iden-
tities and equations, and the solution of triangles, including the ambiguous case.
Part III (Chapters 9-13) treats complex numbers and De Moivre’s Theorem, po-
lar coordinates and vectors, conic sections (including rotated and polar forms),
systems and matrices, and sequences, series, induction, and the binomial theo-
rem.

HOW TO READ THIS BOOK

Each chapter opens with its learning objectives. Boxed material comes in four
kinds.

Definition 0.1 (Definitions, theorems, propositions). Shaded boxes contain
the statements you should be able to reproduce from memory. Theorems
carry a gold rule.
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Example 0.2 (Examples). Worked problems. Cover the solution and at-
tempt the problem before reading it.

COMMON ERROR. Black-ruled boxes describe the specific mistakes stu-
dents make most often, and how to detect them.

LOOKING AHEAD. Dark boxes connect the current material to where it is

used later, in calculus (Volume IIT) or beyond (Volume IV).

Theorems, definitions, and examples share one numbering sequence within each
chapter.

EXERCISES AND ANSWERS

Exercises are grouped as Computation, Concepts and Proof, and Challenge. Answers
to odd-numbered exercises with a short final answer appear at the back of the
book. Every numerical answer in the examples and in the answer section was
checked by computer algebra before publication; if your result disagrees, find
the step where it diverges.

NOTATION

Angles are measured in radians unless a degree sign appears. The inverse
trigonometric functions are written arcsin, arccos, arctan; the notation sin"!x
means the same thing as arcsin x and never 1/ sin x, while sin® 2

x means (sin x)*.
An interval [a,b] is closed and (4, b) is open.
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CHAPTER 1

NUMBERS, EQUATIONS, AND
INEQUALITIES

Work with the real number line, intervals, and absolute value, and prove
that /2 is irrational.

e Solve linear, quadratic, radical, and absolute value equations, and detect
extraneous solutions.

e Derive the quadratic formula and use the discriminant to classify roots.

e Solve linear, absolute value, polynomial, and rational inequalities with
sign charts.

e Use the distance and midpoint formulas, and write equations of circles
and lines.

Every function in this book takes real numbers as inputs and produces real num-
bers as outputs, and almost every problem eventually comes down to solving an
equation or an inequality. This chapter reviews those foundations with more
care than a first algebra course usually gives them, because the habits formed
here, especially checking for extraneous solutions and reading sign charts, are
used constantly in calculus.

I.I THE REAL NUMBER LINE

The number systems are nested: the natural numbers N = {1,2,3,...}, the inte-
gersZ ={...,-2,-1,0,1,2,...}, the rational numbers Q = {p/q:p,q € Z, q #
0}, and the real numbers R, which correspond to the points of a line. A real num-
ber that is not rational is irrational. Rational numbers have decimal expansions
that terminate or repeat; irrational numbers have expansions that do neither.

ForgEd < Learn skills that matter. forgedlearn.com
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Theorem 1.1 (v/2 is irrational). There is no rational number whose square is 2.

Proof. Suppose v/2 = p/q with integers p,q having no common factor. Then
p? = 24%, so p? is even, and therefore p is even (the square of an odd number is
odd). Write p = 2k. Then 4k? = 247, so g> = 2k? is even and 4 is even. Now p
and g share the factor 2, a contradiction.

This proof, known to the Pythagoreans, is the model for every proof by contradic-
tion: assume the opposite, and deduce something impossible.

1.1.1 INTERVALS

Notation  Set Description
(a,b) {x:a <x<Db} openinterval
[a, b] {x:a <x<b} closed interval
[a,b) {x:a <x<b} half-open
(a,00) {x:x>a} unbounded
(—oo,b] {x:x<b} unbounded

The symbol co is not a number; a parenthesis always appears next to it. The union
A U B is the set of numbers in A or B (or both), and the intersection A N B is the
set in both.

1.1.2 ABSOLUTE VALUE

Definition 1.2 (Absolute value).

a, a>0,
la| =

—a, a<0.

Geometrically, |a]| is the distance from a to 0, and |a — b| is the distance be-
tween a and b on the number line.

Theorem 1.3 (Properties of absolute value). Forall real a, b: (1) |a| > 0; (2)
lab| = |a| |b|; (3) |a/b] = |a| / |b| if b # 0; (4) Va2 = |a|; (5) the triangle
inequality |a + b| < |a| + |b|.
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l c FORGED PRECALCULUS & TRIGONOMETRY

NUMBERS, EQUATIONS, AND INEQUALITIES PAGE 4

Proof of the triangle inequality. Since — |a| < a < |a] and — |b| < b < |b], adding
gives —(|a| + |b]) < a+b < |a| + |b|, which says exactly |a + b| < |a| + |b].

COMMON ERROR (Va2 = 1). Va2 = |a|, nota. Witha = —3: \/(=3)2 =
V9 = 3 = |-3|. This error reappears in calculus whenever a square root is
simplified for negative inputs.

1.2 EQUATIONS

To solve an equation is to find every value of the variable that makes it true. Two
equations are equivalent if they have the same solutions. Adding the same quan-
tity to both sides, or multiplying both sides by the same nonzero quantity, pro-
duces an equivalent equation. Squaring both sides, or multiplying by an expres-
sion that might be zero, does not, and may introduce extraneous solutions that
must be removed by checking.

1.2.1 QUADRATIC EQUATIONS

Theorem 1.4 (Quadratic formula). The solutions of ax?> + bx + ¢ = 0 with

a # 0are
v —b £ Vb* — 4ac
2a '
The discriminant D = b? — 4ac determines the type: two real solutions if D > 0,
one (repeated) if D = 0, and none that are real if D < 0 (two complex solutions,
Chapter 9).

Proof. Divide by a and complete the square: x> + %x = —%,80
el BV s e L) o dac
a”  4a2  4a2 4’ 2a)  4a%

Taking square roots, x + % = :I:ivbzzf”c, provided b% — 4ac > 0.

Example 1.5 (Three methods). (a) x> —5x — 14 = 0 factors as (x — 7)(x +
2)=0:x=7orx=—-2. (b)2x>+4x—1=0: x = _4iv416+8 = —2j2:%. ()
X2 4+2x+5=0: D=4—20 < 0, so there are no real solutions.
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1.2.2 EQUATIONS THAT ARE NOT QUADRATIC

Example 1.6 (Quadratic in form). Solve x* —5x% 4+ 4 = 0 and x?/3 — x1/3 —

6 =0.
Solution. Letu = x% u2 —5u+4=0,u = 1or4,sox = £1,+2. For the
second, letu =x/3: 2 —u—6=0,u =30r —2,s0x =27 or x = —8.

Example 1.7 (A radical equation). Solve v/2x + 3 = x.

Solution. Squaring, 2x +3 = x2,s0 x> —2x —3 =0and x = 3orx = —1.
Check: v/9 = 3 works; v/1 = 1 # —1 fails. The only solution is x = 3.
The extraneous root —1 is a solution of —+/2x + 3 = x, which has the same
square.

Example 1.8 (Absolute value equations). Solve |2x —5| =3 and |[x — 1| =

12x + 3.
Solution. |2x —5| =3means2x -5 =3o0r2x -5 = —-3: x =4orx = L.
For the second, |u| = |v| means u = £v: x — 1 = 2x + 3 gives x = —4, and

WIN

x—1=—(2x+3) givesx = —

COMMON ERROR (Dividing by the variable). Solving x> = 3x by dividing
by x gives x = 3 and loses x = 0. Factor instead: x(x —3) = 0. Never
divide by an expression that could be zero.

1.3 INEQUALITIES

Inequalities are solved like equations, with one difference: multiplying or dividing
by a negative number reverses the inequality. (2 < 3, but —2 > —3.)

Theorem 1.9 (Absolute value inequalities). Forc > 0: |u| < ¢ < —c <
u<coand|u| >c < u< —coru>c.

Example 1.10 (Absolute value inequalities). |x — 4| < 0.5 means 3.5 < x <
4.5: the numbers within 0.5 of 4. And |[3x +2| > 4 means 3x +2 < —4 or
3x+2 >4, thatis x € (—o0, —2] U [%,oo).
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1.3.1 POLYNOMIAL AND RATIONAL INEQUALITIES

A polynomial or rational expression can change sign only where it is zero or
undefined. These critical values divide the line into intervals on which the sign is
constant, and one test point per interval determines it.

Example 1.11 (A sign chart). Solve x> — x2 — 6x > 0.
Solution. Factor: x(x — 3)(x +2) > 0. Critical values —2, 0, 3.

Interval (—o0,—2) (—=2,0) (0,3) (3,00)

x — - + +
x—3 — — - +
x+2 — + + +
Product — + - +

The solution is (—2,0) U (3, o).

+1
<3.
5 S

Example 1.12 (A rational inequality). Solve a

Solution. Do not multiply by x — 2, whose sign is unknown. Move ev-

erything to one side: &1 —3 = TH302) _ 7-2x < (. Critical values 2
(undefined) and % (zero). Testing: negative on (—oo,2), positive on (2, %),
negative on (%, ). Including the zero but not the point where it is unde-

fined: (—o0,2) U [, ).

COMMON ERROR (Multiplying an inequality by an expression). Multiplying
fc% <3byx—-2givesx+1 < 3x — 6,50 x > % That loses the whole
interval (—o0,2), where x — 2 < 0 and the inequality should have reversed.

1.4 THE COORDINATE PLANE

Theorem 1.13 (Distance and midpoint). The distance between (x1,y1) and
(x2,y2) isd = \/(x2 — x1)2 + (y2 — y1)%, and their midpoint is (’“JZF—XZ, @)

The distance formula is the Pythagorean theorem applied to the right triangle
with legs |x2 — x1| and |y2 — y1|- A circle with center (I, k) and radius r is the set

ForgEd < Learn skills that matter. forgedlearn.com
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of points at distance r from the center, so its equation is

(x—h)?*+ (y—k)* =12

Example 1.14 (Completing the square). Identify x? +y* + 6x — 4y — 12 =
0.

Solution. Group and complete squares: (x> + 6x +9) + (y*> — 4y +4) =
12+ 9 +4,s0 (x +3)2 + (y — 2)? = 25: the circle with center (—3,2) and
radius 5.

1.4.1 LINES

The slope of the line through (x1,y1) and (x2,y2), x1 # x2,is m = £-11: the rise
per unit run. Lines can be written in point-slope form y — y; = m(x — x1), slope-
intercept form y = mx + b, or general form Ax + By + C = 0. Vertical lines x = a

have undefined slope.

Theorem 1.15 (Parallel and perpendicular lines). Two nonvertical lines are
parallel if and only if their slopes are equal, and perpendicular if and only if their
slopes satisfy mymy = —1.

Proof of the perpendicular condition. Translate so that both lines pass through the
origin: y = myx and y = myx. They contain the points A(1,m1) and B(1,m;).
The lines are perpendicular exactly when triangle OAB has a right angle at O,
that is (by Pythagoras and its converse) when |OA|* + |OB|* = |AB*: (1+
m3) + (1+m3) = (my —my)?. Expanding, 2 = —2mymy, so mymy = —1.

Example 1.16 (A perpendicular bisector). Find the perpendicular bisector
of the segment from A(1,2) to B(5, —4).

Solution. Midpoint (3, —1); slope of AB is 7° = —3; perpendicular slope
Z. The bisectoris y + 1 = %(x — 3), or 2x — 3y = 9. Every point on it is
equidistant from A and B.

LOOKING AHEAD. Absolute value inequalities are the language of limits:
the statement |x — a| < J means “x is within ¢ of 4,” and the definition of
limy_,, f(x) = L in Volume III is a pair of such inequalities. Sign charts

reappear in calculus to find where a function is increasing (the sign of its
derivative) and where its graph bends upward (the sign of its second deriva-
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tive).

1.5 WORKED PROBLEMS

The problems below combine several ideas from the chapter. Each solution
shows the full reasoning, including the checks that catch errors. Try each one
before reading the solution.

PROBLEM 1.1 Two absolute values

Solve |x — 3| + |2x + 1| = 10.

Solution. Each absolute value changes formula where its inside is zero: at
x=3and x = —%. These split the line into three intervals; on each, remove
the bars with the correct signs.

Case x < —%: both insides are negative, so —(x —3) — (2x + 1) = 10, that
is—3x+2=10and x = —%. This lies in the interval, so it counts.

Case —3 < x <3: —(x —3) + (2x+1) = 10, s0 x +4 = 10 and x = 6. This
is not in [—1,3): reject it.

Case x > 3: (x —3)+ (2x+1) = 10,30 3x —2 = 10 and x = 4. This is in
the interval.

The solutions are x = —% and x = 4. Check: }—%7] + }—%] = % =10, and
1+9=10.

PROBLEM 1.2 Two radicals

Solve v3x+1—+y/x—-1=2.

Solution. Isolate one radical before squaring: +/3x+1 = 24 v/x —1.
Squaring, 3x +1 = 4+4yx—-1+4+x—1,s50 2x —2 = 4y/x —1, that is
x—1=2Vx—1. Letu =+/x—1>0: thenu? =2u,sou = Qoru = 2,
giving x = 1or x = 5.

Both squarings could have introduced extraneous roots, so check in the orig-
inal: x = 1 gives v/4 — 0 = 2; x = 5 gives /16 — /4 = 2. Both are solutions.
Note that dividing x — 1 = 2y/x — 1 by v/x — 1 would have lost x = 1.

PROBLEM 1.3 Comparing two fractions

x+3 x—2

Sol .
o 1~ x+2

ForgEd < Learn skills that matter. forgedlearn.com
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Solution. Move everything to one side and combine over a common de-

nominator:
x+3 x—-2  (x+3)(x+2)—(x—2)(x—1)
x—1 x+42 (x—1)(x+2)
(P +5x+6)— (2 —3x+2) 4(2x+1)
B (x —1)(x+2) (=D (x+2)

Critical values: —2 and 1 (undefined) and —% (zero). Signs on (—oco, —2),

(=2, —%), (—%, 1), (1,00): —, 4+, —,+. We want > 0, including the zero but

not the undefined points:

(=2 =3 U (1,00).

PROBLEM 1.4 A parameter in a quadratic

For which values of k does kx? + (k + 3)x + k = 0 have two distinct real
solutions?

Solution.  First, k # 0, or the equation is not quadratic (with k = 0 it
is 3x = 0, one solution). For a quadratic, two distinct real roots require
D > 0:

D= (k+3)*—4k* = —3k* + 6k +9 = —3(k —3)(k+1).

D > 0 exactly when (k—3)(k+1) < 0, thatis —1 < k < 3. Excluding
k = 0: the answer is (—1,0) U (0, 3).

PROBLEM 1.5 A circle through three points

Find the circle through (0,0), (4,0), and (0, 6).
Solution. The center (4, k) is equidistant from all three points. Equidistant
from (0,0) and (4,0) means it is on the perpendicular bisector x = 2; from
(0,0) and (0,6), ony = 3. So the center s (2, 3), and the radius is its distance
to the origin, V13:

(x—2)+ (y—3)* =13,

The three points form a right angle at the origin, so the hypotenuse from
(4,0) to (0,6) is a diameter, and its midpoint (2,3) is the center: a second
way to the same answer.
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PROBLEM 1.6 A tangent line

Find the tangent line to the circle x> + y> = 25 at (3,4), and the distance
from the origin to that line.

Solution. A tangent to a circle is perpendicular to the radius at the point

of contact. The radius to (3,4) has slope 3, so the tangent has slope —3: y —
0+0-25] _ ¢

4 = —2(x—3), or 3x + 4y = 25. Its distance from the origin is NESTS

the radius, as it must be.

PROBLEM 1.7 Filling a tank

Pipe A alone fills a tank 5 hours faster than pipe B alone. Together they fill
it in 6 hours. How long does each take alone?

Solution. Let A take x hours, so B takes x + 5. In one hour A fills % of the

tank and B fills X%FS ; together they fill 1:

iuifé —  6(2x+5) =x(x+5) — **-7x-30=0.

So (x —10)(x +3) = 0. A time cannot be negative, so x = 10: pipe A takes

10 hours and pipe B takes 15. Check: 5 + 15 = +.

SKILL DRILLS

Short problems for speed and accuracy. Answers follow the list.

D1.1 Write {x: —1 <x <4}in D1.9 Solve x* + 6x +4 = 0.

int 1 notation.
ntervainotation D1.10 Find the discriminant of

D1.2 Write (—o0,2] N [—3,00) as one 3x? — 5x + 4.
interval. D1.11 Solve |x + 4| = 7.
D1.3 Evaluate |3 — 7|. D1.12 Solve v/x —3 — 4.
D1.4 Solve 5x —7 = 2x +8. D1.13 Solve —2x +5 > 11.
D1.5 Solve § + § = 5. D1.14 Solve |x — 1| < 3.
D1.6 Solve x? = 49. D1.15 Solve |2x + 3| > 7.
D1.7 Solve x% — 9x + 20 = 0. D1.16 Solve (x —2)(x +5) < 0.
D1.8 Solve 2x?> —x —3 = 0. D1.17 Solve *; > 0.
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D1.18 Find the distance from (1, —2) slope-intercept form.
to (7,6).
_ o D1.22 Find the slope of a line
D1.19 Find the midpoint of (—3,8) perpendicular to 2x — 5y = 1.
and (5, —2).
D1.20 Find the slope of the line D1.23 Find th2e center anzdl radius of
through (2,5) and (6, —3). (x+1)%+(y —6)" = 20.
D1.21 Find the line through (1,4) D1.24 Write the circle with center
with slope —2, in (0, —3) and radius 4.

ANSWERS TO SKILL DRILLS

D1.1 (—1,4]. D1.2[-3,2]. D137 —3. D145 D1512. D16-7,7. D17
4,5. D1.8 —1, % D19 -3 —+/5,-3++/5. D1.10 —23. D1.11 —11,3. D1.12
19. D1.13 (—o0,—3). D1.14 (—2,4). D1.15 (—o0,—5] U [2,00). D1.16 [-5,2].
D1.17 (—o00,0) U (4,00). D1.1810. D1.19 (1,3). D1.20 —2. D1.21
y=—2x+6. D122 —%. D1.23 Center (—1,6), radius 2v/5. D1.24

x?+ (y+3)2=16.

EXERCISES

COMPUTATION

1.1 Write as intervals: {x : =2 < x < 5}, {x : x > 3} U{x : x < -1},
[0,4) N (2,7].

1.2 Evaluate |r — 4|,

V2-1|-[1-v2

1.3 Solve % — XT_Z =1.

,and |x —3|if x < 3.

1.4 Solve 3x — 7x + 2 = 0 by factoring.
1.5 Solve x?> — 6x + 2 = 0 by completing the square.

1.6 Solve 4x2 +4x +1 = 0 and 3x2 — 2x + 4 = 0, and state the discriminant of
each.

1.7 Find k so that x? + kx + 9 = 0 has exactly one real solution.

1 2
1.8 SOIV@;—Fm—l
X 3
1.9 Solvex_3— x—3+2'

ForgEd < Learn skills that matter. forgedlearn.com



I c FORGED PRECALCULUS & TRIGONOMETRY

NUMBERS, EQUATIONS, AND INEQUALITIES PAGE 12

1.10 Solve x* — 13x2 + 36 = 0.
1.11 Solve /x+7 = x + 1.
1.12 Solve 2x +1—/x = 1.
1.13 Solve [3x — 1| = 8 and |x + 2| = —1.
1.14 Solve ‘xz —5‘ =4.

1.15 Solve 5 — 2x > 3x + 20.
1.16 Solve —3 < % <5.
1.17 Solve |[2x — 7| < 5.

1.18 Solve |4 — x| > 2.

1.19 Solve x2 — x — 12 < 0.
1.20 Solve 2x* + 5x > 3.

1.21 Solve x° > 4x.

1.22 Solve % > 0,
x+1

2x +1
x—3

x2—9
— — <0.
x24+1—

1.23 Solve <1.

1.24 Solve

1.25 Find the distance between (—2,5) and (4, —3), and the midpoint.
1.26 Show that (1,1), (4,5), and (8,2) are vertices of an isosceles right triangle.
1.27 Find the center and radius of x> + y*> — 8x + 2y + 8 = 0.

1.28 Find the line through (2, —3) parallel to 3x — y = 5, and the line through
the same point perpendicular to it.

1.29 Find the equation of the circle with diameter from (-1, 3) to (5, —5).
1.30 Find the points where the line y = x + 1 meets the circle x*> 4+ y? = 13.
CONCEPTS AND PROOF

1.31 Prove that v/3 is irrational. Where does the proof for /4 break down?
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1.32 Prove that the sum of a rational and an irrational number is irrational. Is
the sum of two irrationals always irrational?

1.33 Prove that | |a| — |b| | < |a —b].

1.34 Prove that if a,b > 0 then %b > ab (the AM-GM inequality), with
equality only when a = b.

1.35 Show that the solutions of ax? + bx + ¢ = 0 have sum —% and product ¢.

1.36 Explain why squaring both sides of an equation can introduce extraneous
solutions but never loses a solution.

1.37 For which ¢ does x? + 4x + ¢ > 0 hold for every real x?

1.38 Show that the set of points equidistant from (a,0) and (—a, 0) is the y-axis,
using the distance formula.

1.39 Prove that the diagonals of a parallelogram bisect each other, using coor-
dinates.

1.40 Show that the distance from the point (x, o) to the line Ax + By +C =0
is | Axo + Byo + C|

VAT B?
(0,b).

for the special case of the line y = mx and the point

CHALLENGE

1.41 Solve |x — 1|+ |[x+ 2| = 5.

1.42 Solve |x — 1| + |x + 2| < 3, and explain the answer geometrically.
1.43 Find all real x with \/x +3 —4y/x — 1+ /x +8—6y/x -1 =1.
1.44 Prove that 0.9 = 1 by two different methods.

1.45 Find all pairs of positive integers (a,b) with 1 + 3 = 1.
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CHAPTER 2

FUNCTIONS AND THEIR GRAPHS

e Define a function, find domains and ranges, and evaluate functions, in-
cluding piecewise functions and difference quotients.

e Read graphs: the vertical line test, intervals of increase and decrease, ex-
treme values, and symmetry.

e Compute average rates of change, and interpret them as slopes of secant
lines.

e Graph functions by transforming basic graphs with shifts, stretches, and
reflections.

e Combine functions algebraically and by composition, and decompose
composite functions.

e Find inverse functions, test for one-to-one functions, and graph inverses
by reflection.

The idea of a function, a rule that assigns to each input exactly one output, is the
most important idea in this book. Calculus is the study of how functions change,
and every topic in the chapters ahead (polynomials, exponentials, trigonometry)
is the study of a particular family of functions. This chapter develops the general
language.

2.1 FUNCTIONS

Definition 2.1 (Function). A function f from a set D to a set E is a rule that
assigns to each element x of D exactly one element f(x) of E. D is the domain;
the set of all values f(x) is the range. x is the independent variable and y =
f(x) the dependent variable.
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When a function is given by a formula and no domain is stated, the domain is the
set of all real numbers for which the formula produces a real number. In prac-
tice: exclude zeros of denominators, and require even roots to have nonnegative
arguments and logarithms to have positive arguments.

x+1

Example 2.2 (Domains). Find the domains of (a) f(x) = P ——

g(x) =v4—x2,(c) h(x) = xx_—|—23.

Solution. (a) x> —x — 6 = (x —3)(x +2) # 0: domain {x : x # 3, —2}.
(b) 4 — x? > 0: domain [—2,2]. The range is [0, 2], since g is the upper half
of the circle x> + y?> = 4. (¢) x + 3 > 0 and x # 2: domain [—3,2) U (2, ).

(b)

Example 2.3 (The difference quotient). For f(x) = x? — 3x, simplify
f(x+h})l_f(x) for h # 0.

Solution. f(x +h) = x?+ 2xh + h?> — 3x — 3h. Subtracting f(x) leaves
2xh + h? — 3h, and dividing by h gives 2x + h — 3.

The difference quotient is the slope of the line through (x, f(x)) and (x +h, f(x +
h)). In calculus, letting h shrink to 0 turns it into the derivative; here, 2x +h — 3
becomes 2x — 3.

COMMON ERROR (f(x+#) # f(x)+h). f(x+h)means: replace every x in
the formula by (x + h). For f(x) = x2, f(x+h) = (x + h)? = x> 4 2xh + K2,
which is neither x? + h nor x? + h2.

2.1.1 PIECEWISE FUNCTIONS

A function may be defined by different formulas on different parts of its domain.
The absolute value is the basic example.

Example 2.4 (A piecewise cost function). A parking garage charges $3 for
the first hour or less and $2 for each additional hour or part of an hour, up to
a daily maximum of $15. The cost C(t) for t hours is a step function: C(t) = 3
for0 <t <1,C(t) =5for1 < t <2, and so on, reaching 15 for t > 6. Its
graph is a staircase, and it jumps at every whole hour.
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2.2 GRAPHS OF FUNCTIONS

The graph of f is the set of points (x, f(x)) for x in the domain. Because each
input has exactly one output:

Theorem 2.5 (Vertical Line Test). A curve in the plane is the graph of a function
of x if and only if no vertical line meets it more than once.

Definition 2.6 (Increasing, decreasing, extrema). f is increasing on an inter-
val I'if f(x1) < f(x2) whenever x; < x, in I, and decreasing if f(x1) > f(x2).
f(c) is a local maximum if f(c) > f(x) for all x near c, and the absolute max-
imum if f(c) > f(x) for all x in the domain; minimum values are defined
similarly.

Definition 2.7 (Symmetry). fisevenif f(—x) = f(x) for all x in its domain;
its graph is symmetric about the y-axis. f isodd if f(—x) = —f(x); its graph
is symmetric about the origin.

Example 2.8 (Even, odd, or neither). f(x) = x* —3x%is even. g(x) =
x® + % is odd. h(x) = x% + x is neither: h(—1) = 0 while k(1) = 2 and
—h(1) = -2.

Definition 2.9 (Average rate of change). The average rate of change of f

f(b) — f(a)

between x = aand x = bis

(a, f(a)) and (b, f (b))

, the slope of the secant line through

Example 2.10 (Average velocity). A ball dropped from a tower has fallen

s(t) = 16t feet after t seconds. Its average velocity over [1,3] is 416 = 64
ft/s, and over [2,2.1] it is W = 65.6 ft/s. The averages over shorter

and shorter intervals around ¢t = 2 approach 64 ft/s, which calculus will
call the instantaneous velocity.
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2.3 TRANSFORMATIONS

A small library of basic graphs (x, x2, X3, \/x, |x|, %, V/x) together with the trans-
formations in the table below produces the graphs of a great many functions
without plotting points.

Theorem 2.11 (Transformations of graphs). Let ¢ > 0. Starting fromy =

f(x):

Equation Effect on the graph

y=f(x)+c¢ y=f(x)—c shiftup, down by c
y=f(x—c), y= f(x+c) shiftright, left by c

y=cf(x) stretch vertically by ¢ (compress if c < 1)

y = f(cx) compress horizontally by c (stretch if ¢ < 1)
y=—f(x) reflect in the x-axis

y=f(—x) reflect in the y-axis

Changes outside f act on y the way you expect. Changes inside act on x in the op-
posite way: f(x — 3) moves the graph right, because the output that f produced
at x is now produced at x + 3.

Example 2.12 (Several transformations). Sketch y = —2v/x+3+ 1.
Solution. Start with y = /x. Shift left 3 (1/x + 3), stretch vertically by 2,
reflect in the x-axis, then shift up 1. The graph starts at (—3,1) and falls to
the right, passing through (-2, —1) and (1, —3).

Y y=A/x.
5| ———____,_
° 1 ,,"—— X
3N2 1| 1 4
_3” ®.

Figure 2.1: y = —2/x + 3 + 1 obtained from y = /x by four transformations.
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COMMON ERROR (Order of horizontal operations). y = f(2x —6) = f(2(x —
3)) is f compressed by 2 and then shifted right 3, not right 6. Factor the
coefficient out of the inside before reading the shift.

24 COMBINING FUNCTIONS

Functions can be added, subtracted, multiplied, and divided pointwise: (f +

8)(x) = f(x) +8(x), (f&)(x) = f(x)g(x), and (f/g)(x) = f(x)/g(x), on the

intersection of their domains (and, for the quotient, where g(x) # 0).

Definition 2.13 (Composition). The composition of f and g is (f o g)(x) =
f(g(x)). Its domain is the set of x in the domain of g for which g(x) is in the
domain of f.

Example 2.14 (Composition is not commutative). Let f(x) = +/x and
¢(x) =+v2—x.Find fog, go f, and their domains.

Solution. (fog)(x) = V2 —x = +v/2 — x, with domain (—o0,2]. (go
f)(x) = /2 — v/x, which requires x > 0 and /x < 2: domain [0, 4].

Example 2.15 (Decomposition). Write F(x) = cos?(x +9) as a composi-
tion of three simpler functions.

Solution. F = fogohwithh(x) =x+9,¢(x) = cosx, f(x) = x2. Recog-
nizing such layers is exactly the skill needed for the chain rule in calculus.

2.5 INVERSE FUNCTIONS

Definition 2.16 (One-to-one and inverse). f is one-to-one if it never takes
the same value twice: f(x1) # f(x2) whenever x; # x,. If f is one-to-one
with domain A and range B, its inverse f ! has domain B and range A and
is defined by

fiy)=x <= f(x)=v.

Theorem 2.17 (Properties of inverses). (1) Horizontal Line Test: f is one-
to-one if and only if no horizontal line meets its graph more than once. (2)
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FYf(x)) = xforxin A, and f(f'(y)) = y for y in B. (3) The graph of
f~ 1 is the reflection of the graph of f in the line y = x. (4) A function that is
increasing (or decreasing) on its whole domain is one-to-one.

Proof of (3). (a,b) is on the graphof f < f(a) =b < f (b)) =a
(b,a) is on the graph of f~!. And the reflection of (a,b) iny = x is (b,a): the

segment joining them has slope —1 and midpoint (”Izib, “Zih) on the line.

Example 2.18 (Finding an inverse). Find the inverse of f(x) = 2; i l-

-3
Solution. Write y = 241 and solve for x: y(x — 3) = 2x+ 1,50 xy — 2x =

1
3y+land x = 3;%21 Interchanging the letters, f~!(x) = 3;;'—2 , with

domain x # 2 (which is the range of f). Check: f~1(f(0)) = f1(—1) =

0  _

Example 2.19 (Restricting the domain). f(x) = x? is not one-to-one on R,
but on [0, o0) it is, with inverse y/x. Restricting the domain in this way is
how the inverse trigonometric functions are defined in Chapter 6.

COMMON ERROR (f '(x) # ﬁ) The —1 in f~! is not an exponent. For

f(x) =22, f ' (x) = § while 715 = .

LOOKING AHEAD. In calculus, the derivative of an inverse function is found
from the reflection property: reflecting a graph in y = x exchanges rise
and run, so slopes at corresponding points are reciprocals, (f~!)'(b) =

f,}d . Composition is the structure behind the chain rule, % (g(x)) =

f'(g(x)) §'(x), the most used rule in all of differentiation.

2.6 WORKED PROBLEMS

These problems combine domains, composition, transformations, and inverses.
Each solution includes a check.
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PROBLEM 2.1 Domains of compositions

Let f(x) =+vx—1and g(x) = %_3 Find the domains of fogand go f.

Solution. (fog)(x) = y/-15 — 1 needs x # 3 and _L; > 1. That forces
x—3>0,and then1 > x — 3. S0 3 < x < 4: the domain is (3, 4].
1
o0f)(x) = ————needsx > 1and vVx — 1 # 3, thatis x # 10. The
(§0f)(x) = g needs ¥ > Land V&1 # +

domainis [1,10) U (10, c0). The two compositions have completely different
domains, a reminder that f o g and g o f are different functions.

PROBLEM 2.2 A difference quotient that simplifies
W) —
FaA N =1 fop 50

Simplify = %, and find what it approaches as

h — 0.

Solution. (x +h)3 = x + 3x2h + 3xh? + h®. Subtracting x*> and dividing
by h gives 3x? + 3xh + h? for h # 0. As h shrinks to 0 this approaches 3x2,
which is the slope of the tangent line to y = x, the derivative of Volume

III.

PROBLEM 2.3 Joining two pieces
cx+1, x<?2

Find ¢ so that the graph of f(x) = * has no break at x = 2.
x2—¢, x>2

Solution. The left piece approaches 2c¢ + 1 as x approaches 2, and the right
piece has value 4 — ¢ there. They match when 2c+1 = 4—c¢,soc = 1.
Check: both pieces give 3 at x = 2.

PROBLEM 2.4 An inverse and its domain

x+1

2x —3
Solution. Solve y = £t for x: 2xy —3y = x+1,s0 x(2y — 1) =3y +1
and x = % Hence f~1(x) = ;ﬁti
is the domain of f~1, x # % (The value % is the horizontal asymptote of f,
which f never reaches.) Check: f(2) =3and f1(3) = ¥ =2.

Find the inverse of f(x) = , and the domain and range of each.

. The domain of f is x # 3; its range
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PROBLEM 2.5 Building a formula from transformations

Starting from y = /x, reflect in the y-axis, then shift right 2 and up 3. Find
the new formula and its domain.

Solution. Reflecting gives y = /—x. Shifting right replaces x by x — 2:
y = /—(x—2) = /2 —x. Shifting up adds 3: y = /2 —x +3. The
domain is (—oo, 2], the reflection of [0, c0) shifted right by 2. The endpoint
(0,0) has moved to (2,3).

PROBLEM 2.6 Even and odd parts

Write f(x) = x® + x? — 4x + 1 as the sum of an even and an odd function.

Solution. The even part is W and the odd part is M Since
f(—x) = —x%+ x® + 4x + 1, the even part is x> + 1 and the odd part is x> —
4x. For a polynomial, these are simply the even-degree and odd-degree
terms.

PROBLEM 2.7 Average velocity

Aball has height h(t) = —16t> 4 64t feet. Find its average velocity on [1,1 +
h], and what this approaches as h shrinks.

Solution. h(1) =48 and h(1+h) = —16(1 + 2k + h?) + 64 + 64h = 48 +
32h — 16h%. The average velocity is %16;12 = 32 — 16h, which approaches
32 ft/s. The ball is rising at 32 ft/s at t = 1.

PROBLEM 2.8 Solving for an unknown function

Let f(x) = 2x + 3. Find g with f(g(x)) = 6x — 1, and find k with k(f(x)) =
4x + 5.

Solution. f(g(x)) = 2g(x) +3 = 6x — 1 gives g(x) = 3x — 2. For k, let
u=f(x) =2x+3,s0x =3 Thenk(u) =4-“2+5=2u—1,50
k(x) =2x — 1. Check: k(f(x)) =2(2x+3) — 1 = 4x +5.

SKILL DRILLS

Short problems for building speed and accuracy. Answers follow the list.
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D2.1 f(x) = x> —2x. Find f(-3). D2.14 Inverse of f(x) = 1 4+ 1.

D2.2 f(x) = ;*;. Find f(2) and D2.15 Inverse of f(x) = x> — 4.
f(a_ 1) . D ..
D2.16 Shift of y = x* giving
D2.3 Domain of . y = (x—5)2
D2.4 Domain of /6 — 2x. D2.17 Describe y = — |x| 4 2 relative
D2.5 Domain of X—\ﬁ. toy = |x].

_ 2
D2.6 Is x* — x? even, odd, or neither? D2.18 Vertex of y = (x +1)% —6.

D2.7 Is x° — 1 even, odd, or neither? D2.19 Range of y = /x — 3.

x

D2.8 Average rate of change of x? on D2.20 Rangeof y = —(x —2)* +7.

1,3].
x+1, x<0 _
D2.9 f(x) =3x—1,g(x) = x% Find D221 f(x) = {xZ, x>0 Find
f(8(2)). f(=2) + f(2).
D2.10 With the same f, g, find D2.22 Simplify f(x+h]i— f@) for
g(f(z)) f(x) —4x — 7.
D2.11 With the same f, g, find D2.23 If (2, —1) is on the graph of f,
(fog)(x). name a pointon y = f(x + 3).
D2.12 With the same f, g, find

D2.24 If (2, —1) is on the graph of f,
(g0 f)(x). name a point on the graph of
D2.13 Inverse of f(x) = 5x + 2. fL

ANSWERS TO SKILL DRILLS
D2115. D22%; %1 D23x# +3. D24 (—,3]. D25[0,4)U(4,00). D26

a
Even. D270dd. D2.84. D2911. D21025. D2.113x?—1. D212
(3x—1)2. D213 %2 D214 1. D215/x+4. D216Right5. D217

Reflected in the x-axis, up 2. D2.18 (—1,—6). D2.19 [-3,00). D2.20 (—o0,7].
D2213. D2224. D223 (—1,—-1). D224 (-1,2).

EXERCISES

COMPUTATION
2.1 If f(x) = 222 — 3x + 1, find f(—2), f(a + 1), f(2a), and 2f(a).
2.2 Find the domain of f(x) = le_Sx
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2.3 Find the domain of g(t) = /3 —t — 2+ ¢.
2.4 Find the domain and range of h(x) = V9 — x2 + 1.
2.5 Simplify the difference quotient w for f(x) = 3x* —x +5.

1
x+1

2.6 Simplify the difference quotient for f(x) =

2.7 Simplify the difference quotient for f(x) = /x by rationalizing the numer-

ator.
X2, x <0
2.8 Evaluate f(—3), f(0), f(2) for f(x) = < 2x+1, 0 < x <2, and sketch
7, x>2
the graph.
2.9 Determine JXévhether each function is even, odd, or neither: x° + x; 1 — x*;
2. .
2x — x e T |x| + x.

2.10 Find the average rate of change of f(x) = x> —4x on [0,2] and on [1,1 + k.
1
2.11 Find the average rate of change of f(x) = po between x = aand x = b.

2.12 Describe how to obtain each graph fromy = x> y = (x +2)> -3,y =
—3xr+ 4y = (2x —4)%

213 Sketchy =[x —2| —landy =1— |x +1].
2.14 Sketchy = %_3 + 2 and identify its asymptotes.

2.15 The point (2,5) is on the graph of f. Find a point on the graph of y =
3f(x—1)+2andony = f(—2x).

2.16 Find f + ¢, fg, f/g and their domains for f(x) = v/x +2, g(x) = x> — 1.

217 Find fog,gof, fo f for f(x) =2x — 3, ¢(x) = x> + 1.

1 2

7 8(x) = .

2.18 Find f o g and its domain for f(x) = :

x J—
2.19 Express F(x) = /14 y/xand G(x) = (Jc2—1H)3’ as compositions f o g.

2.20 Use the horizontal line test to decide whether x* — x, x> + x, and |x| are
one-to-one.
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2.21 Find the inverse of f(x) = 4x — 7 and verify f(f1(x)) = x.
2.22 Find the inverse of f(x) = v2x + 1.

2.23 Find the inverse of f(x) = XLH' and state its domain and range.

2.24 Find the inverse of f(x) = x> — 4x + 1 restricted to x > 2.
2.25 If f(x) = x° + 2+ x, find f~1(3) and f(f1(2)).
CONCEPTS AND PROOF

2.26 Prove that the sum of two odd functions is odd, the product of two odd
functions is even, and the product of an odd and an even function is odd.

2.27 Prove that every function f defined on all of R can be written as the sum

of an even and an odd function. Hint: W

2.28 Prove that a function that is increasing on its domain is one-to-one, and
that its inverse is increasing.

2.29 Explain why an even function (other than one with domain {0}) cannot
be one-to-one.

ax+b . ,
is its own inverse whenever a® + bc # 0.

2.30 Show that f(x) =

2.31 Prove that (fog)™! = ¢! o f~! when f and g are one-to-one.
2.32 Is composition associative? Prove that (f o g) oh = fo (goh).

2.33 Explain, with a graph, why y = f(x — c¢) moves the graph to the right when
c>0.

2.34 A function satisfies f(x +y) = f(x) + f(y) for all x,y. Show that f(0) =0
and that f is odd.

2.35 The function T(x) gives the tax on income x: 10% on the first $10,000, 20%
on income above that. Write T as a piecewise function and find its inverse
on [0, c0).

CHALLENGE
2.36 Find all functions of the form f(x) = ax + b with f(f(x)) = 4x +9.

2.37 Let f(x) = L. Compute f(f(x)) and f(f(f(x))), and find f(2°%)(x), the
2026-fold composition.
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2.38 Find the domain of f(x) = \/1 —V2—+3—x.
2.39 Find all functions f defined for x # 0,1 that satisfy f(x) + f (*!) = 1+x.

2.40 Sketch the graph of y = |x| + | —x], where | x| is the greatest integer < x.
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CHAPTER 3

POLYNOMIAL AND RATIONAL
FUNCTIONS

Write quadratic functions in vertex form and solve optimization prob-
lems with them.

e Describe the end behavior, zeros, and multiplicities of polynomial func-
tions, and sketch their graphs.

e Divide polynomials by long and synthetic division, and apply the Re-
mainder and Factor Theorems.

o Find rational zeros, and use the Fundamental Theorem of Algebra to fac-
tor polynomials completely over the complex numbers.

e Find the asymptotes and intercepts of rational functions and sketch their
graphs.

Polynomials are the functions built from the variable and constants using only
addition, subtraction, and multiplication. They are the simplest functions there
are, and in calculus they are used to approximate everything else. Rational
functions, quotients of polynomials, add one new behavior: vertical asymptotes,
where the function blows up.

3.1 QUADRATIC FUNCTIONS

Completing the square puts every quadratic f(x) = ax* +bx +c (a # 0) in
vertex form

f(x) =a(x —h)*+k, h:_?_ba’ k= f(h).
The graph is a parabola with vertex (1, k) and axis x = &, opening up ifa > 0 and

down if a < 0. So k is the minimum value of f when a > 0 and the maximum
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when a < 0.

Example 3.1 (Vertex form). f(x) = 2x? —12x +23 = 2(x?* —6x +9) +23 —
18 = 2(x — 3)? + 5. Vertex (3,5); minimum value 5; range [5, o).

Example 3.2 (Maximizing area). A rancher has 1200 m of fence to enclose
a rectangular field and divide it into two pens with a fence parallel to one
side. What dimensions maximize the total area?

Solution. Let x be the length of each of the three parallel sides and y the
other side. Then 3x + 2y = 1200, so y = 600 — 3x and the area is A(x) =
x (600 — %x) = —%xZ + 600x. The vertex is at x = — 2(f%0/2) = 200, giving
y =300 and A = 60,000 m?.

3.2 POLYNOMIAL FUNCTIONS AND THEIR GRAPHS

A polynomial of degree n is P(x) = a,x" + Ap_1x" - 4 ayx + ag with a, # 0.
ay is the leading coefficient.

Theorem 3.3 (End behavior). For |x| large, P(x) behaves like its leading term
ax". If n is even, both ends go up when a, > 0 and both go down when a, < 0.
If n is odd, the ends go in opposite directions: down on the left and up on the right
when a, > 0.

Proof. For x # 0, P(x) = a,x" (1 + ), and the parenthesis ap-

a,x"

proaches 1 as |x| grows.

If (x — ¢)™ is a factor of P but (x — ¢)™*! is not, c is a zero of multiplicity m. The
graph crosses the axis at a zero of odd multiplicity and touches without crossing
at a zero of even multiplicity; the higher the multiplicity, the flatter the graph is
near the zero. A polynomial of degree n has at most n real zeros and at most
n — 1 turning points.

Example 3.4 (Sketching a polynomial). Sketch P(x) = —x(x —2)?(x + 3).
Solution. Degree 4, leading coefficient —1: both ends go down. Zeros:
—3 and 0 (multiplicity 1, crossing) and 2 (multiplicity 2, touching). Signs:
P(—4) = -144 < 0,P(-1) =18>0,P(1) = -4 < 0,P(3) = —-18 < 0.
The graph rises from the left, crosses at —3, peaks, comes down through
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the origin, dips below the axis, touches it at 2, and falls away.

20 +

®-
*

—-20 +

Figure 3.1: P(x) = —x(x — 2)?(x + 3) crosses the axis at —3 and 0 and touches it at 2.

3.3 DIVIDING POLYNOMIALS

Theorem 3.5 (Division Algorithm). If P and D are polynomials with D # 0,
there are unique polynomials Q (the quotient) and R (the remainder) with

P(x) = D(x)Q(x) + R(x),

where R = 0 or deg R < deg D.

Example 3.6 (Long division). Divide P(x) = 6x* — x® 4+ 4x%> + x — 2 by

D(x) = 2x% + 1.

Solution. As in arithmetic, divide leading terms, multiply back, and sub-
tract. 6x* = 2x> = 3x%; subtracting 3x?(2x> + 1) = 6x* + 3x? leaves
—x3 4+ x2 4 x — 2. Next, —x3 =+ 2x? = —1x; subtracting — 1x(2x? + 1) leaves

x2 + 3x — 2. Finally x? = 2x? = 1; subtracting 1 (2x% 4 1) leaves 3x — 3, of

lower degree than D. So

6xt — x4 +x—2=(2x* +1) Bx* — Ix+ 1)+ 3x - 3.

Theorem 3.7 (Remainder and Factor Theorems). The remainder when P(x)
is divided by x — c is P(c). Consequently, x — c is a factor of P(x) if and only if
P(c) = 0.

Proof. Dividing by x — ¢ (degree 1) leaves a constant remainder r: P(x) = (x —
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c)Q(x) 4 r. Setting x = c gives P(c) =r.

Synthetic division is a compact algorithm for dividing by x — c¢: bring down the
leading coefficient, multiply by ¢, add to the next coefficient, and repeat. The last
number is the remainder P(c).

Example 3.8 (Synthetic division). Divide 2x* — 7x* 4+ 5 by x — 3.
Solution. Coefficients 2, —7,0,5 (the missing x term gets a 0):
312 -7 0 5

6 -3 -9
12 -1 -3 —4

S02x> —7x* +5 = (x —3)(2x* —x —3) —4,and P(3) = —4.

3.4 ZEROS OF POLYNOMIALS

Theorem 3.9 (Rational Zeros Theorem). If P(x) = a,x" + - - - + ag has inte-
ger coefficients and g (in lowest terms) is a zero, then p divides ay and q divides
Ay

Proof. Substitute and multiply by g": a,p" + a,_1p" " 'q+ - - - + apq" = 0. Every
term except the last contains p, so p divides aoq"; since p and q share no factor, p
divides ag. Similarly every term except the first contains g, so q divides a,,.

Example 3.10 (Factoring completely). Factor P(x) = 2x> + x?> — 13x + 6.
Solution. Candidates: +1,+2,+3,+6,+1,43. Testing, P(2) = 16 +4 —
26 + 6 = 0. Synthetic division by x — 2 gives 2x? + 5x —3 = (2x — 1)(x + 3).
So P(x) = (x —2)(2x — 1)(x + 3), with zeros 2, 1, —3.

3.4.1 COMPLEX ZEROS

The polynomial x? + 1 has no real zeros. Introducing the number i with iZ = —1,
it factors as (x —i)(x +i). A complex number has the form a + bi with a,b real;
complex numbers are added and multiplied like polynomials in i, using i? =
—1. They are developed fully in Chapter 9. In 1799 Gauss proved that complex
numbers are enough to factor every polynomial.
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Theorem 3.11 (Fundamental Theorem of Algebra). Every polynomial of de-

gree n > 1 with complex coefficients has at least one complex zero. Consequently
it factors completely as

P(x) =a(x—c1)(x—c2) - (x —cp),

and has exactly n zeros counted with multiplicity.

The first statement is deep; its proofs use analysis or topology. The second fol-
lows by repeatedly applying the first and the Factor Theorem.

Theorem 3.12 (Conjugate Zeros). If a polynomial has real coefficients and a +
bi is a zero, then so is its conjugate a — bi. Hence every real polynomial factors into
real linear factors and irreducible real quadratic factors.

Example 3.13 (Using a complex zero). Given that2 + i is a zero of P(x) =
x3 —5x2 4+ 9x — 5, factor P completely.

Solution. By Theorem 3.12, 2 — i is also a zero, so (x — (2 +1i))(x — (2 —
i)) = (x —2)%2 —i?> = x? — 4x + 5 is a factor. Dividing, P(x) = (x* —4x +
5)(x —1). Over the complex numbers, P(x) = (x —1)(x —2 —i)(x — 2 +1).

3.5 RATIONAL FUNCTIONS

A rational function is r(x) = g((?) with P, Q polynomials. Assume P and Q have

no common factor (otherwise cancel it, noting a hole in the graph).

n DEEIEY
Theorem 3.14 (Asymptotes of rational functions). Let r(x) = i in

bmxm _|_ e
lowest terms.

e Vertical asymptotes are the lines x = ¢ where Q(c) = 0.

o Ifn < m, the horizontal asymptote is y = 0; if n = m, itisy = ¢*; if
n > m, there is none.

o Ifn = m+ 1, there is a slant asymptote y = mx + b, the quotient when P
is divided by Q.
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2 _
Example 3.15 (A complete sketch). Sketch r(x) = 3{22):736_86
Solution. Factor: r(x) = 2((;__32))(<3ij22)) = 2(;__32) for x # —2. There
is a hole at x = —2 (where the simplified function equals 2(%54) =8) a

vertical asymptote x = 3, horizontal asymptote y = 2, x-intercept 2, and y-
intercept %. As x — 37 the function is large and positive; as x — 37, large
and negative.

Figure 3.2: r(x) = x%x_zix’_%: ahole at x = —2, asymptotes x = 3and y = 2.

COMMON ERROR (Graphs can cross horizontal asymptotes). A graph never
crosses a vertical asymptote, but it may cross a horizontal one, often several
times. The horizontal asymptote describes only the behavior as |x| — oo.

For example crosses its asymptote y = 0 at the origin.

_X
7 x2+1

LOOKING AHEAD. The asymptotes found here by algebra are limits in dis-
guise: a vertical asymptote at x = ¢ means lim,_,. |r(x)| = oo, and a horizon-
tal asymptote y = L means limy_, 7(x) = L. In calculus, partial fractions,

which decompose a rational function into simple pieces using exactly the
factorization theory of this chapter, are the method for integrating every
rational function.

3.6 WORKED PROBLEMS

These problems combine the division algorithm, the zero theorems, and the anal-
ysis of graphs.
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PROBLEM 3.1 A polynomial from its zeros

Find the cubic with zeros —1 (multiplicity 2) and 2, whose graph passes
through (0,4).

Solution. P(x) =a(x+1)?(x —2). Atx = 0: a(1)(—2) =4,s0a = —2and
P(x) = —2(x +1)?(x — 2) = —2x% + 6x + 4. The graph touches the axis at
—1, crosses at 2, rises on the left and falls on the right (degree 3, negative
leading coefficient).

PROBLEM 3.2 Factoring a quartic completely

Factor P(x) = x* — 2x3 — 7x% + 8x + 12.

Solution. The possible rational zeros are the divisors of 12. P(—1) = 1+
2—-7—-8412 =0, so x + 1is a factor; synthetic division leaves x> —3x2 —
4x +12. Group: x*(x —3) —4(x —3) = (x — 3)(x*> —4). So

P(x)=(x+1)(x —3)(x —2)(x +2).

PROBLEM 3.3 Two conditions, two unknowns

P(x) = x®+ax?+ bx + 6 has x — 1 as a factor and leaves remainder 12
when divided by x — 2. Find a, b, and the other zeros.

Solution. By the Factor and Remainder Theorems: P(1) =7+a+b =0
and P(2) = 14+4a+2b =12. Soa+b = —7and 2a + b = —1, giving
a=6b=—13. Then P(x) = x>+ 6x* —13x + 6 = (x — 1)(x> + 7x — 6),

and the other zeros are % V73

PROBLEM 3.4 Using a complex zero

Given that 2i is a zero of P(x) = x* — 4x3 + 9x% — 16x + 20, find all zeros.

Solution. Real coefficients force —2i to be a zero too, so (x — 2i)(x + 2i) =
x? + 4 divides P. Long division gives P(x) = (x?> 4+ 4)(x> — 4x +5). The
second factor has zeros ‘&7@6_20 = 2 &4 1. The four zeros are £2i and 2 4 i;
P has no real zeros, so its graph never meets the x-axis.
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x?—1

x2—4

Solution. r is even. Intercepts: x = £l and y = %. Vertical asymptotes

x = =£2; horizontal asymptote y = 1 (equal degrees, leading coefficients 1).

Sign of Exil)ﬂ:
*—2)(x12)

(—1,1), negative on (1,2), positive on (2,00). Near x = 2: from the right

r — +oo, from the left r — —oo. The graph has a hump through (0, })

between the zeros, and approaches y = 1 from above at both ends, since

r(x) —1= 2 > 0for |x| > 2.

x2—4

PROBLEM 3.6 Maximizing revenue

A theater sells 300 tickets at $10. Each $0.50 increase in price loses 10 cus-
tomers. What price maximizes revenue?

Analyze r(x) =

positive on (—oo, —2), negative on (—2, —1), positive on

Solution. After n increases, the price is 10 + 0.5n and attendance 300 — 10#,

so revenue is R(n) = (10 4 0.51)(300 — 10n) = 3000 + 50n — 5n°. The
vertex isatn = 2(_—_52) = 5: price $12.50, attendance 250, revenue $3125.

PROBLEM 3.7 A cubic inequality

Solve x3 — 3x%2 —4x + 12 < 0.

Solution. Factor by grouping: x?(x —3) —4(x —3) = (x —3)(x —2)(x +2).
The sign is negative on (—oo, —2), positive on (—2,2), negative on (2,3),
positive on (3, c0). Including the zeros: (—oo, —2] U [2, 3].

PROBLEM 3.8 Conjugate pairs and degree

Find a polynomial of least degree with real coefficients, leading coefficient
1, and zeros 3 and 1 — 2i.

Solution. 1 + 2i must also be a zero. (x — (1 —2i))(x — (1+2i)) = (x —
1)2+4=2x>—-2x+5.50 P(x) = (x = 3)(x> = 2x +5) = x> —5x% + 11x —
15. Degree 2 is impossible: a real quadratic with a nonreal zero has both
conjugates as zeros, leaving no room for 3.
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SKILL DRILLS

Short problems for building speed and accuracy. Answers follow the list.

D3.1 Vertex of y = x> — 6x + 5. D3.12 Possible rational zeros of
x3 —2x + 4.
D3.2 Vertex form of
Y= 2x% + 8x + 3. D3.13 Possible rational zeros of
3x2 +x —2.
D3.3 Maximum value of
y=—x>+4x+1. D3.14 Factor x> — 8.
D3.4 Zeros of x2 — x — 12. D3.15 Factor x®> + x2 —x — 1.
D3.5 End behavior of —3x* + x. D3.16 Zeros of x* +9.
2
D3.6 End behavior of 2x3 — 5. D3.17 Zeros of x* —2x +2.
D3.18 Number of complex zeros of

D3.7 Zeros and multiplicities of . ) o
x3( y — 2)2‘ x” — 1, with multiplicity.

' X

D3.8 Remainder when x® — 2x + 1 is D3.19 Vertical asymptotes of 57=5.

divided by x — 2. 3xj+41‘
P

D3.20 Horizontal asymptote of

D3.9 Remainder when x* +1is D3.21 Horizontal asymptote of 1.
divided by x + 1.
D3.22 Slant asymptote of L;“l

D3.10 Quotient of x* + 5x + 6 divided

by x + 2. D3.23 Hole in the graph of ’;::1 .
D3.11 Is x + 3 a factor of x3 4+ 27? D3.24 y-intercept of 2;:36.

ANSWERS TO SKILL DRILLS

D3.1(3,—4). D322(x+2)>—5. D335 D3.44,-3. D3.5Bothends down.
D3.6 Down on the left, up on the right. D3.7 0 (mult. 3), 2 (mult. 2). D3.8 5.
D3.92. D3.10x+3. D3.11Yes. D3.12+1,+2,+4. D313 +1,+2,+3,+3.
D3.14 (x —2)(x* + 2x +4). D3.15 (x —1)(x+1)2. D3.16 £3i. D3.171+i.
D3.187. D3.19x=+3. D320y =3. D321y=0. D322y =x. D323
(1,2). D3.24-2.

EXERCISES

COMPUTATION
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3.1 Write f(x) = —3x% 4 12x — 7 in vertex form, and give its vertex and range.
3.2 Find the quadratic with vertex (2, —3) passing through (4,5).

3.3 A ball is thrown upward with height i(t) = —16t> + 48t + 6 feet. Find its
maximum height and when it occurs.

3.4 Find two numbers whose sum is 30 and whose product is as large as pos-
sible.

3.5 A store sells 200 shirts a week at $20 each; each $1 price cut sells 20 more.
What price maximizes revenue?

3.6 Describe the end behavior of P(x) = —2x° + x> — 4 and of Q(x) = 3x* —
100x3.

3.7 Find the zeros and their multiplicities, and sketch: P(x) = x?(x — 3)(x +
1)3.

3.8 Find a polynomial of degree 3 with zeros —1, 2, 4 and P(0) = 16.
3.9 Divide x* — 2x3 +3x — 5 by x? + 1.

3.10 Use synthetic division to divide x* — 3x% 4+ 2x — 8 by x + 2.

3.11 Use the Remainder Theorem to find P(—3) for P(x) = 2x° — 3x* + x? + 7.

3.12 Find k so that x — 2 is a factor of x> + kx? — 4x + 8.

3.13 List the possible rational zeros of 2x* — 3x% + x — 6.

3.14 Factor completely: x> — 2x? — 5x + 6.

3.15 Factor completely: 2x° — 9x% + 7x + 6.

3.16 Find all zeros of x* — x> — 7x% + x + 6.

3.17 Find all real and complex zeros of x> — 1 and of x* — 16.

3.18 Given that 1 — 2i is a zero of x> — x> + 3x + 5, factor completely.

3.19 Find a polynomial with real coefficients of degree 4 with zerosiand 3 — i
and leading coefficient 1.

3x—1
3.20 Find the asymptotes and intercepts of r(x) = ;+ 5
_ , x> —x—2
3.21 Find the asymptotes, intercepts, and any holes of r(x) = 21
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2
2y —
3.22 Find all asymptotes of r(x) = %_ng
B +1
3.23 Fi 1l f = .
3 Find all asymptotes of r(x) i x

3.24 Sketchr(x) =

X
T including the sign of r on each interval.

3.25 Find a rational function with vertical asymptotes x = =2, horizontal
asymptote y = 3, and x-intercept 1 (only).

CONCEPTS AND PROOF

3.26 Prove that the vertex of y = ax? + bx + cisatx = — % by completing the
square.

3.27 Prove that a polynomial of degree n has at most n distinct zeros.

3.28 Show that x> — x — 1 has no rational zeros but does have a real zero between
1 and 2.

3.29 Prove that v/2 is irrational using the Rational Zeros Theorem.

3.30 Prove the Conjugate Zeros Theorem: if P has real coefficients and P(z) = 0,
then P(z) =0. Usezw = zZwand z + w = Z + .

3.31 Explain why every polynomial of odd degree with real coefficients has at
least one real zero.

3.32 If P(x) is divided by (x — 1)(x — 2), the remainder is ax + b. If P(1) = 3
and P(2) =7, find a and b.

X3+ x?

x2+1

3.33 Find the slant asymptote of r(x) =

crosses it.

and the point where the graph

3.34 Explain why a polynomial of degree n has at most n — 1 turning points.

3.35 Give an example of a rational function whose graph has a hole and no
vertical asymptote.

CHALLENGE

3.36 Find all polynomials P with P(x +1) — P(x) = 2x + 1 for all x and P(0) =
0.

3.37 The polynomial x3 4+ ax? + bx + c has zeros 7, s, t. Express r? 4+ 2+ in
termsofa, b, c.
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3.38 Find the remainder when x'? is divided by x> — 1.

3.39 Verify Sophie Germain’s identity x* +4 = (x> 4+ 2x + 2) (x> — 2x +2), and
use it to prove that n* + 4 is not prime for any integer n > 1.

3.40 A box with an open top is made from a 20 x 30 cm sheet by cutting squares
of side x from the corners. For what x is the volume exactly 1000 cm3?
(Find all solutions in the physical domain.)
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CHAPTER 4

EXPONENTIAL AND
LOGARITHMIC FUNCTIONS

e Graph exponential functions and use them to model growth, decay, and
compound interest.

e Define e through continuous compounding, and work with the natural
exponential function.

e Define logarithms as inverses of exponentials, graph them, and evaluate
them.

e Prove and apply the laws of logarithms and the change-of-base formula.

e Solve exponential and logarithmic equations, and check for extraneous
solutions.

e Model with exponential growth and decay, half-life, and logarithmic
scales.

Polynomials grow, but exponential functions grow faster than any polynomial.
Populations, investments, epidemics, and chain reactions grow exponentially; ra-
dioactive material, drug concentrations, and the temperature difference between
a cooling cup and its room decay exponentially. Logarithms, the inverses of ex-
ponentials, turn multiplication into addition and make these processes tractable.
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4.1 EXPONENTIAL FUNCTIONS

Definition 4.1 (Exponential function). For a constant a > 0, a # 1, the expo-
nential function with base a is f(x) = a*.

For rational x = p/q,a* = <¥/a?. For irrational x, a* is defined by approximating x
with rationals: 2V is the number that 214, 2141 21414 approach. (A rigorous
definition is given in Volume III using integrals.) The laws of exponents a* ™V =

a*a¥, (a*)¥ = a*¥, (ab)* = a*b* hold for all real exponents.

Theorem 4.2 (Graphs of exponential functions). f(x) = a* has domain R,
range (0,00), and f(0) = 1. Ifa > 1, f is increasing with lim,_,_ a* = 0; if
0 < a < 1, f is decreasing with limy_,., a* = 0. In both cases the x-axis is a
horizontal asymptote.

| ox 8ty
\ o
- - (1/2)X
\\\ 4,,
\\\\ 9 |
_/—-/-'\"‘“---______X
-2 -1 1 2

Figure 4.1: Exponential functions. All pass through (0,1); (1/2)* is the reflection of 2*
in the y-axis.

Example 4.3 (Exponential versus power). Compare f(x) = 2* and g(x) =
x2. They are equal at x = 2 and x = 4 (and at one negative x), with
x? > 2% on (2,4). But for x > 4 the exponential wins and the gap explodes:
210 = 1024 while 10?> = 100, and 2%° = 1,048,576 while 20° = 400. Every ex-

ponential with base greater than 1 eventually overtakes every polynomial.
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4.1.1 COMPOUND INTEREST AND THE NUMBER ¢
A principal P invested at annual rate r compounded 7 times per year grows to
7\ nt
A =P(1+ E)

after t years: each period multiplies the balance by 1 + 7, and there are nt periods.
As compounding becomes more frequent, the growth factor for one year at 100%
interest is (1 + %)n:

n 1 4 12 365 10,000 1,000,000
n
(1 + %) 2 2441406 2.613035 2.714567 2.718146 2.718280

The values increase toward a limit.

. 1\"
Definition 4.4 (The number e¢). ¢ = lim |1+ n) = 2.718281828459. ..

n—oo
The function e* is the natural exponential function.

With continuous compounding, the balance is A(t) = Pe't. In calculus, e is sin-
gled out by a different property: the graph of e* has slope exactly 1 at x = 0, and
the slope of e* at every point equals its value.

Example 4.5 (Comparing compounding). $5000 at 6% for 10 years: com-
pounded annually, 5000(1.06)!0 = $8954.24; monthly, 5000(1.005)'% =
$9096.98; continuously, 5000¢%¢ = $9110.59.

4.2 LOGARITHMIC FUNCTIONS

Because a* is increasing (or decreasing), it is one-to-one and has an inverse.

Definition 4.6 (Logarithm). For a > 0, a # 1, the logarithm with base a is the
inverse of a*:
log. x=y < a’ =x (x > 0).

log,, x is written log x (the common logarithm) and log, x is written In x (the
natural logarithm).

In words, log, x is the exponent you must put on a to get x. So log,8 = 3,
log,,0.001 = -3, logy 3 = %, and Ine® = 5. Because they are inverse functions,
log,(a*) = x for all x, %8 % = x for x > 0.
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The graph of log, x is the reflection of the graph of 4* in y = x: domain (0,00),
range R, passing through (1,0), with the y-axis as a vertical asymptote.

Example 4.7 (Domains with logarithms). The domain of f(x) = In(x? — 4x)
requires x> — 4x > 0, that is x(x —4) > 0: (—00,0) U (4, 0). The graph of
y = log,(x —3) + lislog, x shifted right 3 and up 1, with vertical asymptote
x =3.

4.3 LAWS OF LOGARITHMS

Theorem 4.8 (Laws of logarithms). Fora > 0,a # 1, x,y > 0, and any real r:

log, (xy) = log, x +log,y, log, ; = log, x —log,y, log,(x") =rlog, x.

Proof. Let u = log, x and v = log, vy, so a* = x and 4’ = y. Then xy = a"a’ =
a'*t?, so log, (xy) = u +v. Similarly § = """, And x" = (a")" = a™, so
log, (x") = ru.

Theorem 4.9 (Change of base). For bases a,b > 0 different from 1, log, x =

log, x , _ Inx
Ton 0 In particular logy, x = ™

a

Proof. Lety = log, x, so bY = x. Take log, of both sides: ylog, b = log, x.

3
. - VY 1
Example 4.10 (Expanding and combining). (a) In 2 = 3Inx+5Iny —
2

2Inz. (b) 2logx — log(x + 1) +log5 = log 35x+1. (c) log,25 =
X

In25

7~ 1.654.

COMMON ERROR (False laws). log, (x +y) # log, x +log, y; thereisnolaw
log,

for the logarithm of a sum. Also fog ; # log, ;, and (log, x)" # rlog, x.

a
Test any suspected law with numbers: log,,(10 4- 10) = 1.301 # 2.
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44 EXPONENTIAL AND LOGARITHMIC EQUATIONS

Example 4.11 (Exponential equations). Solve (a) 3**2 = 7, (b) é** —
e —6=0, (c)5 =231

Solution. (a) TakeIn: (x+2)In3 =In7,s0x = 2 — 2 ~ —0.229.

(b) A quadratic in e*: (e — 3)(e* +2) = 0. Smce e* > 0, only ¢* = 3:

x =1In3.
(¢) xIn5 = (3x —1)In2,s0 x(In5—3In2) = —In2and x = ;24 =
2 ~ 1.475.

In(8/5)

Example 4.12 (Logarithmic equations). Solve log,(x +2) +log,(x — 1) =
2.

Solution. Combine: log,[(x +2)(x —1)] = 2,50 (x+2)(x —1) = 4, x> +
x—6=0,x=2o0rx = —3. Check: at x = —3, log,(—1) is undefined, so
—3 is extraneous. The solution is x = 2.

COMMON ERROR (Extraneous solutions from combining logs). Combining
log, u +log, v into log, (uv) enlarges the domain: uv > 0 also when u and
v are both negative. Always check solutions in the original equation.

4.5 MODELING

Theorem 4.13 (Exponential growth and decay). A quantity that changes at a
rate proportional to its size satisfies A(t) = Agett, where Ag = A(0). It grows if
k > 0 and decays if k < 0. The doubling time (for k > 0) is 1“72 and the half-life
(for k < 0) is 1|r,‘<|2

The phrase “rate proportional to its size” is a statement about derivatives; Vol-
ume III proves that it forces the exponential form. Here we take the model as
given.

Example 4.14 (Carbon dating). Carbon-14 has a half-life of 5730 years. A
charcoal sample has 22% of the carbon-14 of living wood. Estimate its age.

Solution. k = — 112 Solve ek = 0.22: t = n02 — 5730. MG/02) - 19 57
years.
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Example 4.15 (Population). A bacteria culture has 500 cells at t = 0 and
8000 after 4 hours. Find the growth model and when the population reaches
50,000.

Solution. 8000 = 500¢* gives e = 16and k = hﬂ% = In2: the culture
doubles every hour, N(t) = 500 - 2!. Then 2 = 100 gives t = log, 100 ~
6.64 hours.

4.5.1 LOGARITHMIC SCALES

When a quantity ranges over many orders of magnitude, its logarithm is easier
to work with. The pH of a solution is pH = — log[H"]; the loudness of a sound
in decibels is = 10log ﬁ ; and the Richter magnitude of an earthquake is M =
log £, where S is a standard amplitude. On each scale, adding a fixed amount
corresponds to multiplying the underlying quantity by a fixed factor.

Example 4.16 (Comparing earthquakes). The 2011 Tohoku earthquake
had magnitude 9.1 and the 1989 Loma Prieta earthquake 6.9. The ratio of
their amplitudes is 1071769 = 10>? ~ 158.

4.6 FURTHER MODELS

4.6.1 NEWTON’S LAW OF COOLING

An object at temperature Tj placed in surroundings at constant temperature T
cools (or warms) so that the difference T — T; decays exponentially:

T(t) =To+ (To— Ts)e ™,  k>o0.

Example 4.17 (Time of death). At 2:00 a.m. a body is found in a room kept
at 68°F. Its temperature is 85°F, and one hour later it is 80°F. Assuming a

normal body temperature of 98.6°F, estimate the time of death.

Solution. Measure t in hours from 2:00 a.m.: T(t) = 68 + 17e~*. From
T(1) =80,e % = 12,50k = In 1Z ~ 0.3483. Death occurred when T = 98.6:
17~k = 30.6,s0 t = —w ~ —1.69. That is about 1 hour 41 minutes

before 2:00 a.m., around 12:19 a.m.
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4.6.2 LOGISTIC GROWTH

Unlimited exponential growth is unrealistic for populations, epidemics, or the
spread of information, because resources or susceptible people run out. The
logistic model has an S-shaped graph that levels off at a carrying capacity M:

M M — Py
P(t) = ————, = .
() 1+ Ae Kt Py
For small ¢ it grows almost exponentially; it grows fastest when P = % ; and

P(t) - Mast — oo.

Example 4.18 (A rumor). In a school of 1000 students, 10 initially know a
rumor, and 100 know it after 2 days. When will half the school know it?
Solution. A = 2% =99. From P(2) = 100: 1+ 99¢ % = 10,s0 72 =
and k = h‘% ~ 1.199. Half the school knows it when 99¢ % = 1, at t =
In% ~ 3.83 days.

=

Ldllylilg Lapdilly vl — 1UUyU

1,000 FB- - o e

500 + s

t (days)

2 4 6 8
Figure 4.2: The logistic curve of Example 4.18. Growth is fastest at the inflection point
P = 500.

4.6.3 STRAIGHTENING DATA WITH LOGARITHMS

Logarithms turn exponential and power relationships into straight lines, which
is how scientists recognize them in data.

e Ify = Cef*, then Iny = InC + kx: plotting Iny against x gives a line of
slope k.

o If y = Cx?, thenIny = InC + pInx: plotting Iny against In x gives a line
of slope p.
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Example 4.19 (Identifying a power law). Data: (1,2), (2,16), (4,128). Isy
exponential or a power of x?

Solution. Ratios of y for equal steps in x are not constant (2 — 16 over a

step of 1, 16 — 128 over a step of 2), so it is not exponential. On a log-log

scale the points are (0,In2), (In2,4In2), (2In2,71n2), which lie on a line
3In2

of slope 3282 = 3. Soy = Cx%,and C = 2: y = 2x°.

LOOKING AHEAD. In calculus, e* is the unique function equal to its own
derivative, and In x is the function whose derivative is % Volume III turns
the reasoning of this chapter upside down: it defines In x as the area under

y = 1 from 1 to x, and then proves every law in Section 4.3 from that defini-
tion. Exponential decay is also the shape of a quantum wavefunction inside
a barrier, which is why particles can tunnel through walls they classically
could not climb.

4.7 WORKED PROBLEMS

These problems combine the laws of logarithms with equation solving and mod-
eling.

PROBLEM 4.1 Different bases

Solve 2¥t1 = 3x—1 exactly, and approximate the answer.
Solution. Take In of both sides: (x +1)In2 = (x —1)In3. Collect x:
x¥(In3—In2) =In2+1n3, so

Iné6
x —_— m ~~ 4-419-

Check: 2>419 ~~ 42.8 and 3341° ~ 42 8.

PROBLEM 4.2 An extraneous logarithmic solution

Solve Inx + In(x — 3) = In10.

Solution. Combine: In[x(x —3)] =In10,s0 x> —3x — 10 =0and x =5 or
x = —2. The original equation requires x > 3 (both logarithms defined),
so x = —2 is extraneous. The solution is x = 5: In5 +1n2 = In10.
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PROBLEM 4.3 Mixed bases

Solve log, x +logy x = 6.

Solution. Convert to base 3: log, x = }Zg—i; = 3logyx. So 3logyx = 6,

log; x = 4, and x = 81. Check: log,; 81 = 4 and log, 81 = 2.

PROBLEM 4.4 An inequality that flips

Solve 0.8 < 0.1.

Solution. Take In (an increasing function, so the inequality is preserved):
tIn0.8 < In0.1. Now divide by In0.8, which is negative, so the inequality
reverses: t > {ﬁg% ~ 10.32. Interpretation: a quantity losing 20% per period

falls below a tenth of its starting value after about 10.32 periods.

PROBLEM 4.5 The inverse of a logarithmic function

Find the inverse of f(x) = In(2x — 4) + 1, with domains and ranges.
Solution.  f has domain (2,00) and range R. Solve y = In(2x —4) + 1:
2x—4=¢V"!, sox = Je¥"1 +2. Thus f(x) = 3¢* "1 + 2, with domain R
and range (2, 00). The vertical asymptote x = 2 of f becomes the horizontal
asymptote y = 2 of f~L.

PROBLEM 4.6 Comparing interest rates

Which pays more: 5.9% compounded monthly, or 6% compounded annu-
ally?

Solution. Compare the effective annual rates, the actual percentage growth
in one year. Monthly: (1 + %)12 —1 ~ 0.06062, or 6.06%. Annually:
6.00%. The lower nominal rate pays more because of more frequent com-
pounding.

PROBLEM 4.7 Decay from two measurements

A sample has 80 mg at t = 2 hours and 50 mg at t = 6 hours. Find the
half-life and the initial amount.

Solution. With A(t) = Age ™, divide the two data points: % = e % 50
k = Inl6 ~ 0.1175. Half-life = 32 = $82 ~ 590 hours. Then 4y =
80e%* = 801/1.6 ~ 101.2 mg.
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PROBLEM 4.8 An equation quadratic in e*

Solve e* —e™* = 3.
Solution. Multiply by e*: ¢2* —3¢* —1 = 0. With u = ¢¥, u = 3£Y13_ Since
u > 0, only the plus sign is allowed, and x = In ”T‘/ﬁ ~ 1.195. (The left
side is 2sinh x, and this computes arsinh 3.)
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Short problems for building speed and accuracy. Answers follow the list.

D4.1
D4.2
D4.3
D4.4
D4.5

Evaluate log, 32.
Evaluate log; 3.
Evaluate log 0.01.
Evaluate Ine .

Evaluate e"5.

D4.6 Write log; x = 3 in exponential

form.

D4.7 Write 1072 = 0.01 in

D4.8
D4.9
D4.10
D4.11
D4.12
D4.13

logarithmic form.
Expand log, (8x%).
Combine Ina —21Inb.
Solve 3* = 81.

Solve 5*~1 = 25,
Solve e* = 10.

Solve log,(x —1) = 3.

ANSWERS TO SKILL DRILLS

D4.15. D42 —2. D43 -2. D44 -4 D455 D465 =nx.
log0.01 = —2. D4.83+3logyx. D4.91In 5.

D4.139. D4.14e . D4.1525. D4.163. D4.17 (—o9o,5).

x =—3. D4.2020In2 ~ 13.86 years.

years. D4.23 ig—i.

ForgEd
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D4.14
D4.15
D4.16
D4.17
D4.18
D4.19

D4.20

D4.21

D4.22

D4.23

D4.24

Solve Inx = —1.

Solve log x +log4 = 2.
Solve 4% = 2%F3,

Domain of log(5 — x).
Asymptote of y = e* 4 2.
Asymptote of y = In(x + 3).

Doubling time at continuous
rate 5%.

Value of $1000 at 4%
compounded continuously for
5 years.

Half-life if k = —0.1 per year.
log, 7 in terms of natural logs.

Simplify 21°827+1,

D4.7

D4.104. D4.113. D4.12In10.

D418y = 2. D4.19

D4.21 ~ $1221.40. D4.2210In2 =~ 6.93
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EXERCISES

COMPUTATION

4.1
4.2

4.3

4.4

4.5
4.6

4.7

4.8

4.9
4.10
4.1
412
4.13
414

4.15
4.16
417
4.18

4.19
4.20

ForgEd

Sketchy = 37%,y = 2% —3,and y = —e* !, giving the asymptote of each.

Find the exponential function f(x) = Ca* whose graph passes through
(1,6) and (3,24).

$2000 is invested at 4.5% interest. Find the balance after 8 years if interest
is compounded quarterly, and if it is compounded continuously.

How long does it take an investment to double at 7% compounded contin-
uously? At 7% compounded annually?

Evaluate without a calculator: log, 81, logs 1=, log; 28, In/e, 101087, g2In3,
Find the domain of f(x) = log;(9 — x?) and of g(x) = In(Inx).

x%(x —1)
Vi+1

1
Expand: In \3/ %
1

Combine into one logarithm: 3Inx —2In(x* +1) + 5 In(x — 1).

Expand: log

Combine: log, 5 + 21log, 3 — log, 15, and simplify.

Use change of base to evaluate log, 12 and log, 5 10 to four decimals.
Solve 231 = 32,

Solve 4% = 7%72,

Solve e2* — 5¢* + 6 = 0.

Solve 107 =4.
1+e >

Solve log,(x +4) = 2 and In(2x — 1) = 3.

Solve log x + log(x — 15) = 2.
Solve log,(x +3) —log,(x — 1) = 3.
Solve (Inx)? — In(x%) = 4.

Solve x"* = ¢4 x > 0.
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4.21 A radioactive isotope has a half-life of 30 years. How much of a 100-mg
sample remains after 80 years? When will 10 mg remain?

4.22 A population grows from 1200 to 1800 in 5 years. Assuming exponential
growth, find the population after 12 years and the doubling time.

4.23 A cup of coffee at 90°C cools in a 20°C room so that the temperature dif-
ference decays exponentially. After 10 minutes the coffee is at 60°C. When
will it be at 40°C?

4.24 The pH of lemon juice is 2.3 and that of milk is 6.6. How many times greater
is the hydrogen ion concentration of lemon juice?

4.25 A sound of 80 dB is how many times as intense as a sound of 60 dB? What
is the decibel level when two 70-dB sounds play together?

CONCEPTS AND PROOF
4.26 Prove thatlog, 1 = —log, x and that log, b - log, a = 1.
4.27 Prove that a'°8:¢ = (198, 7 for positive a, b, c with b # 1.

4.28 Explain why log_ x is undefined for x < 0, and why the base a = 1 is
excluded.

—X

X __
4.29 Show that f(x) = °

sinh x, and its inverse is arsinh x.)

is one-to-one and find its inverse. (This is

4.30 Prove the doubling-time formula: if A = Apelt with k > 0, the time to

double is h‘Tz, independent of Ap and of the starting time.

4.31 The “rule of 70” says that a quantity growing at 7% per year doubles in
about 2 years. Explain where 70 comes from.

4.32 Show that (1 + %)n <e< (1 + %)nﬂ for n = 1,2,3,10 numerically, and
explain what this suggests.

4.33 Which is larger, 7° or ¢”? Decide by comparing % with %, and explain
why that comparison decides it.

4.34 Show that log, 3 is irrational.

4.35 Explain why the graph of y = log_ x for a > 1 grows without bound but
does so more slowly than any positive power x7.

CHALLENGE
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4.36 Solve log, x +log, x + logg x = 11.
4.37 Solve 2* 4-27% = 3.
4.38 Solve the system log, x +log, y = 5, log, x — log, y = 1.

4.39 Find all x > 0 with x(*) = (x¥)2.

4.40 The logisticmodel P(t) = 1+Alikt describes growth limited by a carrying

capacity M. If M = 1000, P(0) = 100, and P(2) = 200, find A and k, and
find when P = 500.
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CHAPTER 5

ANGLES AND THE
TRIGONOMETRIC FUNCTIONS

e Measure angles in degrees and radians, and compute arc length, sector
area, and angular speed.

e Define the six trigonometric functions on the unit circle, and evaluate
them exactly at the special angles.

e Use reference angles and quadrant signs to evaluate trigonometric func-
tions of any angle.

e Solve right triangles and applied problems with angles of elevation and
depression.

o Use the fundamental identities to find all six function values from one.

Trigonometry began as the study of triangles: surveyors and astronomers
needed to compute distances they could not measure directly. Its modern im-
portance is different. The trigonometric functions are the fundamental periodic
functions, and every repeating process, from a vibrating string to an alternating
current to a quantum wave, is described by them. This chapter defines them in
the way that serves both purposes: on the unit circle, with angles measured in
radians.

5. ANGLES AND THEIR MEASURE

An angle is formed by rotating a ray (the initial side) about its endpoint to a final
position (the terminal side). Counterclockwise rotation gives a positive angle,
clockwise a negative one. An angle is in standard position when its vertex is at
the origin and its initial side lies along the positive x-axis. Angles in standard
position with the same terminal side are coterminal; they differ by a multiple of
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a full revolution.

Definition 5.1 (Radian measure). If a circle of radius r is drawn with its
center at the vertex of an angle, and the angle cuts off an arc of length s, the

. g . 5
measure of the angle in radians is 0 = -.
r

A full revolution cuts off the whole circumference 2717, so it measures 27t radians.
Hence

360° = 27T rad, 1r="1 rad, lrad = 180

— ~ 57.3°.
180 573

A radian is a ratio of two lengths, so it has no units; that is why it is the natural
measure in calculus.

Theorem 5.2 (Arc length, sector area, angular speed). In a circle of radius
1, a central angle of 0 radians cuts off an arc of length s = r8 and a sector of area
A = %1’29. An object moving around the circle through angle 0 in time t has
angular speed w = 0/t and linear speed v = rw.

Proof. The arc length formula is the definition of radian measure. The sector is
. 0 . . .0 2 1.2 s qs o

the fraction 5~ of the disk, so its area is 5 - 717 = ;r°0. Dividing s = r6 by ¢

gives v = rw.

Example 5.3 (A bicycle wheel). A bicycle wheel of diameter 26 inches turns
at 200 revolutions per minute. Find the bicycle’s speed in miles per hour.
Solution. w = 20027 = 4007t rad/min, and v = rw = 13 - 4007t = 52007t

in/min. Converting: 5%3%755%0 ~ 15.5 mi/h.

COMMON ERROR (Degrees in formulas). s = rf and A = %1’29 require
6 in radians. A 60° angle in a circle of radius 10 cuts off an arc of length
10- % ~ 10.47, not 10 - 60 = 600.
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5.2 THE UNIT CIRCLE

Definition 5.4 (Trigonometric functions). Let ¢ be a real number, and let
P(x,y) be the point reached by traveling a distance |¢| along the unit cir-
cle 2 +y? = 1 from (1,0), counterclockwise if ¢ > 0 and clockwise if ¢ < 0.
(P is the terminal point of t; equivalently, P is on the terminal side of the
angle of t radians in standard position.) Define

Yy

. 1 1 X
sint=1vy, cost=x, tanf{==, c¢sct=—-, sect=—, cotf=—,
X y X y

wherever the denominators are not zero.

P(cost,sint)

|
|
| sin\t
|
|
|

X
cost (1,0)

Figure 5.1: The terminal point of ¢ on the unit circle. Its coordinates are (cost, sint).

Theorem 5.5 (Values at the special angles).

t 10§ § 3 7
sint [0 1 ¥ 1
cost | 1 @ % % 0
tant | 0 @ 1 V3 undefined

Proof. Fort = T the terminal pointliesony = x,so0 x> + x> = land x =y = %
For t = %, the points (0,0), (1,0), and P form a triangle with two sides of length
1 and the angle between them 60°, so it is equilateral; P lies above the midpoint
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of the base, x = %, andy = /1—; = @ The point for 7 is the reflection of
that for 7 iny = x.

5.2.1 REFERENCE NUMBERS

The reference number t of t is the shortest distance along the circle from the termi-
nal point of ¢ to the x-axis. The values of the trigonometric functions at t equal
the values at f up to sign, and the sign is determined by the quadrant of the ter-
minal point. A useful mnemonic for the positive functions in quadrants I-1V is
“All Students Take Calculus”: all, sine, tangent, cosine.

Example 5.6 (Any angle). Evaluate cos %", tan (—%), sin 7 and sec 47”.

3 !
Solution. %” is in quadrant II with reference number % ; cosine is negative
there: —?. —% is in quadrant IV with reference % ; tangent is negative:
—/3. 1%” = 471 + 37, coterminal with %T” (quadrant II, reference 7 ): %
%” is in quadrant III with reference %; cos %” = —%, SO sec %” = -2.

5.3 FUNDAMENTAL IDENTITIES

Theorem 5.7 (Fundamental identities). For all t where the functions are de-
fined:

1
cost’

1
tant’

Pythagorean: sin’t+cos’t =1, tan’t+1=sec’t, 1+ cot’t=csc’t;
Even—odd: sin(—t) = —sint, cos(—t) =cost, tan(—t) = —tant;

sint .

tant = =

Reciprocal: csct = sect = cott =

1
sint’

Periodicity: ~ sin(t+27m) = sint, cos(f+27m) = cost, tan(t+ ) = tant.

Proof. sin’*t + cos’t = y?> + x? = 1 because P is on the unit circle; dividing by
cos? t and by sin? t gives the other two. The terminal point of —t is the reflec-
tion of that of t in the x-axis, which negates y and keeps x. Adding 27 goes
once around the circle; adding 77 moves P to the diametrically opposite point
(—x, —y), which leaves y/x unchanged.

Example 5.8 (From one value to all six). If cost = —32 and t is in quadrant
III, find the other five values.

Solution. sin’t =1 — % = %, and sine is negative in quadrant III: sint =
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4 _ 4 —_5 - _> -3
—5. Thentant = 3, csct = —37,sect = —3, cott = 3.

54 RIGHT TRIANGLE TRIGONOMETRY

For an acute angle 0 in a right triangle, place 6 at the origin with the adjacent
leg on the x-axis. Scaling the triangle by m puts the far vertex on the unit
circle, which gives the classical definitions:

sinf = @, cosf = a—d], tanf = ﬂ.
hyp p adj

The two definitions agree; the unit-circle version simply extends them to angles
that are not acute.

Example 5.9 (Height of a tree). From a point 50 ft from the base of a tree,
the angle of elevation to the top is 38°. How tall is the tree?

Solution. tan38° = 2, so h = 50 tan38° ~ 39.06 ft.

Example 5.10 (Two angles of elevation). From a point on level ground, the
angle of elevation of a mountain peak is 32°. After walking 1000 m directly
toward the mountain, it is 40°. Find the height of the mountain.

Solution. Let / be the height and x the final distance to the point below the
peak. Then h = x tan40° and & = (x + 1000) tan 32°. Equating, x(tan 40° —
tan 32°) = 1000 tan 32°, so x &~ 2916.8 m and h = x tan40° ~ 2447.5 m.

COMMON ERROR (Calculator mode). sin 30 on a calculator in radian mode
is —0.988, not 0.5. Before every computation with degrees, check the mode.
In calculus, radian mode is always correct.

LOOKING AHEAD. Defining sin and cos through arc length on the unit cir-
cle is what makes the fundamental limit lim;_,q %” = 1 true. That limit,

proved in Volume IIl by comparing a triangle, a sector, and a second triangle,

is the source of the derivative formulas % sint = cost and % cost = —sint.
In degrees, every one of those formulas would carry a stray factor 55.
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5.5 WORKED PROBLEMS

These problems combine radian measure, reference angles, the fundamental
identities, and right-triangle trigonometry.

PROBLEM 5.1 A swinging pendulum

A pendulum 80 cm long swings through an angle of 15°. How far does the
bob travel?

Solution. Convert to radians: 15° = {5. The bob moves along an arc of
radius 80: s = 16 = 80 - 75 = 7 ~ 20.94 cm.

PROBLEM 5.2 Large and negative angles

Evaluate sin (—BT") -+ cos UT” exactly.
Solution. Sine is odd: sin (—BT”) = —sin 1%” = —sin (27‘( + %) = —%.
And HT” — 67T = —7%,50 Cos UT” = cos (—%) = % The sum is 0.

PROBLEM 5.3 All six from one

If tanf = —2 and cos 6 > 0, find the other five values.

Solution. Tangent negative and cosine positive puts 6 in quadrant IV. Use
a point on the terminal side: (1, —2), at distance r = V/5. Thensinf = — %,

cosf = %, csch = —@, sech = /5, coth = —%. Check: sin? 6 + cos? 0 =

4 1 _
trl=1

PROBLEM 5.4 Two angles of elevation, exactly

From point A the angle of elevation to the top of a tower is 30°. From B, 100
ft closer, it is 45°. Find the tower’s height exactly.

Solution. Let x be the distance from B to the base and / the height. Then

h = xtan45° = x and h = (x + 100) tan30° = L\}go. So xv/3 = x + 100,
and 100
h=x= =50(vV3+1) ~ 136.6 ft.
A1 ( )
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PROBLEM 5.5 Speed due to Earth’s rotation

How fast is a point at latitude 40°N moving because of Earth’s rotation?
Use radius 3960 mi and a 24-hour day.

Solution. The point travels around a circle of radius 3960 cos 40° ~ 3033.5
mi (the distance from Earth’s axis). In 24 hours it covers 27t times that, so

its speed is % ~ 794 mi/h.

PROBLEM 5.6 Simplifying with identities

secf — cos 0
Simplify ———
Pty tan 6
Solution. sec — cosf = 1;325929 = Sclgjg Dividing by tan 6 = ig;z gives

sin @ (wherever the original expression is defined).

PROBLEM 5.7 Area of a circular segment

A chord in a circle of radius 10 subtends a central angle of Z. Find the area
between the chord and the arc.

Solution. Segment = sector — triangle = %729 - %72 sinf = 50 - 2?71 —50-
V3 = 10% _95./3 ~ 61.42.

PROBLEM 5.8 Finding the angle

Find all 6 in [0, 277) with sinf = —@ and tan 6 > 0.
Solution. Sine negative: quadrants III or IV. Tangent positive: quadrants I

or III. So quadrant III, with reference angle : 6 = m + 5 = 47”.

SKILL DRILLS

Short problems for building speed and accuracy. Answers follow the list.

D5.1 Convert 210° to radians. D5.5 Arclength: r = 4,60 = 3.

5
D5.2 Convert 2 to degrees. D5.6 Sector area: r — 6,0 —

w3

D5.3 Convert — to degrees.
D5.7 sin 7.

D5.4 Coterminal angle in [0,277) for
UT”. D5.8 cos 57”
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D5.9 tan %”. D5.18 tan 6 if cos6 = %, fin
D5.10 sec 7t quadrant IV.
D5.19 Simplify cos x tan x.
D5.11 csc 3. Py
D5.12 cot Z. D5.20 Simplify 1=six,
D5.13 sin (—7). D5.21 Opposite leg if hypotenuse 10,
angle 30°.
D5.14 cos HT”.
D5.15 Reference angle of %". D5.22 Angle with tan6 =1,
0<0<3.
D5.16 Quadrant of 8 if sinf < 0,
cosf > 0. D5.23 Linear speed: r =2m,w =5
rad/s.
D5.17 cosf@ifsinf = %, 6 in quadrant
I1. D5.24 sin® Z + cos? Z.

ANSWERS TO SKILL DRILLS
D5.1 7%, D52225°. D53 -20°. D54 3% D556m. D5.667m. D5.7 2.

D581. D59Y3. D510-1. D5.11-1. D5.12%. D513 —¥2. D5.14 L.
D5.15 2%, D5.161V. D517 —3. D518 —12. D5.19sinx. D5.20 cos x.
D5215. D522 %. D52310m/s. D524 1.

EXERCISES
COMPUTATION
5.1 Convert to radians: 72°, —150°, 585°. Convert to degrees: %T, —57", 2.

5.2 Find a positive and a negative angle coterminal with 1}, and the cotermi-
nal angle in [0, 277).

5.3 Find the arc length cut off by a central angle of 135° in a circle of radius 8
cm.

5.4 A sector of a circle of radius 12 m has area 60 m?. Find its central angle.

5.5 Two cities on the same meridian have latitudes 40°N and 25°N. Using
Earth’s radius 3960 mi, find the distance between them.

5.6 A Ferris wheel of radius 25 m completes a revolution every 90 seconds.
Find the angular and linear speed of a rider.
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5.7 Find the terminal point on the unit circle for t = ot=—, =5

5.8 Find the reference number for 57”, — %”, and 5.7.

. ain 27T 7 51 T
5.9 Evaluate exactly: sin 2, cos 27, tan 2%, csc (—%).

5.10 Evaluate exactly: sec “T”, cot (—31), sin ZST”, cos(—77).

5.11 Evaluate exactly: sin225°, cos(—300°), tan 480°.

5.12 Ifsint = 3 and t is in quadrant II, find the other five trigonometric values.
5.13 Iftan6 = —% and sinf > 0, find cos 8 and csc 6.

5.14 Ifsect =3 and tant < 0, find sin ¢t and cot t.

5.15 Write tant in terms of sint when t is in quadrant IV.

sint  cost
.16 Simplify —— + —— and (1 — cost)(1 t) csc? t.
5.16 Slmp1ycsct—|-sectan (1 —cost)(14 cost)csc
5.17 Solve the right triangle with hypotenuse 20 and one acute angle 35°.
5.18 Solve the right triangle with legs 7 and 24.

5.19 A 30-ftladder leans against a wall at an angle of 72° with the ground. How
high does it reach?

5.20 From the top of a 200-ft lighthouse, the angle of depression to a boat is 11°.
How far is the boat from the base of the lighthouse?

5.21 A kite string is 150 m long and makes an angle of 50° with the ground.
How high is the kite?

5.22 From a window 30 ft above the street, the angle of elevation to the top of
a building across the street is 40° and the angle of depression to its base is
25°. How tall is the building?

5.23 Find the exact area of a regular hexagon inscribed in a circle of radius r.

5.24 Find the length of a chord that subtends a central angle of 6 in a circle of
radius 7.

5.25 The minute hand of a clock is 6 cm long. How far does its tip travel in 25
minutes? What area does it sweep?

CONCEPTS AND PROOF

5.26 Prove thattan?t+1 = sec?tand 1 + cot? t = csc? t from sin? t + cos? t = 1.
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5.27 Prove thatsin(t + 7r) = —sint and cos(t + 71) = — cos t, and deduce that
tan has period .

5.28 Explain why |sint| < 1 and |cost| < 1 for all f, while tan f takes every real
value.

5.29 Prove that sinff < 6 < tanf for 0 < 6 < 7 by comparing areas of two
triangles and a sector.

5.30 Show that a central angle of 1 radian cuts off an arc equal in length to the
radius, and estimate its size in degrees.

5.31 Explain why sin (§ — t) = cos  using a reflection of the unit circle.

5.32 Show that the area of a triangle with sides 4, b and included angle C is
JabsinC
sabsin C.

5.33 Issin(2t) = 2sin? Disprove with a specific value and explain why such a
“rule” cannot hold.

5.34 Show that cos*t — sin*t = cos?t — sin® t.

5.35 Prove that [sina —sinb| < |a — b| for a, bin [0, 5] using the unit circle (the
chord is shorter than the arc).

CHALLENGE

5.36 Find sin {5 and cos 75 exactly, using a 30°~60°-90° triangle extended by an
isosceles triangle. (Compare with Chapter 7.)

5.37 Find the exact value of sin 18° using a 36°-72°-72° isosceles triangle and
similar triangles.

5.38 Earth’s circumference was first measured by Eratosthenes: at noon on the
solstice the sun was directly overhead at Syene, and 7.2° from vertical at
Alexandria, about 5000 stadia north. Find his estimate of the circumfer-
ence.

5.39 A belt runs around two pulleys of radii 6 cm and 2 cm whose centers are
16 cm apart, without crossing. Find the length of the belt.

5.40 Prove thatif sint = sins and cost = coss, then t — s is an integer multiple
of 27t.
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CHAPTER 6

TRIGONOMETRIC GRAPHS AND
INVERSE FUNCTIONS

e Graph y = asin(k(x — b)) +d and y = acos(k(x — b)) + d, identifying
amplitude, period, phase shift, and vertical shift.

e Build sinusoidal models from data and from physical descriptions, in-
cluding simple and damped harmonic motion.

e Graph the tangent, cotangent, secant, and cosecant functions with their
asymptotes.

e Define the inverse sine, cosine, and tangent functions on restricted do-
mains, and evaluate compositions exactly.

The trigonometric functions repeat, and that single property makes them the
language of oscillation. This chapter studies their graphs, shows how stretching
and shifting a sine curve models tides, sound, and springs, and then constructs
the inverse trigonometric functions, which recover an angle from a ratio.

6.1 GRAPHS OF SINE AND COSINE

A function f is periodic with period p > 0if f(x + p) = f(x) for all x, and p is the
smallest such number. By Theorem 5.7, sin and cos have period 27. One cycle of
sin x rises from 0 to 1 at 7, falls to 0 at 7 and to —1 at 37”, and returns to 0 at 27t.
Since cos x = sin (x + 5 ), the cosine graph is the sine graph shifted left by 5.

Theorem 6.1 (Sinusoidal curves). Fork > 0, thecurvesy = asink(x —b) +d
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Figure 6.1: y = sinx and y = cos x: the same wave, shifted by a quarter period.

and y = acosk(x — b) + d have

phase shift b, midline y = d.

2
amplitude |a|, period %,

Proof. As x runs over one period b < x < b+ 27”, the quantity k(x — b) runs
over [0,27], one full cycle of sin. The factor a stretches the output to the interval
[— |a|,|al], and adding d shifts it vertically.

Example 6.2 (Reading off the features). Graphy = 3sin (2x — ) + 1.

Solution. Factor the inside: 2x — F = 2 (x — §). Amplitude 3, period 7,
phase shift T to the right, midline y = 1. One cycle starts on the midline at
x = 7, peaks aty = 4 when x = 7, returns to the midline at %T", reaches its
minimum —2 at 77, and ends at %”.

COMMON ERROR (Phase shift without factoring). The phase shift of sin(2x —
7)is §, not 5. Always write the inside as k(x — b) before reading b.

6.1.1 SINUSOIDAL MODELS

Example 6.3 (Daylight hours). In a certain city the longest day (June 21,
day 172) has 15.2 hours of daylight and the shortest (December 21) has 9.0.
Model the daylight D(t) on day ¢ with a sinusoid of period 365 days.

Solution. Midline w = 12.1, amplitude w =31,k = %. A
cosine peaks where its argument is 0, so D(t) = 3.1 cos 2% (t — 172) + 12.1.
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Definition 6.4 (Simple harmonic motion). An object moves in simple har-
monic motion if its displacement is y = a sinwt or y = a cos wt. The frequency
is 57 cycles per unit time, the reciprocal of the period. If the amplitude de-
cays exponentially, as in y = ae “ sin wt, the motion is damped harmonic
motion.

Example 6.5 (A vibrating string). A guitar string vibrates at 440 cycles
per second (the note A) with amplitude 2 mm. Its displacement is y =
2sin(8807tt), since w = 27t - 440. If friction halves the amplitude every 0.5
seconds, the damped model is y = 2¢~sin(8807t) with e %% = 1 so

c=2In2 ~ 1.386.

6.2 GRAPHS OF THE OTHER TRIGONOMETRIC FUNC-
TIONS

Theorem 6.6 (Tangent and cotangent). tan x has period 7 and vertical asymp-
totes at x = 7 + n7t; on each interval between asymptotes it increases from —oo to
0. cot x has period 7T, asymptotes at x = nrt, and decreases on each interval.
The asymptotes come from the zeros of the denominators: tan x = S2X
fined where cos x = 0, and near such a point |tan x| is large. Similarly, secx =
—L_and cscx = 1 have asymptotes at the zeros of cos and sin; their graphs are

U-shaped arcs touching the cosine and sine curves at their maxima and minima,
with [secx| > 1 and |cscx| > 1.

is unde-

y = tanx Yy =secx
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Figure 6.2: The tangent and secant functions, with vertical asymptotes where cos x = 0.
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6.3 INVERSE TRIGONOMETRIC FUNCTIONS

The trigonometric functions are not one-to-one, so to invert them we restrict each
to an interval on which it is one-to-one and takes all its values (Example 2.19).

Definition 6.7 (Inverse sine, cosine, tangent).

arcsinx =y <= siny=xand -7 <y <7 (-1<x<1),
arccosx =y <= cosy=xand0<y<m (-1<x<1),
arctanx =y <= tany =xand — S <y <73 (x € R)

1 1

These are also written sin~ ' x, cos ! x, tan~! x.

The restricted intervals are chosen to contain the angles in [0, 5] and to be as

natural as possible: arcsin and arctan return angles in quadrants I and IV, arccos
in quadrants I and II.

Example 6.8 (Exact values). arcsin% = %, arccos (—%) = %T,
arctan(—v/3) = —Z; arcsin(—1) = —Z.

Theorem 6.9 (Cancellation). sin(arcsinx) = x for —1 < x < 1, but
arcsin(sinx) = x only for =5 < x < Z. Similarly for cos (on [0, 7t]) and

tan (on (—%5,%)).

Example 6.10 (Cancellation outside the interval). arcsin (sin%”) =

a1 51t 57 : _ 7
arcsin 5 = %, not 2%, because 2% is outside [—7, 5].

Example 6.11 (Compositions by triangles). Find cos(arctanx) and
tan (arccos 3).

Solution. Let § = arctanx, so tanf = x with -7 < 6 < 7, where
cosf) > 0. Draw a right triangle with opposite side x and adjacent side

1
1; the hypotenuse is v/1 + x2, so cos(arctanx) = ————— (valid for all x,
P (arctanx) = it
not only positive ones).

Let ¢ = arccos %, an angle in quadrant I with adjacent 3 and hypotenuse 5;
the opposite side is 4, so tan ¢ = %.
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COMMON ERROR (sin~'x # ). sin~!x is the inverse function, not the
reciprocal. The reciprocal is (sinx) ! = cscx. This is the one place where
the notation sin” x = (sin x)" breaks down, which is why this book prefers

arcsin.

6.4 MORE ON TRIGONOMETRIC GRAPHS

6.4.1 TRANSFORMED TANGENT AND SECANT GRAPHS

The rules of Theorem 6.1 apply to every trigonometric function, with one change:
tan and cot have period 7, so y = atank(x — b) has period Z. To graph it, lo-
cate one pair of consecutive asymptotes, where k(x — b) = £7, then sketch one
branch between them through the center (b,0).

Example 6.12 (A transformed tangent). Graphy = 2tan (5 — §).

Solution. Write the inside as % (x - g) period % = 2, shift 7 to the

right. Consecutive asymptotes are where 1 (x — Z) = +%Z,atx = —Z and
X = 37” The branch crosses the axis at x = 7 and passes through (77,2) and
(0, —=2), where the inside equals 7.

6.4.2 SUMS AND PRODUCTS OF FUNCTIONS

Many signals are sums of sinusoids. When the frequencies are equal, the sum is
a single sinusoid (Theorem 7.7). When they differ, the graph is more complex,
but it is periodic whenever the ratio of the periods is rational, with period equal
to their least common multiple.

Example 6.13 (Graphing a sum). The function y = sinx + 1 sin3x has
period 27t (the least common multiple of 27t and 27”) Adding the third
harmonic flattens the tops of the sine wave; adding more odd harmonics,
sin x + % sin 3x + % sin5x + - - -, produces a curve that approaches a square
wave. This is the first example of a Fourier series.

Example 6.14 (An envelope). For y = xsinx, since —1 < sinx < 1, the
graph lies between the lines y = x and y = —x for x > 0, touching y = x
where sinx = 1and y = —x where sin x = —1. These lines are the envelope.

Similarly y = e~*/3 cos 2x oscillates between +¢~*/3, which is how damped
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1~y PR -—-- sin x
. ~ —0—% sin 3x
four odd harmonics

NN

—1 F

Figure 6.3: Adding odd harmonics to sin x builds an approximate square wave.

vibrations look.

-1 r

Figure 6.4: y = e=*/3 cos 2x between its envelope curves y = ¢~ */3.

6.4.3 FITTING A SINUSOID TO DATA

To model periodic data with y = asink(x — b) + d (or a cosine), read off four
features: the midline d is the average of the maximum and minimum values; the
amplitude 7 is half their difference; the period p is the time between successive
maxima, giving k = 2. and the phase shift places a maximum (for cosine) or
an upward midline crossing (for sine) at the right time.

Example 6.15 (Average monthly temperature). A city’s average tempera-
ture is highest in July (month 7) at 84°F and lowest in January (month 1)
at 30°F. Model it with a cosine.

Solution. d = #4830 =57 4 = 8230 — 27 period 12 months so k = 7,
and a maximum at t = 7: T(t) = 27cos Z(t — 7) 4+ 57. Check: T(1) =
27 cos(—) + 57 = 30. The model predicts T(4) = 27cos (—5) +57 =

57°F in April.
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LOOKING AHEAD. The inverse trigonometric functions have algebraic

derivatives: % arctanxy = - %arcsinx = L Volume III

1+7 V1—x2
proves these with the triangles of Example 6.11, and they make 11‘\2 =

arctan x + C one of the basic integrals. Sinusoids are the building blocks of
Fourier analysis in Volume IV, where every periodic signal is written as a
sum of sines and cosines of different frequencies.

and

6.5 WORKED PROBLEMS

These problems combine sinusoidal modeling, graph features, and inverse
trigonometric functions. Each solution includes a check.

PROBLEM 6.1 A Ferris wheel

A Ferris wheel has radius 20 m, its center is 22 m above the ground, and it
turns once every 4 minutes. A rider boards at the bottom at t = 0. Write
the rider’s height h(t), and find how long during each revolution the rider
is more than 32 m above the ground.

Solution. The height oscillates around the midline 22 with amplitude 20
and period 4, so k = %T” = 7. The rider starts at the minimum, which is the
shape of — cos: h(t) = 22 —20cos %f. Check: h(0) = 2 (the bottom) and
h(2) = 42 (the top).

h(t) > 32 means cos % < —3, so 2! lies in (%, %F) and tin (3,3). The
rider is above 32 m for % minutes, 1 minute 20 seconds, of each revolution.

PROBLEM 6.2 Reading a graph

A sinusoid has a maximum at (%,3) and the next minimum at (%”, —1).
Find an equation for it.

Solution. Midline # = 1; amplitude 37(271) = 2. From a maximum to
the next minimum is half a period, so the period is 2 - %’r =mand k = 2.

A cosine peaks where its argument is 0, so put the shift at the maximum:
y=2cos2(x— %) +1 Checkatx =3T:2cost+1=—1.
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PROBLEM 6.3 Inverse functions through triangles

Evaluate exactly: (a) sin (arccos (—3)); (b) tan (arcsin (—2)).

Solution. (a) Let 6 = arccos (—%), so cosf = —32 with 6 in [0, 7], where
sine is nonnegative. Then sinf = /1 — % = ?

(b) Let ¢ = arcsin (—%), in [—7%,0), quadrant IV, where cosine is positive:
cos¢ = %, sotan¢ = —%.

In both parts the range of the inverse function, not a triangle alone, deter-
mines the sign.

PROBLEM 6.4 An equation with an inverse function

Solve 3arccos(2x —1) = 7, and find the domain and range of y =
2arcsin 5 — 7.

Solution. arccos(2x — 1) = ¥ means2x — 1 = cos £ = 1, so x = 2. (This
is valid because % is in the range [0, 7] of arccos.)

For y = 2arcsinj — 7: the input of arcsin must satisfy —1 < 3 <

1, so the domain is [—3,3]. arcsin outputs [—%, %}, SO Y ranges over

[~m-gm -] = -4

PROBLEM 6.5 Damping

A spring oscillates with y = 5¢7%% cos(7tt) cm. What is its period, and after
how long does the amplitude stay below 1 cm?

Solution. The cosine factor has period 22 = 2 s. The amplitude is the
envelope 5¢ %2, which is below 1 when ¢ =% < %, thatist > 15%25 =5In5~
8.05s.

PROBLEM 6.6 The period of a sum

Find the period of y = sin 5* + cos 7.

Solution. The periods are 73—73 = 6 and 7%—74 = 8. The sum repeats when
both terms do, at the least common multiple, 24. Check: in 24 units the first
term completes 4 cycles and the second 3.
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PROBLEM 6.7 The best view of a painting

A painting 10 ft tall hangs with its lower edge 2 ft above a viewer’s eye level.
Express the angle 6 the painting subtends at the eye as a function of the
viewer’s distance x from the wall, and evaluate it at x = 4.

Solution. The top is 12 ft above eye level and the bottom 2 ft. The angles
12

of elevation are arctan % and arctan %, so 6(x) = arctan == — arctan % At

x = 4: 0 = arctan3 — arctan ;. With the tangent subtraction formula of
_1

Chapter 7, tanf = ir—é = 1,500 = 7, exactly 45°. (Calculus shows the

2
angle is largest at x = /24 ~ 4.9 ft.)

PROBLEM 6.8 Graphing a cosecant

Graph one period of y = —2csc (2x + §), giving its asymptotes and turn-
ing points.

Solution. Write the inside as 2 (x + §): period 71, shift Z left. The asymp-

totes are where sin (2x + %) = 0, thatis 2x + 5 = nm, or x = —F + 4.
Since sin (2x + 5 ) = cos2x, the function is y = —2sec2x: on (—7%, §) itis

a downward U with maximum —2 at x = 0, and on (E 3—”) an upward U

174
with minimum 2 at x = %

SKILL DRILLS

Short problems for building speed and accuracy. Answers follow the list.

D6.1 Amplitude and period of D6.8 Minimum value of
y = 4sin3x. y = —3sin2x +4.

D6.2 Amplitude and period of D6.9 Asymptotes of y = tan x on
Y= —%cos%. 0,27t].

D6.3 Period of y = tan 2x. D6.10 Range of y = secx.

X
5 -

D6.4 Phase shift of y = sin (x — %) D6.11 Period of y = csc

D6.5 Phase shift of y = cos(2x + 7). D6.12 arcsinl.

V3
D6.6 Midline of y = 3sinx — 5. D6.13 arccos ",

D6.14 arctan(—1).
D6.7 Maximum value of arctan(—1)

y=2cosx+ 1. D6.15 arccos(—1).
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D6.16 arcsin (—3). D6.21 Domain of arcsin(x + 2).

D6.17 sin (arcsin %) D6.22 Frequency (cycles per second)
of y = sin(107tt).
D6.18 arccos (cos 57”)
D6.23 Equation with amplitude 3,

D6.19 cos (arctan 3). period 71, no shift, sine shape.

D6.20 tan (arccos %) D6.24 Solve arctanx = %.

ANSWERS TO SKILL DRILLS

D6.1 amplitude 4, period 2. D6.2 amplitude 3, period 8. D6.3 . D6.4 £
right. D6.5 F left. D66y =—5 D6.73. D6.81. D69x =%, x=3F.
D6.10 (—o0, —1JU[1,0). D6.114. D6.12 4. D613 Z. D6.14 —%F. D6.15 7.
D6.16 —Z. D617 3. D6.18%. D6.193. D620 2. D621 [-3,—1]. D6.225.
D6.23 y = 3sin2x. D6.24 /3.

EXERCISES

COMPUTATION

6.1 For y = —4cos (3x + 1) + 2, find the amplitude, period, phase shift, and

midline, and sketch one cycle.
x_

6.2 Find the amplitude, period, and phase shift of y = 1 sin (£ — Z).

6.3 Write an equation y = asink(x — b) with amplitude 5, period %”, and
phase shift —7.

6.4 A sinusoid has a maximum at (1,7) and the next minimum at (4, —1). Find
a cosine equation for it.

6.5 Find the period of y = sin(7rx), y = tan(4x), and y = sec 3.
6.6 Sketch y = tan (x — ) on two periods, showing the asymptotes.
6.7 Sketch y = 2cscx on [0,27] together with y = 2sin x.

6.8 The water depth at a harbor varies from 2 m at low tide to 10 m at high
tide, with high tides 12.4 hours apart. High tide is at 3:00. Write a model
for the depth t hours after midnight, and find the depth at 9:00.

6.9 A mass on a spring oscillates with amplitude 6 cm and frequency 2 Hz,
starting at maximum displacement at t = 0. Write its displacement.
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6.10 A damped oscillator has y = 4e~% cos(27t). When does the amplitude
first fall below 1?

6.11 Evaluate exactly: arcsin ?, arccos (— %), arctan 1, arccos 0.

6.12 Evaluate exactly: arcsin <— g) , arctan (— %) , arccos 1.

6.13 Evaluate: sin (arcsin %), arccos (cos %”), arctan (tan 3—”)
6.14 Evaluate exactly: cos (arcsin %), tan (arccos (— %) ).
6.15 Evaluate exactly: sec (arctan %), csc (arccos %)

6.16 Write sin(arccos x) and tan(arcsin x) as algebraic expressions in x.

6.17 Use the identity cos26 = i:‘;‘ﬁg to write cos(2arctan x) as an algebraic
expression in x.

6.18 Find the domain and range of y = arcsin(2x — 1) and of y = 3 arctan x + 7.
6.19 Solve for x: arcsin(x —2) = %.
6.20 A 20-ftladder leans against a wall with its foot x feet from the wall. Express

the angle 6 between the ladder and the ground as a function of x, and find
6 when x = 6.

CONCEPTS AND PROOF

6.21 Prove that if f has period p, then g(x) = f(kx) (k > 0) has period £.
6.22 Prove that arcsin x + arccos x = % for -1 <x<1.

6.23 Prove that arctan x + arctan% = 7 for x > 0. What is the value for x < 0?
6.24 Prove that arcsin(—x) = — arcsin x but arccos(—x) = 7t — arccos x.

6.25 Explain why arccos is restricted to [0, 77| rather than [—7, 5].

6.26 Show that asinx + bcosx = Va2 + b? sin(x + ¢) for some angle ¢, and
find ¢. Use it to find the amplitude of 3sin x + 4 cos x.

6.27 Ts f(x) = sin x + sin(v/2x) periodic? Explain informally.
6.28 Sketch y = arcsin(sin x) on [—27t,27t]. Explain its shape.

6.29 Show that the graph of y = sec x has a local minimum at x = 0 and a local
maximum at x = 77, using |cos x| < 1.
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6.30 Explain the difference between sin~! x, (sinx)~!, and sin(x ).
CHALLENGE

6.31 Find the period of y = sin & + cos 3*.
6.32 Prove that arctan § + arctan § = 7, using the tangent addition formula of

Chapter 7 or a lattice-point diagram.
6.33 Solve arctan x + arctan2x = % for x > 0.

6.34 A rotating beacon 1 km from a straight shore turns at constant speed. Ex-
press the position of the beam on the shore as a function of the angle, and
explain the vertical asymptotes in the graph.

6.35 Show that cos(arcsinx) = v/1 — x? and sin(arccos x) = V1 — x2, and ex-
plain why there is no sign ambiguity.
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CHAPTER 7

TRIGONOMETRIC IDENTITIES
AND EQUATIONS

o Verify trigonometric identities by working on one side with algebra and
the fundamental identities.

e Prove the addition and subtraction formulas, and derive the double-
angle, half-angle, and power-reduction formulas.

e Convert between products and sums of sines and cosines.
e Write asinx + b cos x as a single sinusoid.

e Solve trigonometric equations, finding every solution in an interval and
the general solution.

An identity is an equation that holds for every value of the variable where both
sides are defined. Trigonometric identities are tools for rewriting expressions
into whatever form a problem needs: calculus uses them to integrate powers of
sines, physics to combine waves, and this chapter to solve equations. Everything
follows from one formula, the cosine of a difference, which we prove from the
distance formula.

7.1 VERIFYING IDENTITIES

To verify an identity, transform one side, usually the more complicated, into the
other. Do not treat the identity as an equation and manipulate both sides at
once, since that assumes what is to be proved. Useful moves: rewrite everything
in sines and cosines; combine fractions; factor; multiply by a conjugate; and use
the Pythagorean identities.
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t t
Example 7.1 (Rewriting in sines and cosines). Verify % =1
C

sinx cosx __ sin®x4cos?x __ 1
COs X sin x sin x cos x sin x cos x”’

Their quotient is 1.

and

Solution. tanx + cotx =

_ 1
SeCcXCsCx — Shxcosx’

Example 7.2 (Multiplying by a conjugate). Verify % — secx + tan x.

Solution. Multiply numerator and denominator by 1 + sin x:

cosx(1+sinx) cosx(l+sinx) 1+sinx
3 = 3 = = secx + tanx.
1—sin“x Cos” X Ccos x

COMMON ERROR (Working on both sides). “Proving” sinx = —sinx by
squaring both sides to get sinx = sin? x shows why manipulating both
sides is invalid: squaring is not reversible. Start from one side and arrive at
the other.

7.2 ADDITION AND SUBTRACTION FORMULAS

Theorem 7.3 (Cosine of a difference). For all real s and t,

cos(s — t) = cosscost + sinssint.

Proof. The points P = (coss,sins) and Q = (cost,sint) lie on the unit circle,
and the arc between them has length |s — t|. Rotating the circle so that Q moves
to (1,0) carries P to R = (cos(s — t),sin(s — t)); rotation preserves distance, so
|PQ| = |R (1,0)|. Squaring both distances with the distance formula:
IPQJ* = (coss — cost)? + (sins — sint)? = 2 — 2(cos s cos t + sinssin ),
IR (1,0)* = (cos(s — t) —1)2 4 sin?(s — t) = 2 — 2cos(s — t),

using sin” 4 cos? = 1 in both. Equating gives the formula.

Theorem 7.4 (Addition and subtraction formulas).

sin(s £t) = sinscost =+ cosssinf, cos(s=+t) = cosscostFsinssint,
tans =+ tant
1 Ftanstant’

tan(s £+ )
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Proof. Replace t by —t in Theorem 7.3 to get cos(s + t). The cofunction iden-
tity sinu = cos (¥ —u) (the case s = % of Theorem 7.3) gives sin(s + t) =
cos ((§ —s) —t) =cos (5§ —s)cost+sin (F —s)sint = sinscost + cosssin .
For tangent, divide the formulas for sine and cosine and then divide numerator
and denominator by cos s cos t.

Example 7.5 (Exact values). sinf5 = sin (¥ — §) = ? . ? _ 1 % _
1+ L

Y2, and tan75° = tan(s5° +30°) = {5 = Y =24 V3

Example 7.6 (Combining inverse functions). Evaluate

sin (arccos % + arctan2).

Solution. Leta = arccos 3 = % and B = arctan 2, with sin f = %, cosf =

%.Thensin(zx—i—ﬁ) :@%4_%% :{37\;%2.
7.2.1 SUMS OF SINES AND COSINES

Theorem 7.7 (Single sinusoid). For (a,b) # (0,0), asinx + bcosx =
rsin(x + ¢), where r = \/a% + b2 and ¢ satisfies cosp = 2, sing = ¥

2.
Proof. rsin(x + ¢) = rsinxcos¢$ + rcos xsin¢ = asinx + bcos x.

For example, sin x + V3 cosx = 2sin (x + g) the sum of two waves of the same
frequency is a single wave of the same frequency.

7.3 DOUBLE-ANGLE, HALF-ANGLE, AND PRODUCT--SUM
FORMULAS

Theorem 7.8 (Double-angle formulas).

. . 2tan x
sin2x = 2sin x cos X, tan2x = ——
1 — tan“ x

cos2x = cos’x —sin®x =2cos?x —1=1—2sin%x.

Proof. Set s = t = x in Theorem 7.4; the alternate forms of cos2x use sin® x +
2
cos“x = 1.
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Theorem 7.9 (Power-reduction and half-angle formulas).

.2 1 —cos2x 5 1+ cos2x
sin“x = ————, cos"x = ———,
2 2
u 1—cosu u 1+ cosu
in—- =+4/ ——— e e
sm2 > , cos2 5 ,
u 1—cosu sin u
tan - = = ,
2 sinu 14 cosu

where the sign is determined by the quadrant of 7.

Proof. Solve cos2x = 1 — 2sin” x and cos2x = 2cos? x — 1 for sin x and cos? x,
_u u __ sin(u/Z) o ZSinz(u/Z) _ 1—cosu
then put x = 5. For tangent, tan 5 = cos(u/2) — Zsin(u/2)cos(u/2) — smu -

Example 7.10 (Using double and half angles). If sinx = 2 with x in quad-
rant II, find sin 2x, cos 2x and cos 3.

Solution. cosx = —:. Then sin2x = 2- % (—%) = %4 and cos2x =
9 _ 7 : T T _
1-2-5% = 5. Smce s <x<my <3< 75,850cs5 >0:cos;5 =
1-4/5 _ 1
2 /10"
Example 7.11 (A triple-angle formula). cos3x = cos(2x + x) =

cos2x cos x — sin2xsinx = (2cos?x — 1) cos x — 2sin® x cos x = 4 cos® x —

3 cos x.

Theorem 7.12 (Product-to-sum and sum-to-product formulas).

sinu cosv = %[sin(u +90) +sin(u—v)], sinx-+ siny = 2sin x+y Ccos xz;y,
COS U COST = %[cos(u +v) +cos(u —v)], cosx+ Cosy = 2¢os - W Ccos xz;y,
sinusino = J[cos(u — v) — cos(u +v)], cosx —cosy = —251n¥sin 52

Proof. Add or subtract the addition formulas: sin(u + v) + sin(u —v) =

2sinu cos v, and similarly for the others. For the sum-to-product formulas, put
Xty _ Xy
v

Mziz, =5 -

When two musical tones of nearly equal frequency sound together, sinat +

sinbt = 2sin @ cos @: a tone at the average frequency whose loudness
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pulses slowly at the difference frequency. Musicians hear these beats when
tuning.
74 TRIGONOMETRIC EQUATIONS

Because the trigonometric functions are periodic, an equation that has one solu-
tion typically has infinitely many. The strategy: find all solutions in one period,
then add multiples of the period.

Example 7.13 (A basic equation). Solve 2sinx +1 = 0.

Solution. sinx = —3. In [0,27), sine is negative in quadrants III and IV
with reference number 7: x = 7?” and x = HT”. The general solution is

X = %’T + 2k or x = HTH + 2k, k an integer.

Example 7.14 (Quadratic in form). Solve 2 cos? x + sinx = 1 on [0, 271).
Solution. Replace cos? x by 1 —sin® x: 2 — 2sin? x +sinx = 1,50 2sin? x —
sinx —1=0, (2sinx +1)(sinx —1) = 0. Then sinx = 1 gives x = 7, and

inxy = —1 oi = 7r Un
sinxy = —; gives x = &5, =~

Example 7.15 (A multiple angle). Solve tan3x = 1 on [0, 27).

Solution. 3x = Z + k7,50 x = % + . For xin [0,277) take k = 0,1,...,5:

— m 5n 3n Brn 17n 7n
X = 15,73, 175 13, 4 - Because 3x runs over [0,67T), there are three

times as many solutions as for tan x = 1.

Example 7.16 (Using an identity). Solve sin2x = cosx on [0,277).

Solution. 2sinxcosx —cosx = 0, so cosx(2sinx —1) = 0. cosx = 0:

T 31 1 oY o

xzj,T.SIrleE:x:g,?.

COMMON ERROR (Dividing by a trigonometric function). In Example 7.16,
dividing by cos x loses the two solutions where cos x = 0. Factor instead.
Similarly, squaring both sides (to use sin 4 cos? = 1) can introduce extra-
neous solutions that must be checked.

Example 7.17 (Squaring, with a check). Solve cosx + 1 = sinx on [0, 277).

2 2

Solution. Squaring: cos?x +2cosx + 1 = sin”x = 1 — cos? x, 50 2 cos” x +
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2cosx = 0and cosx = 0 or cosx = —1. Candidates: 7, 37", 7t. Checking:
Z gives 1 = 1; 7t gives 0 = 0; 2 gives 1 = —1, false. Solutions: x = Z and
X = 7.

LOOKING AHEAD. The power-reduction formulas are exactly what calculus
needs to integrate sin? x and cos” x, and the product-to-sum formulas give
the orthogonality relations [” sinmx sinnxdx = 0 for m # n, the foundation

of Fourier series. In Volume IV, Euler’s formula ¢ = cos6 + isin @ turns
every identity in this chapter into a consequence of the rule gllath) — piapib,

75 WORKED PROBLEMS

These problems combine identities with equation solving. Notice how often the
first step is choosing which identity to use.

PROBLEM 7.1 Verifying with double angles

1 — cos2x
Verify that ————— = tanx.
sin 2x
Solution. Use the forms of the double-angle formulas that remove the con-
stant: 1 — cos2x = 2sin’x and sin2x = 2sinxcosx. Then % =

oyy = tanx. The identity holds wherever sin 2x # 0.

PROBLEM 7.2 An equation solved by combining

Solve sin2x + v/3cos2x = 1 on [0, 27).

Solution. By Theorem 7.7 witha = 1,b = v/3: r = 2and ¢ = Z, so the
equation is 2sin (2x + Z) = 1, thatissin (2x+ Z) = 3. Then2x + £ =
%+2k7ror57" +2km,s0x = —{5 +kmorx = § +km. In [0,27):

x_z 117 5£ 2371
47 127 47 127

Check x = 7: sin%—k\/gcos% =1.
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PROBLEM 7.3 A difference of inverse functions

Evaluate cos (arctan2 — arcsin 3 ) exactly.

Solution. Let A = arctan2: from a triangle with legs 1 and 2, cos A = -

andsmA—\/g.LetB—arcanS.

S

sinB = %, cos B = %. Then

6 2 245

cos(A — B) = cos Acos B+sin AsinB =

4
_|_ = ——=
5/5 55 5 5
PROBLEM 7.4 Half angles with a sign decision

If tan6 = —% and 6 is in quadrant II, find sin g, cos %, and tan %.
Solution. In quadrant Il with tan = —3: cosf = —2, sinf = . Since

2 <0 <m T <8 <72 wheresine and cosine are positive:

s 0 1—cosf __ 4 _ 2 0 _ l+cosf _ 1 0 _
sing =4/-—5 —\/;—\/g/ cos; = > = e tan 5 = 2.

Check with the other formula: tang = 1f£‘0‘; 5= % =2,

PROBLEM 7.5 Sum to product

Solve cos 3x = cosx on [0, 27).

Solution. cos3x —cosx = —2sin2xsinx = 0. Sosinx =0 (x = 0,77) or

sin2x =0 (x=0,75,7, 3—”) Together: x =0, 7, 7, 37”

PROBLEM 7.6 Factoring a difference of fourth powers

x —sin*x =1 on [0,27).

2

Solve cos*

Solution. Factor: (cos? x — sin? x)(cos? x +sin® x) = cos2x - 1. So cos 2x =
32x=+T +2kmn, x=+Z +kn. In[0,27): x = Z, 2, 7% Lx,

PROBLEM 7.7 Beats

Two tuning forks produce y; = sin(8807t) and y, = sin(8887tt). Write the
combined sound as a product and find how often its loudness pulses.

Solution. By sum-to-product, y; + y» = 2sin(884rt) cos(4rt). The first
factor is a tone at 442 Hz, the average frequency. The second, cos(47t), has
frequency 2 Hz, and the loudness depends on its absolute value, which
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peaks twice per cycle: the sound pulses 4 times per second, the difference
444 — 440 of the frequencies.

PROBLEM 7.8 A maximum without calculus

Find the maximum value of f(x) = 3sinx + 4 cos x and a value of x where
it occurs.

Solution. f(x) = 5sin(x + ¢) with cos¢ = 2, sing = %, so ¢ = arctan 3.

The maximum is 5, when x + ¢ = 7, thatis x = 7 — arctan % = arctan% ~
0.6435. Check: sinx = %, cosx = % there, and 3 - % +4- % = 5.

SKILL DRILLS

Short problems for building speed and accuracy. Answers follow the list.

D7.1 Simplify D7.12 Simplify ;240
sin’x + CO.SZ %+ tan’ . D7.13 Exact value of sin §.
D7.2 Simplify tS;r;J; D7.14 Write cos? x without a square.
D7.3 Simplify sec? x — 1. D7.15 Write sin x cos x as a single sine.
D7.4 cos(a+b)if cosa = 1, D7.16 Write sin3x cos x as a sum.
sina = %2, cosb =0,sinb = 1. p7.17 Solve sinx — 0 on [0,277).
D7.5 Exact value of sin75°. D7.18 Solve cos x — _@ on [0,277).
D7.6 Exact value of cos 15°. D7.19 Solve tanx = v/3 on [0,277).
D7.7 Exact value of tan 105°. D7.20 Solve 2sinxcosx = 0 on
D7.8 Simplify 0,275).
sin3x cos x — cos 3x sin x. D7.21 Solve sin2x = 1 on [0,277).
D7.9 sin2xifsinx = 2, cosx = 3. D7.22 Solve cos?x = } on [0, 7.
D7.10 cos2x ifsinx = 3. D7.23 General solution of cos x = 1.
D7.11 Simplify 2 cos? x — 1. D7.24 Amplitude of sinx + cos x.
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ANSWERS TO SKILL DRILLS

D711+ tan?x = sec?x. D72cosx. D73tan?x. D74 —¥2. D75 Y62,
D7.6 Y&¥2 D77 -2 /3. D78sin2x. D7.9%. D710J. D7.11cos2x.
D7.12 tan2x. D7.13 @ D7.14 1+¢gs2x - D715 2sin2x. D7.16

J(sindx +sin2x). D7.170,m. D7.183%, 3% D7.19%,%Z D7.200,%, 7, 3.
D721 %,2E. D722 %,%. D7.23x =2kn. D7.24 V2.

EXERCISES
COMPUTATION
7.1 Verify sin x cot x = cos x and szzi = tanx.
7.2 Verify (sinx + cosx)? = 1 + sin 2x.
7.3 Verif ! + ! = 2sec®x
| Y1 sinx ' 1+sinx '
sin x 1+ cosx
7.4 Verify 15 cosx + snx 2cscx.

2 2

7.5 Verify tan® x — sin® x = tan? x sin” x.

7.6 Find the exact values of cos 105°, sin 12 ,and tan {5.

7.7 Simplify sin Z cos 3 + cos Z sin 3.
7.8 If sins = % (s in quadrant I) and cost = —15—3 (t in quadrant III), find

sin(s + t), cos(s — t), and the quadrant of s + ¢.

7.9 Write sin x — cos x and 5sin x + 12 cos x in the form 7 sin(x + ¢).
7.10 If tanx = —3 with x in quadrant IV, find sin 2x, cos 2x, and tan 2x.
7.11 Find sin 3, cos 3, tan 7 if cos x = —g and T < x < 37”

7.12 Find the exact value of cos g and of tan 22.5°.

7.13 Express cos?

x in terms of first powers of cosines of multiples of x.
7.14 Write sin 5x sin 2x and cos 3x cos x as sums.
7.15 Write sin7x + sin 3x and cos 5x — cos x as products.

7.16 Solve on [0,277): 2cos x — /3 = 0.
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7.17 Solve on [0,277): tan? x = 3.

7.18 Solve on [0,277): 2sin® x — 3sinx +1 = 0.

7.19 Solve on [0, 277): sin2x = sin x.

7.21 Solve on [0,277): 2cos 3x = 1.

7.22 Solve on [0,27t

):
):
):

7.20 Solve on [0,277): cos2x +3cosx +2 = 0.
):
): sinx + cosx = 1.
):

7.23 Solve on [0,27): sin3x + sinx = 0.

7.24 Find the general solution of sec? x — 2tan x = 4.

7.25 Solve v/3sin x + cos x = 1 on [0,271) by first writing the left side as a single
sinusoid.

CONCEPTS AND PROOF
7.26 Prove cos(s + t) cos(s — t) = cos?s — sin® £.

7.27 Prove s1.n 5% _ cos3x =2
sin x cos x

1
7.28 Prove tan (§ +x) = %, and find where both sides are defined.

7.29 Derive sin3x = 3sinx — 4sin° x.

7.30 Provethatif A+ B+ C = 7r,thentan A +tan B +tanC = tan Atan Btan C.

7.31 Explain why sinx + siny = 2sin xTer cos =5 implies that the sum of two

equal-amplitude waves of nearby frequencies produces beats.

7.32 Show that the angle 8 between two lines with slopes 1, m; satisfies tan 6 =

mo — M1
1+ mimy ’
. L . 2t 1—1#2
7.33 Derive the half-angle substitution sinx = ——, cosx = ——, where
142 14 ¢2
t = tan 7.

7.34 Explain the difference between the equations sinx = } and the identity
sin(—x) = —sinx.

7.35 How many solutions does sin(nx) = 0 have in [0, 277), for a positive integer
n?
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CHALLENGE
7.36 Evaluate cos Z cos 2 cos %¥ exactly. Hint: multiply by sinZ and use

2sinu cos u = sin 2u three times.

7.37 Evaluate tan20° tan40° tan 80° exactly, using tan 6 tan(60° — 6) tan(60° +
6) = tan 36.

7.38 Evaluate sin® 1° 4 sin%2° + - - - + sin? 89°.
7.39 Solve sin* x + cos* x = 3 on [0,271).

sin 5 sin @ oy
for sin 5 # 0.

7.40 Prove thatsinx +sin2x + - - - 4 sinnx = h:
2
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CHAPTER 8

SOLVING TRIANGLES

e Prove and apply the Law of Sines and the Law of Cosines.

e Analyze the ambiguous case (SSA), determining whether zero, one, or
two triangles exist.

e Compute the area of a triangle from two sides and the included angle,
and from three sides (Heron’s formula).

e Solve applied problems in navigation, surveying, and physics.

Right-triangle trigonometry solves right triangles. Most triangles that arise in
practice, from a surveyor’s measurements to the forces on a bridge, are not right
triangles. Two laws extend trigonometry to every triangle. Throughout, a trian-
gle has angles A, B, C and opposite sides a, b, c.

8.1 THE LAW OF SINES

Theorem 8.1 (Law of Sines). In any triangle,

sin A _sinB sin C
a b ¢

Proof. Drop the altitude i from C to the line AB. In the right triangles it creates,
h = bsin A and h = asin B (if B is obtuse, the foot of the altitude lies outside the
triangle and i = asin(7r — B) = asin B). So bsin A = asin B, which is the first
equality. The altitude from A gives the second.

The Law of Sines solves a triangle when we know two angles and a side (AAS
or ASA), and sometimes when we know two sides and an angle opposite one of
them (SSA).
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Example 8.2 (AAS). Solve the triangle with A = 40°, B = 60°, a = 10.

Solution. C = 180° — 100° = 80°. Then b = 2sinB _ 10sin60° ~, 13 47 and

10sin 80° sin A sin 40°
— 10sin ~
¢ = 10sin80° 1, 1537,

8.1.1 THE AMBIGUOUS CASE

Givena, b, and the angle A opposite 4, imagine side b fixed with angle A at its left
end, and side a swinging from the other end like a pendulum. Let & = bsin A
be the distance from that end to the ray where side ¢ must lie.

Theorem 8.3 (SSA cases, with A acute). Ifa < h, no triangle exists. If a = h,
exactly one (right) triangle exists. If h < a < b, two triangles exist. If a > b,
exactly one triangle exists. When A is obtuse or right, there is one triangle if a > b
and none otherwise.

Y

A By By

Figure 8.1: The ambiguous case i < a < b: side a reaches the base at two points, giving
two triangles AB;C and AB,C.

Example 8.4 (Two triangles). Solve the triangle with A = 43°,a =7,b =
10.

Solution. /1 = 10sin43° ~ 6.82 < 7 < 10: two triangles. sinB =
10sin43" ~ 0.9743, so By ~ 76.98° or B, = 180° — By ~ 103.02°. First tri-
angle: C; ~ 60.02°, ¢; = 23051 ~ 8.89. Second: C; ~ 33.98°, ¢, ~ 5.74.

COMMON ERROR (The calculator returns one angle). arcsin returns an angle
in [—90°,90°], so it never gives the obtuse solution 180° — B. In every SSA
problem, check whether the supplement also fits: it does exactly when A +
(180° — B) < 180°.
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8.2 THE LAW OF COSINES

Theorem 8.5 (Law of Cosines). In any triangle,
¢* = a® + b> — 2abcosC,

and similarly a* = b2 + ¢ — 2bc cos A and b = a? + c* — 2ac cos B.

Proof. Place C at the origin and B at (,0). Then A = (bcosC,bsinC), and by
the distance formula ¢> = (bcosC — a)? + (bsinC)?> = b*(cos? C + sin® C) —
2ab cos C + a?.

When C = 90°, cos C = 0 and the law reduces to the Pythagorean Theorem; the
term —2ab cos C is the correction for a non-right angle. The Law of Cosines solves
triangles given two sides and the included angle (SAS) or three sides (SSS), and
it has no ambiguous case, because arccos returns angles in [0°,180°], the full
range of possible triangle angles.

Example 8.6 (SAS). Two ships leave port at the same time. One sails at
20 mi/h on a bearing of N30°E, the other at 15 mi/h on a bearing of S80°E.
How far apart are they after 2 hours?

Solution.  After 2 hours the sides are 40 and 30 miles. The angle be-
tween the courses is 180° — 30° — 80° = 70°. So d*> = 40% + 30% —
2(40)(30) cos 70° ~ 1679.2, and d ~ 40.98 miles.

Example 8.7 (SSS). Find the largest angle of the triangle with sides 5, 7,
9.
Solution.  The largest angle is opposite the longest side: cosC =

BEO8L — 7 = — 1 50 C = arccos (—7y) & 95.74°.

8.3 AREA OF A TRIANGLE

Theorem 8.8 (Area formulas). The area of a triangle is K = 1absin C. In terms
of the three sides,

K= \/s(s —a)(s—b)(s—c), s = a+s—|—c (Heron’s formula).
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Proof. With base a, the height is bsin C, giving the first formula. For Heron’s,
square it and use the Law of Cosines:

16K?* = 4a?b*(1 — cos? C) = 4a*b* — (a®> + b* — c?)?
= (2ab — a* — b + ¢*)(2ab + a* + b* — ¢?).

The factors are (c —a+b)(c+a—b) and (a+b —c)(a+ b + c¢), which equal
2(s—a)-2(s—b)-2(s —c) - 2s. Dividing by 16 gives the formula.

Example 8.9 (Heron’s formula). For sides 5, 7, 9: s = 105 and K =
v10.5-55-3.5-15 = 1/303.1875 ~ 17.41. Check with the angle found
in Example 8.7: % -5.7s5in95.74° ~ 17.41.

8.4 APPLICATIONS

Example 8.10 (Surveying across a river). To find the distance from point
A on one bank to a tree T on the other, a surveyor measures a baseline
AB = 120 m along the bank and the angles ZTAB = 67° and ZTBA = 51°.
Find AT.

Solution. ZATB = 180° — 67° — 51° = 62°. By the Law of Sines, AT =

120sin51°
120sin51° 1, 105,62 m.

Example 8.11 (Resultant force). Two forces of 30 N and 50 N act on an
object, with an angle of 40° between their directions. Find the magnitude
of the resultant.

Solution. By the parallelogram rule, the resultant is the diagonal of the par-
allelogram with sides 30 and 50; in the triangle it forms, the angle between
the sides is 180° — 40° = 140°. So R? = 30% + 502 — 2(30)(50) cos 140° ~
5698.1 and R ~ 75.49 N. Vectors (Chapter 10) make such computations
routine.

LOOKING AHEAD. The Law of Cosines is the dot product in disguise: for
2 _ .2 2 _
vectorsuand v, lu—v|" = |u|"+ |v|"—2u-v,sou-v = |u] |v|cosf. Vol-

ume IV opens with this identity, and it reappears in quantum mechanics as
the inner product (¢|yp), whose square gives measurement probabilities.
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8.5 WORKED PROBLEMS

These problems apply the Laws of Sines and Cosines in combination. The main
decision in each is which law to use first.

PROBLEM 8.1 How many triangles?

Given A = 35° and b = 20, for which lengths a are there no triangles, one
triangle, or two triangles?

Solution.  The height from the far end of b to the other side is h =
20sin35° ~ 11.47. By Theorem 8.3: no triangle if 2 < 11.47; exactly one
(a right triangle) if 2 = 20sin35°; two triangles if 11.47 < a < 20; and
exactly one if a > 20, because then the swinging side reaches the base only
once on the correct side.

PROBLEM 8.2 A course with a turn

A ship sails 30 nautical miles on a bearing of 060°, then turns and sails 45
nautical miles on a bearing of 150°. How far is it from its starting point, and
what bearing should it steer to return?

Solution. The two courses differ by 90°, so the turn makes a right angle
and the distance is v/302 4 45% ~ 54.08 nmi. (In general, the angle inside
the triangle at the turn is 180° minus the change in course, and the Law of
Cosines is needed.) In coordinates with north as the y-axis, the ship ends
at (30sin 60° + 45sin 150°, 30 cos 60° + 45cos 150°) ~ (48.48, —23.97). Its
bearing from the startis about 116.3°, so it must steer 116.3° + 180° = 296.3°
to return.

PROBLEM 8.3 Area and inscribed circle

Find the area of the triangle with sides 7, 8, 9, and the radius of its inscribed
circle.

Solution. s = 12 and Heron’s formula gives K = v/12-5-4-3 = V720 =
124/5 ~ 26.83. The inscribed circle touches all three sides; joining its center
to the vertices splits the triangle into three triangles of height » and bases g,
b,c,s0K=3r(a+b+c)=rs. Hencer = £ = \/5~2.24.
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PROBLEM 8.4 Height from two angles

From a point A on level ground the angle of elevation to the top of a tower
is 40°. From a point B, 50 m closer, it is 60°. Find the height of the tower.

Solution. Let T be the top. In triangle ABT, the angle at B is 180° — 60° =
120°, so the angle at T is 180° — 40° — 120° = 20°. By the Law of Sines, BT =
52i§g§9° . In the right triangle at B, the height is BT sin 60° = W ~

81.38 m.

PROBLEM 8.5 The angle between two forces

Forces of 10 N and 14 N act on an object, and their resultant has magnitude
20 N. Find the angle between the forces.

Solution. In the force parallelogram, the resultant is a diagonal, and the
triangle it forms with the two forces has sides 10, 14, 20, with the angle
opposite 20 equal to 180° — 0, where 6 is the angle between the forces. By
the Law of Cosines, 20> = 10? + 14% — 2(10)(14) cos(180° — 8) = 296 +
280 cos 6. So cos§ = 132 and 0 ~ 68.2°.

PROBLEM 8.6 A quadrilateral

In quadrilateral ABCD, AB =5, BC =8, ZB = 60°, CD = 6, and DA = 4.
Find its area.

Solution. The diagonal AC splits it into two triangles. In triangle ABC,
AC? = 25+ 64 —2(5)(8)cos60° = 49, so AC = 7, and its area is
%(5)(8) sin60° = 104/3. Triangle ACD has sides 7, 6, 4, so s = 8.5 and
its area is v/8.5-1.5-2.5- 4.5 ~ 11.98. The total is 101/3 + 11.98 ~ 29.30.

PROBLEM 8.7 The circumscribed circle

A triangle has 2 = 10 and A = 30°. Find the radius of its circumscribed
circle, and explain why it does not depend on the other sides.

Solution. By the extended Law of Sines (Exercise 8.21), 5+ = 2R, so
R = ﬁ = 10. Every triangle with a side 10 opposite a 30° angle is
inscribed in a circle of radius 10: an inscribed angle is half the central angle
on the same chord, so a 30° angle sees a chord of length 10 only on a circle

of radius 10.
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Short problems for building speed and accuracy. Round to two decimals. An-
swers follow the list.

D8.1

D8.2

D8.3
D8.4
D8.5
D8.6

D8.7
D8.8

D8.9

D8.10

D8.11

A =30° B =45° a = 10. Find
b.

A =50° C =70° c=12. Find
a.

A =40°, B =75° Find C.
a=>5b=7,C=60° Find c.
a=28,b=8,C=90° Find c.

Sides 3, 5, 7. Find the largest
angle.

Sides 6, 6, 6. Find each angle.
A =230°a=4,b=8. How
many triangles?

A =30°a=23,b=8. How
many triangles?

A =30°a=10,b=8. How
many triangles?

A =120°a=5,b=7. How
many triangles?

ANSWERS TO SKILL DRILLS

D8.114.14. D8.29.78. D8.3 65°.

60° each. D8.8 One (a right triangle).

D8.12

D8.13
D8.14
D8.15
D8.16
D8.17

D8.18

D8.19

D8.20

D8.46.24. D8.511.31.
D8.9 None.
D8.1213.50. D8.1312. D8.1436. D8.150.75. D8.160.5,s0 A = 60°.

26.84. D8.1810.39. D8.1910.39. D8.205.

EXERCISES

COMPUTATION

Areawitha =6,b =9,
C =30°.

Area with sides 5, 5, 6.

Area with sides 9, 10, 17.
sinBifa=4,b=6, A =30°.
cosAifa=7,b=5,¢c=8.

Perimeter of an isosceles
triangle with legs 10 and apex
angle 40°.

Diagonal of a rhombus with
side 6 and angle 120° (the
longer diagonal).

2R for a triangle witha = 9,
A = 60°.

Third side when two sides are 3
and 4 and the included angle is
90°.

D8.6 120°. D8.7
D8.10 One. D8.11 None.
D8.17

8.1 Solve the triangle with A = 50°, B = 68°, ¢ = 230.
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8.2 Solve the triangle with B = 29°, C = 51°, b = 44.
8.3 How many triangles have A = 30°,a = 5, b = 127 Explain.
8.4 How many triangles have A = 30°,a = 6, b = 12? Solve it.
8.5 Solve all triangles with A = 36°,a = 8, b = 12.
8.6 Solve all triangles with B = 115°, b = 20, c = 14.
8.7 Solve all triangles with C = 40°, ¢ = 10, a = 25.
8.8 Solve the triangle with a = 10, b = 12, C = 40°.
8.9 Solve the triangle witha =4,b=5,c =7.
8.10 Find the angles of the triangle with sides 10, 10, 16.
8.11 Find the area of the triangle witha = 12, b = 15, C = 110°.
8.12 Find the area of the triangle with sides 13, 14, 15.

8.13 A parallelogram has sides 8 and 12 and an angle of 60°. Find both diago-
nals and the area.

8.14 A pilot flies 200 mi on a bearing of N20°E, then 150 mi on a bearing of
S70°E. Find the distance from the starting point, and the bearing of the
final position from the starting point.

8.15 Two observers 5 km apart on a straight road see a balloon between them
at angles of elevation 32° and 48°. Find the balloon’s altitude.

8.16 A 40-ft telephone pole on a hillside inclined 12° to the horizontal casts a
shadow straight down the hill. The angle of elevation of the sun is 50°.
Find the length of the shadow.

8.17 A triangular lot has sides 120 m, 150 m, and 200 m. Find its area and its
largest angle.

8.18 Find the length of the side of a regular pentagon inscribed in a circle of
radius 10.

8.19 Two forces of 12 N and 18 N have a resultant of 25 N. Find the angle be-
tween the forces.

8.20 A tunnel is to be built through a mountain between A and B. From a point
C,CA =388m,CB = 212m, and ZACB = 82.4°. Find the tunnel’s length.

ForgEd < Learn skills that matter. forgedlearn.com



l c FORGED PRECALCULUS & TRIGONOMETRY

SOLVING TRIANGLES PAGE 93

CONCEPTS AND PROOF

8.21 Prove that ;1 = 2R, where R is the radius of the circumscribed circle.

Hint: inscribe the triangle and use the diameter through a vertex.

8.22 Show that the Law of Cosines implies the Pythagorean Theorem and its
converse.

8.23 Prove that the area of a triangle is K = Z—Z;C.
8.24 Show thata = bcos C + ccos B (the projection formula).

8.25 Explain why SSA can be ambiguous but SAS cannot.

a—b_tanﬂ

a+b _tan#'

8.26 Prove the Law of Tangents:

8.27 Show that in any triangle, cos A + cos B + cos C < 3 with equality for the
equilateral triangle. (You may assume the result that the maximum occurs
when A =B =2C.)

: __ a%*sinBsinC
8.28 Derive the formula K = A

8.29 For which triangles does Heron’s formula give K = 0? Interpret.

8.30 Prove that the angle bisector from C divides c in the ratio a : b, using the
Law of Sines.

CHALLENGE

8.31 Find the radius of the inscribed circle of the 13-14-15 triangle, using K =
rs.

8.32 A triangle hassidesa = 7, b = 8, and the angle opposite 2is A = 60°. Find
c (there are two answers).

8.33 Three circles of radii 1, 2, 3 are mutually externally tangent. Find the area
of the triangle formed by their centers, and the angles of that triangle.

8.34 In triangle ABC,a =5,b ="7,and cos(A — B) = 31. Find c.

2,12, 2
a~+b +c _COZA—FCO;B—FCO?C-

8.35 Prove that in any triangle, Sabe ~ —
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CHAPTER 9

COMPLEX NUMBERS

Add, subtract, multiply, and divide complex numbers, and use conju-
gates.

Plot complex numbers and compute modulus and argument.

Write complex numbers in trigonometric form, and multiply and divide
them geometrically.

Prove and apply De Moivre’s Theorem to compute powers.

Find all nth roots of a complex number, including the roots of unity.

The equation x> = —1 has no real solution. Rather than accept that, mathe-
maticians in the sixteenth century began to calculate with a symbol i satisfy-
ing i> = —1, at first reluctantly, because it produced correct real answers to
cubic equations. The resulting number system, the complex numbers, turned
out to be the natural home of algebra (every polynomial factors completely, The-
orem 3.11) and of much of physics: quantum mechanics is written in complex
numbers from its first equation.

9.1 ARITHMETIC OF COMPLEX NUMBERS

Definition 9.1 (Complex numbers). A complex number is an expression z =
a + bi with a,b real and i> = —1. a = Rez is the real part and b = Imz the
imaginary part. Two complex numbers are equal when their real parts and
their imaginary parts are equal. The conjugate of zis Z = a — bi.

Complex numbers are added and multiplied like polynomials in i, replacing i*
by —1:
(a+bi)+ (c+di)=(a+c)+ (b+4d)i,
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(a + bi)(c+di) = (ac — bd) + (ad + bc)i.

The key fact about conjugates is zz = (a + bi)(a — bi) = a® + b?, a nonnega-
tive real number. Division uses it: multiply numerator and denominator by the
conjugate of the denominator.

Example 9.2 (Arithmetic). (a) (3 —2i)(4+5i) = 12+15i — 8 — 10> = 22+
g (py 2E3 Q320 2+ 4iddite? 447 4

) 1-2i  (1-20)(1+2i) 5 =— =3
7
gi. (c) Powers of i repeat with period 4: i, —1,—i,1. So {2926 = #3062 —

2= -1.

Theorem 9.3 (Properties of conjugates). z+w = Z+ @, zw = Z,
and z is real if and only if z = Z.

Nl

:Z/

These properties prove the Conjugate Zeros Theorem (Theorem 3.12): if P has
real coefficients and P(z) = 0, then P(z) = P(z) =0 = 0.

COMMON ERROR (\/—a\/~b # /ab). Fora,b > 0, write \/—a = i\/a before
multiplying. /—4y/—9 = (2i)(3i) = 6i> = —6, not v/36 = 6. The rule
Vx/y = /Xy holds only for x,y > 0.

9.2 THE COMPLEX PLANE

The complex number a + bi corresponds to the point (4, b) in the plane, called the
complex plane: the horizontal axis is the real axis and the vertical axis the imaginary
axis. Addition is vector addition (the parallelogram rule), and conjugation is
reflection in the real axis.

Definition 9.4 (Modulus). The modulus (or absolute value) of z = a + bi is
|z| = Va2 + b2, its distance from the origin. Note |z|* = zz.

Theorem 9.5 (Properties of modulus). |zw| = |z| |w|, |z/w| = |z| / |w|, and
|z +w| < |z| + |w| (the triangle inequality). |z — w| is the distance between z
and w.

Proof of the first. |zw|* = zwZzw = 2z ww = |z|* |w|*.
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9.3 TRIGONOMETRIC FORM

A point at distance r from the origin in the direction of angle 6 is (r cos 6, r sin0).
So every nonzero complex number can be written

b
z =r(cos@ +isinf), r=|z|, tan@z;.

0 is an argument of z, determined up to multiples of 277; choose it in the quadrant
where (a,b) lies.

Example 9.6 (Converting). 1 +i = V2 (cosZ +isin%); —V3+i =
2 (cos 2 +isin2%); —3i =3 (cos 3 +isin 37).

Theorem 9.7 (Multiplication and division). If z; = r1(cos6; + isin6;) and
2y = 1p(cos 6 +isin6y), then

z12p = r112[ cos(01 + 6,) + isin(6; + 67)],

2L = Dlcos(6y — 6) +isin(0 —6,)]  (z2 #0).
Z3 rp

Proof. Multiply out: the real part is riry(costhcosf, — sinf;sinfy) =
riracos(61 + 62) and the imaginary part is rirp(sin 6y cos 6, + cos 0y sinfp) =
rirpsin(0; + 6), by the addition formulas. Division follows because % ~Zp =
Z1.

To multiply complex numbers, multiply the moduli and add the arquments. Multiplica-
tionby i = cos 7 +isin 7 is a rotation by 90°; multiplication by any z is a rotation
by arg z combined with a scaling by |z|.

9.4 DE MOIVRE'S THEOREM

Theorem 9.8 (De Moivre’s Theorem). For every positive integer n, [r(cos 6 +
.. n ..
isin®)]" = r"(cosnf + isinnh).

Proof. Induction on 1, using Theorem 9.7: if it holds for n, then multiplying by
r(cos 6 + isin §) multiplies the modulus by r and adds 6 to the argument.
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9
Example 9.9 (A large power). Compute (1 +i)'° and (% + ?z) .

10
Solution. (1 4+ i) = (ﬁ) (cos 97 +isin 197) =
32(cos 5 +ising) = 32i. The second number is cos§ + isin%, so
its ninth power is cos 37t +isin3m = —1.

Example 9.10 (Identities from De Moivre). Expanding (cosf + isin )3
by the binomial theorem and comparing with cos36 + isin36: cos30 =
cos®0 — 3cosfsin’f = 4cos® — 3cosh and sin30 = 3sinf — 4sin’ 6.
Multiple-angle formulas come for free.

9.5 ROOTS OF COMPLEX NUMBERS

Theorem 9.11 (nth roots). A nonzero complex number z = r(cos 6 + isin0)
has exactly n distinct nth roots:

S [cos <0 +n2k7'c> ©+isin (9 —l—nanﬂ ’ k=01 ..1n—1.

Proof. By De Moivre, w} = r(cos(6 + 2k7) +isin(6 +2krr)) = z. The arguments
W for k = 0,...,n — 1 differ by less than 27, so the wy are distinct; and any
nth root w = p(cos ¢ + isin¢$) must have p"” = r and n¢p = 0 + 2k for some
integer k, which gives one of these.

The n roots lie on the circle of radius r
the vertices of a regular n-gon.

1/n equally spaced at angles : they are

Example 9.12 (Cube roots). Find the cube roots of —8.

Solution. -8 = 8(cos T + isinm). The roots are
2 [cos%ﬂ‘” +isinm} fork = 0,1,2: Z(COS% —|—isin§) = 14 3i,
2(cosm+isinm) = —2,and 2 (cos 2 +isin %) =1 —/3i.

Example 9.13 (Roots of unity). The nth roots of 1 are w*, k =0,...,n—1,
where w = cos 2% + isin 2Z. For n = 4 they are 1,i, —1, —i. Their sum is 0
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T 1B

Figure 9.1: The three cube roots of —8 form an equilateral triangle on the circle of radius
2.

(4]”71 o
= = 0.

for every n > 2: Zk 0 wk

Example 9.14 (A quadratic with complex coefficients). Solve z2 — (3 + i)z +
(2+2i) =0.

Solution. The quadratic formula works for complex coefficients. The dis-
criminant is (3 + 1) — 4(2 + 2i) = 8 + 6i — 8 — 8 = —2i. Its square roots
are +(1 —1i),since (1 —i)?> = —2i. Soz = % z=2o0rz=1+1.

LOOKING AHEAD. Volume III proves Euler’s formula ¢ = cos@ + isin6
from power series, so the trigonometric form becomes z = re'?, and The-
orem 9.7 becomes the exponent law ¢*¢'f = ¢!(**F). In Volume IV, every

quantum state is a vector of complex numbers, the time evolution of a state
of energy E is multiplication by e~"F*/" (a rotation in the complex plane),
and the probability of an outcome is a modulus squared, |c|* = cc.

9.6 WORKED PROBLEMS

These problems use the algebra and the geometry of complex numbers together.
Converting to trigonometric form is usually the key step.
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PROBLEM 9.1 A quadratic with complex coefficients

Solve z2 + 2iz — 5 = 0.

Solution. The quadratic formula holds for complex coefficients. The dis-
criminant is (2i)2 — 4(1)(—5) = —4+20 = 16,s0 z = =2 = 42—
Checkz = 2—i: (2—i)?2+2i(2—i)—5= (3—4i)+ (4i+2)—5 = 0.
Unlike real quadratics, the two roots here are not conjugates, because the
coefficients are not real.

PROBLEM 9.2 A quotient of powers

(14 +/3i)8
(1—1)°
Solution. Expanding would be slow; trigonometric form is fast. 1+ /3i =
2(cosF +isinf)and1—i= V2 (cos (—Z) +isin (—%)). By De Moivre,
the numerator has modulus 28 = 256 and argument 87 and the denom-

Compute in the form a + bi.

inator has modulus (v/2)® = 8 and argument —32. Dividing: modulus
32, argument 87” + 37” = 257”, which is coterminal with . So the result is

32 (4 + 3i) = 16V/3 + 161

PROBLEM 9.3 Cube roots in rectangular form

Solve 23 = —27i.

Solution. —27i = 27 (cos 37” +isin 37”) The cube roots have modulus 3
and arguments 73”/2;2"” =2 7z Ln.
z = 3i z——%—gi z—%—éi
I - 2 27 2 27

Check the first: (3i)3 = 27i®> = —27i. The three roots form an equilateral
triangle on the circle of radius 3.

PROBLEM 9.4 Factoring with complex roots

Factor x* + 4 into real quadratic factors.

Solution. The zeros are the fourth roots of —4 = 4(cos 77 + i sin 77): modu-
lus /2, arguments %, %T”, %”, %”, thatis +1 £ i. Pair each with its conjugate:
(x—(1+i)(x—(1—1i) =x>—2x+2and (x — (=1+1))(x — (-1—1)) =

x% +2x +2.So x* +4 = (x* — 2x + 2)(x* + 2x + 2), which can be checked
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by multiplying out.

PROBLEM 9.5 Rotation by multiplication

Rotate the point (3,1) by 60° counterclockwise about the origin.

Solution. Multiplying by cos60° +isin60° = 1 ﬁi rotates by 60°: (3 +

i) (% + §1> + 3{1 + 21 \f \[ + 3\f+11 The rotated point is

(%, 3@“) ~ (0.634,3.098). Its distance from the origin is still 1/10.

PROBLEM 9.6 Equations involving modulus

Find all z with |z| = |z —2|and |z —i| = 1.

Solution. |z| = |z — 2] says z is equidistant from 0 and 2, so it lies on
the perpendicular bisector Rez = 1. Write z = 1+ yi. Then |z —1i| =
1+ (y—1)i| = /1+(y—1)? = 1 forces y = 1. The only solution is

z = 1 4 i: the line is tangent to the circle.

PROBLEM 9.7 A multiple-angle formula

Use De Moivre’s Theorem to express cos 46 in terms of cos 6.

Solution. Write ¢ = cos 6, s = sin 6. The real part of (c +is)* is c* — 6¢?s* +
s* by the binomial theorem (the terms with i, i2, i*). Replace s> by 1 — ¢?:

cos48 = c* —6c*(1 —c?) + (1 —c?)? = 8c* — 8% + 1.

Checkat0 =0:8—-8+1=1 = cosO.

SKILL DRILLS

Short problems for building speed and accuracy. Answers follow the list.

D9.1 (2+5i) + (3 — 7i). D9.6 6 — 5i.
D9.2 (4—1i)— (1 - 3i). D9.7 (3 +4i) (3 — 4i).
D9.3 (2+i)(3—i). pos >
D9.4 (1 +2i)% :
143
D9.5 ill. D9.9 1 —I—i .

ForgEd < Learn skills that matter. forgedlearn.com



I c FORGED PRECALCULUS & TRIGONOMETRY

COMPLEX NUMBERS PAGE 103

D9.10 |5+ 12i|. D9.17 (cis15°)° in rectangular form.
D9.11 |2i|. D9.18 (2i)°.
D9.12 Argument of 1 +i. D9.19 The two square roots of —9.
D9.13 Argument of —v/3 —i. D9.20 The two square roots of 2i.
D9.14 Trigonometric form of —2. D9.21 How many fifth roots does 1
D9.15 2 (cos Z +isin ) in have?

rectangular form. D9.22 Solve 22 + 9 — 0.

D9.16 Modulus and argument of z;z,
if z1 = 3¢cis20°, zp, = 2cis40°
(where cis = cosf +isinf).  D9.24 Sum of the cube roots of 8.

D9.23 Solve z2 — 2z +2 = 0.

ANSWERS TO SKILL DRILLS

D9.15—2i. D9.23+2i. D937+i. D94 —-3+4i. D9.5—i. D9.6 6+ 5i.
D9.725. D9.824i. D9.92+i. D9.1013. D9.112. D9.12 F. D9.13 %ﬂ.
D9.14 2(cos T+ isin7r). D9.15+/3 +i. D9.16 modulus 6, argument 60°.
D9.17i. D9.1832i. D9.19 £3i. D9.20 +£(1+1i). D9.215. D9.22 £3i. D9.23
1£i. D9.240.

EXERCISES

COMPUTATION
9.1 Simplify (5 —3i) — (2+7i), (4+1)(2—3i), and (1 +i)(1 —i).

3-4i 1 1+i
240 i 10

9.2 Write in the form a + bi:

9.3 Compute i3, and 1 +i+i%+--- 4100,
9.4 Solve x> +4x+13 = 0and 2x*> —2x +5 = 0.
9.5 Find the modulus of 3 — 4i, 3 + ?i, and (2 +1)%.

9.6 Plotz =2+ 3i, Z, —z, and iz, and describe the geometric effect of multiply-
ing by i.

9.7 Describe the set of z with |z — 2i| = 3 and the set with |z — 1] = |z + 1.

9.8 Write in trigonometric form: —1 — i, 2v/3 —2i, —5, 4i.

9.9 Write in the form a + bi: 6 (cos %” +isin %”) and v2 (Cos TT” +isin 7”).

1

ForgEd < Learn skills that matter. forgedlearn.com



l c FORGED PRECALCULUS & TRIGONOMETRY

COMPLEX NUMBERS PAGE 104

9.10 Compute z1z> and % in trigonometric form for z; = 4 (cos 57” + isin 57”),
— T S ot 7T
zp =2 (cos § +isin%).

9.11 Compute (1 — i)® using De Moivre’s Theorem.
6 15
9.12 Compute (\@4— i) and (—% — ?z) .

9.13 Compute (2 —2i) 4 = in the form a + bi.

b
(2 —2i)%
9.14 Find the square roots of i and of —4.

9.15 Find the cube roots of 27i.

9.16 Find the fourth roots of —16.

9.17 Find all fourth roots of —8 — 81/3i in rectangular form.
9.18 Find the fifth roots of unity, and show that they sum to 0.
9.19 Solve z3 = 1 + i, giving the answers in trigonometric form.
9.20 Solve z° + 64 = 0.

CONCEPTS AND PROOF

9.21 Prove thatzw =z and z + w = Z + .

9.22 Prove that Rez = % and Imz = %7,

9.23 Prove that |z+w| < |z| 4+ |w| by squaring and using zw + Zw =
2Re(zw) < 2|z |w|.

9.24 Use De Moivre’s Theorem to derive formulas for cos 46 and sin 46.
9.25 Show that the nonreal cube roots of unity, w and w?, satisfy w*4+w+1=0.
9.26 Prove thatif z" =1 then |z| = 1.

9.27 Show that the nth roots of any nonzero z are wy, wow, Wow?, . .., wow" 1,

where w is a primitive nth root of unity.

9.28 Explain why the complex numbers cannot be ordered compatibly with
multiplication, as the reals are. Hint: isi > 0 ori < 0?

9.29 Show that multiplication by cos 6 + i sin 6 rotates every point of the plane
by 6 about the origin.
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9.30 Prove that a real polynomial of odd degree has at least one real zero, using
the Conjugate Zeros Theorem.

CHALLENGE

9.31 Compute (1 +1)!%, and use the binomial theorem to deduce (')°) — ('5°) +
(9) =+ Goo)

9.32 Find all complex z with z? = z.

9.33 Prove that cos 2 = @ using the fact that w = cos 2Z + i sin 2Z satisfies
w* + w? + w? + w+1=0. Hint: divide by w? and let u = w + w L.

9.34 Find the product of all the nth roots of unity.

9.35 Show that ZZ;& cos 2"7” =0forn > 2.
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CHAPTER 10

POLAR COORDINATES,
PARAMETRIC EQUATIONS, AND
VECTORS

e Convert between polar and rectangular coordinates and equations, and
sketch polar curves.

e Describe curves with parametric equations, eliminate the parameter, and
model projectile motion.

e Represent vectors in component form, and add, scale, and normalize
them.

e Compute dot products, angles between vectors, projections, and work.

Rectangular coordinates are not always the natural description. A radar screen
locates objects by distance and direction; a planet’s orbit is simplest as a relation
between distance and angle; a moving object is best described by giving its po-
sition at each time. This chapter introduces three tools for these situations, and
each one becomes central in calculus and physics.

10.1 POLAR COORDINATES
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Definition 10.1 (Polar coordinates). The point P has polar coordinates (7, 6)
if it lies at directed distance r from the origin (the pole) along the ray at angle
6 from the positive x-axis. If r < 0, P lies at distance |r| in the opposite
direction. The conversion formulas are

x =rcosf, y=rsin, 72:x2+y2, tanﬂz%(x#O).

A point has infinitely many polar representations: (r,6), (r,0 + 2km), and
(—r,0 + ) all describe it. When converting (x, y) to polar form, choose 6 in the
quadrant of (x,y).

Example 10.2 (Converting points and equations). (a) (4, 3f) is <—2,2\@>.

(b) (=1,-1) is (ﬂ, %”) (c) The equation r = 65sin 6 becomes, after mul-
tiplying by r, x> + y> = 6y, that is x> + (y — 3)? = 9: a circle. (d) The line

x4y = 4 becomes r(cos 0 +sinf) =4,orr = m.

10.1.1 GRAPHS OF POLAR EQUATIONS

To sketch r = f(6), tabulate r for 6 in [0,27] (watching where 7 is zero, maxi-
mal, or negative), and use symmetry: if replacing 6 by —6 leaves the equation
unchanged, the graph is symmetric about the x-axis.

Equation Curve

r=a circle of radius |a| centered at the pole
0=« line through the pole

r=2acosf,r =2asinf circles through the pole

r=a(1+xcos@) cardioid

r=a=xbcosb limagon (inner loop if |[b| > |a|)

r = acosnf rose: n petals (n odd) or 2n petals (1 even)
12 = a?cos 20 lemniscate

COMMON ERROR (Missing intersections). Solving f(8) = g(0) finds only
intersections reached at the same 6 on both curves. Two polar curves can
meet at a point that one reaches at § = « and the other at a different angle,
and both may pass through the pole at different 8. Always sketch both
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r=1+2sin@ r = sin 30 r2 = cos 26

!

Figure 10.1: A limacon with an inner loop, a three-petaled rose, and a lemniscate.

graphs.

10.2 PARAMETRIC EQUATIONS

Definition 10.3 (Parametric curve). Equations x = f(t), y = g(¢) for t in
an interval define a parametric curve: the path of the point (f(f),g(t)) as ¢
varies. The variable t is the parameter; as it increases, the point moves along
the curve in a definite direction.

Example 10.4 (Eliminating the parameter). (a) x =24ty =3 —2t: from
t=x—-2,y=3-2(x—2) =7—2x,aline. (b) x = 3cost, y = 2sint,
0<t<2m: "9—2 + yzz = cos?t +sin’t = 1, an ellipse traced once counter-
clockwise. (c) x = V/t,y = t: y = x? with x > 0, only the right half of the
parabola.

Example 10.5 (Projectile motion). A ball is thrown at speed v and angle «
above the horizontal. Ignoring air resistance, its position after t seconds is

x = (vgcosa)t, y = (vosina)t — Lot*.

Find the range and show that the path is a parabola.
Solution. The ball lands wheny = 0, at t = @, so the range is x =

2 2 s
2% smg“ = =1 S;nza, largest when & = 45°. Eliminating t =

y = (tana)x —

X
V) COS &

gives

mxz, a downward parabola.
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10.3 VECTORS IN THE PLANE

A vector is a quantity with magnitude and direction, represented by an arrow;
arrows with the same length and direction represent the same vector. Displace-
ment, velocity, and force are vectors; mass and temperature are scalars.

Definition 10.6 (Component form). The vector from P(x1,y1) to Q(x2,y2) is
1@ = (x2 —x1, y2—y1). Forv = (a, b), the magnitudeis |v| = v/a> + b>. Vec-
tors are added and multiplied by scalars componentwise: (a,b) + (c,d) =
(a+c,b+d)andk(a,b) = (ka, kb).

A unit vector has magnitude 1; the unit vector in the direction of v # 0 is ﬁ The
standard unit vectors arei = (1,0) and j = (0,1), so (a,b) = ai + bj. A vector of
length r at angle 6 is (r cos 6, rsin6).

Example 10.7 (Navigation). A plane heads due north at 300 mi/h while a
40-mi/h wind blows from the west, that is, toward the east. Find the plane’s
true speed and direction.

Solution. Velocity relative to the ground: (40,300). Speed /402 4 3002 ~
302.65 mi/h, direction arctan % ~ 7.59° east of north.

Example 10.8 (Equilibrium). A 100-lb weight hangs from two cables mak-
ing angles of 50° and 32° with the horizontal. Find the tension in each.

Solution. Let the tensions be T; (left, 50°) and T; (right, 32°). Horizontal
balance: T; cos50° = T, cos32°. Vertical balance: T; sin50° + T> sin32° =
100. Solving, T ~ 85.64 Ib and T, ~ 64.91 Ib.

104 THE DOT PRODUCT
Definition 10.9 (Dot product). <€l1,ﬂ2> . <b1,b2> = a1b1 + ayb,.

Theorem 10.10 (Geometric meaning). If 0 is the angle between nonzero vectors
uand v (0 < 0 < m), thenu-v = |u||v|cos6. In particular, u and v are
perpendicular exactly when u - v = 0.

Proof. The vectors u, v, u — v form a triangle. By the Law of Cosines, |u — v|? =
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|u\2 + |v\2 —2|u| [v|cosf. In components, the left side is (u; — v1)? + (up —
)% = |u\2 + |v\2 — 2(u101 + upv,). Comparing gives the result.

Definition 10.11 (Projection and work). The projection of u onto v is

roj. u = wv v. The work done by a constant force F moving an object
pProjy ’V|2 y g )

along displacement D is W = F - D.

Example 10.12 (Angle and projection). For u = (3,4) and v = (5,-2):

u-v=15-8=7,s0cosb = ﬁ and 6 ~ 74.93°. proj, u = % (5, —2).

Example 10.13 (Work). A sled is pulled 50 m along level ground by a rope
at 30° above horizontal with tension 80 N. The work is W = 80 - 50 cos 30° =
2000v/3 =~ 3464 .

LOOKING AHEAD. Polar coordinates become cylindrical and spherical coor-
dinates in Volume IV, the natural setting for the hydrogen atom. Parametric
curves become vector functions r(t), whose derivative is the velocity vector

and whose integral of speed is arc length. And the dot product is the first of
the two vector products studied there; its generalization, the inner product,
is the central operation of quantum mechanics.

10.5 WORKED PROBLEMS

These problems move between polar, parametric and vector descriptions of the
plane. In most of them the work is choosing which description makes the ques-
tion easy.

PROBLEM 10.1 Identifying a polar curve

Identify the curve r = 4sinf — 2 cos 6.

Solution. Multiply by 7 to create 72, rsinf and rcos6: r> = 4rsinf —
2r cos 6, so x% + y? = 4y — 2x. Completing squares, (x +1)% + (y —2)? = 5.
The curve is the circle with center (—1,2) and radius v/5. Multiplying by r
added only the pole, which is already on this circle (at 6 with tan = 1).
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PROBLEM 10.2 Where two polar curves meet

Find all intersection points of r = 1 + cos 6 and r = 3 cos 6.

Solution. Setting the expressions equal gives 1 4 cos ) = 3 cos 6, so cost) =
%, 0 ==+% andr = %: the points (%, +%). Equating r values misses the
pole, because each curve can pass through it at a different 0: the cardioid
hasr = 0atf = 7r and the circle at @ = 7. So the pole is a third intersection

point. A sketch is the reliable way to catch points like this.

PROBLEM 10.3 A projectile

A ball is thrown from a height of 1.5 m at 30 m/s, 40° above horizontal.
Using ¢ = 9.8 m/s? and ignoring air resistance, find its maximum height
and where it lands.

Solution. The velocity components are 30 cos 40° ~ 22.98 and 30sin 40° ~
19.28, so

x = (30c0s40°)t,  y =15+ (30sin40°)t — 4.9t

The parabola y(t) peaksatt = 38I40° ~ 1,975, where y ~ 20.47 m. Itlands
when y = 0; the positive root of the quadratic is t ~ 4.01 s, at x ~ 92.20 m.

PROBLEM 10.4 Flying against a crosswind

A plane with airspeed 480 km/h must travel due east. The wind blows
toward the south at 50 km/h. What heading should the pilot take, and
what is the ground speed?

Solution. Let the plane point at angle « north of east, so its air velocity
is (480 cosa,480sina), and the wind is (0, —50). For the ground velocity
to point due east, the north components must cancel: 480sina = 50, so
a ~ 5.98°, abearing of about 084.0°. The ground speed is 480 cos & ~ 477.39
km/h.

PROBLEM 10.5 Angle and projection

For il = (3,4) and ¥ = (5, —1), find the angle between them and the projec-
tion of if onto .

Solution. -7 = 15—4 = 11, ||i| = 5, ||7]] = V26. So cosf = 1L

5v26
and 0 ~ 64.44°. The projection is proj;if = 3(5,—1) = (32, —1%). The
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remainder i — proj; il is orthogonal to @, which is a quick check.

PROBLEM 10.6 Work done by a slanted force

A sled is pulled 20 m along level ground by a rope at 30° to the horizontal,
with tension 50 N. How much work is done?
Solution. Work is F-d = HﬁH HETH cos® = 50-20cos30° = 5003 ~

866.03 J. Only the horizontal component of the pull does work; the vertical
component lifts slightly on the sled without moving it along the ground.

PROBLEM 10.7 Distance between polar points

Find the distance between the points with polar coordinates (3, %) and

(5. %).

Solution. The two points and the pole form a triangle with sides 3 and
5 meeting at angle 2¥ — Z = Z. By the Law of Cosines, d> = 9 + 25 —
30cos § = 34, sod = v/34. This formula, d? = r% + 13 — 2r1rycos(6 — 6y),
avoids converting to rectangular form.

PROBLEM 10.8 A hanging weight

A 100 N weight hangs from two cables making angles of 30° and 45° with
the horizontal ceiling. Find the tension in each cable.

Solution. At equilibrium the forces sum to zero. Horizontally, T} cos 30° =
T cos45°; vertically, T;sin30° + T»sin45° = 100. From the first,

T, sin45° = Tj cos 30° (because sin45° = co0s45°), so Ty (% + ?) = 100

and T; = 100(v/3 —1) ~ 7321 N. Then T, = 183" ~ 89,66 N. The
steeper cable carries more of the load.

SKILL DRILLS

Short problems for building speed and accuracy. User > 0 and 0 < 0 < 27 for
polar coordinates. Answers follow the list.

D10.1 Rectangular coordinates of (2,31).
e
(4 3) D10.3 Polar coordinates of (1,1).
D10.2 Rectangular coordinates of D10.4 Polar coordinates of (0, —3).
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D10.5 Polar coordinates of (—1,v/3). D10.16 Eliminate t: x = \/t,y =t + 1.
D10.6 r = 5 in rectangular form. D10.17 ||(—6,8)]].

D10.7 6 = 7 in rectangular form. D10.18 Unit vector in the direction of
(3,—4).

D10.19 2(1,3) — (4, —1).

D10.8 r = 6 cos 6 in rectangular form.

D10.9 rsinf = 2 in rectangular form.
D10.20 Vector of length 10 at direction
angle 150°.

D10.21 (2,5) - (3, —1).

D10.22 Are (4,6) and (—3,2)
D10.13 Number of petals of r = sin 46. orthogonal?

D10.10 x2 + y? = 4y in polar form.
D10.11 x = 3 in polar form.
D10.12 Number of petals of ¥ = cos 36.

D10.14 Eliminate t: x =t + 1,y = 2t. D10.23 Angle between (1,0) and (1,1).
D10.15 Eliminate f: x = cost, y = sint. D10.24 proj; i for ii = (4,2), 7 = (1,0).
ANSWERS TO SKILL DRILLS

D10.1 (2,2v/3). D102 (—v/2,+/2). D103 (\@,g). D104 (3,%F). D105

(2,%). D10.6 x> +y*> =25. DI10.7y = x (the whole line, using negative r).
D10.8 x> + y* = 6x. D109y =2. D10.107 = 4sinf. D10.11 r = 3sec.
D10.123. D10.138. D10.14y =2x —2. D10.15x* +y2=1. D10.16

y=x>+1,x>0. D101710. D10.18 <g,_g>. D10.19 (—2,7). D10.20
(—5v/3,5). DI10211. D10.22 Yes. D10.2345°. D10.24 (4,0).

EXERCISES

COMPUTATION
10.1 Convert to rectangular coordinates: (6, %), (=3, %T”), (2,-%).

10.2 Convert to polar coordinates with r > 0,0 < 6 < 27t (—3,3v3), (5,—-5),
(0,-7).

10.3 Convert to a rectangular equation: r = 4 cos 6; r = sec6; r*sin 26 = 8.
10.4 Convert to a polar equation: x> +y*> = 9;y = x; x> — y*> = 1.
10.5 Sketchr =2+ 2cosfandr =1 —2cos 0.

10.6 Sketch r = cos 20 and r = 3 sin460; how many petals does each have?
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10.7
10.8
10.9
10.10
10.11
10.12

10.13

10.14

10.15
10.16

10.17
10.18

10.19

10.20
10.21

10.22

10.23

10.24
10.25
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Find all intersection points of ¥ = 1 4 cos @ and r = 3 cos 6.

Eliminate the parameter and sketch: x = 2, y = 3.

Eliminate the parameter: x = 1+ cost, y = 2 + sin .

Eliminate the parameter: x = sect, y = tant.

Find parametric equations for the line segment from (—2,4) to (3, —1).

Find parametric equations for the circle with center (1, —2) and radius 3,
traced clockwise.

A projectile is fired at 400 ft/s at an angle of 30°. Using ¢ = 32 ft/s?, find
its range and maximum height.

At what angle should a ball be thrown at 80 ft/s to land 150 ft away (two
answers)?

Find u+v,3u —2v,and |[u — v| foru = (2,-5), v= (-1,3).

Find the unit vector in the direction of (—6,8), and the vector of length 10
in the direction of (1,2).

Find the magnitude and direction angle of v = —4i + 41/3].

A boat heads across a river at 12 km/h perpendicular to the current, which
flows at 5 km/h. Find the boat’s actual speed and direction.

A 200-Ib crate rests on a ramp inclined at 25°. Find the components of its
weight parallel and perpendicular to the ramp.

Find the angle between (1,2) and (—3,4).

Determine whether each pair is parallel, perpendicular, or neither: (2, —6),
(—1,3); (4,1), (—1,4); (3,2), (2,3).

Find proj, u for u = (4,2), v = (1, —3), and write u as the sum of a vector
parallel and a vector perpendicular to v.

Find the work done by the force F = (3, —4) moving an object from (1,1)
to (6,9).

Find k so that (k,3) and (2, —6) are perpendicular.

Two tugboats pull a barge with forces of 2000 Ib at 20° and 2500 1b at —15°
relative to the barge’s axis. Find the resultant.
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CONCEPTS AND PROOF

10.26 Prove that the polar equation r = 2a cos 6 is a circle, and find its center and
radius.

10.27 Show that (r,0) and (—r, 0 + 1) represent the same point.
10.28 Prove that |u - v| < |u||v| (the Cauchy-Schwarz inequality).

10.29 Prove the triangle inequality [u+v| < |u|+ |v| using the Cauchy-
Schwarz inequality.

10.30 Show that the diagonals of a rthombus are perpendicular, using the dot
product.

10.31 Prove that u — proj, u is perpendicular to v.

10.32 Show that the path x = acost, y = bsint is an ellipse, and explain how ¢
is related to (but not equal to) the polar angle of the point.

ZJ% sin? a
28

10.33 Show that the maximum height of a projectile is

10.34 Explain why the work done by a force perpendicular to the motion is zero,
with a physical example.

10.35 Find the polar equation of the line through (2, 0) perpendicular to the polar
axis, and of the line through (0, 3) parallel to it.

CHALLENGE

10.36 Find parametric equations for the cycloid traced by a point on the rim of a
wheel of radius r rolling along the x-axis.

10.37 Show that the curve r = ﬁ is a parabola, and find its focus and direc-
trix.

10.38 A ball thrown with speed vy from height h above level ground travels far-
thest at an angle less than 45°. Find the optimal angle for v9 = 20 m/s and
h = 10 m numerically.

10.39 Find the area of the triangle with vertices (1,2), (4, —1), (5,3), using the

formula %\/|u\2 V> = (u-v)2

10.40 Prove that the medians of a triangle meet at a point two-thirds of the way
along each, using vectors.
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CHAPTER 11

CONIC SECTIONS

e Derive the standard equations of the parabola, ellipse, and hyperbola
from their geometric definitions.

o Identify the vertices, foci, axes, eccentricity, and asymptotes of a conic,
and graph it.
e Classify and graph shifted conics by completing the square.

e Eliminate the xy-term by rotating the axes, and classify conics with the
discriminant.

e Write and interpret conics in polar form using eccentricity.

The conic sections are the curves obtained by slicing a double cone with a plane:
circles, ellipses, parabolas, and hyperbolas. The Greeks studied them as pure
geometry. Two thousand years later Kepler found that planets move on ellipses,
Newton explained why, and engineers learned to focus light, sound, and radio
waves with parabolic and elliptical reflectors. Algebraically, the conics are ex-
actly the curves of degree two.

I1.I PARABOLAS

Definition 11.1 (Parabola). A parabola is the set of points equidistant from
a fixed point (the focus) and a fixed line (the directrix).

Theorem 11.2 (Standard parabolas). The parabola with focus (0, p) and direc-
trix y = —p is x> = 4py. The parabola with focus (p,0) and directrix x = —p is
y? = 4px. The vertex is the origin.
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Proof. A point (x,y) is at distance \/x% + (y — p)? from the focus and |y + p|
from the directrix. Squaring the equation of the two distances: x> + y> — 2py +

p? = y* +2py + p?, so x* = 4py.
Example 11.3 (Focus and directrix). For x> = —12y: 4p = —12, p = —3.
The focus is (0, —3), the directrix y = 3, and the parabola opens downward.
Reflection property: a ray parallel to the axis of a parabola reflects off the curve

through the focus. Satellite dishes and telescope mirrors are parabolic for this
reason, and a light source at the focus of a headlight produces a parallel beam.

1.2 ELLIPSES

Definition 11.4 (Ellipse). An ellipse is the set of points the sum of whose
distances from two fixed points (the foci) is a constant 2a.

Theorem 11.5 (Standard ellipse). The ellipse with foci (£c,0) and distance
sum?2a (a >c > 0)is

Y+l o1, P=l-A

Its vertices are (+a,0) (major axis length 2a), its co-vertices (0, £b) (minor axis
2b), and its eccentricity ise = ¢, with 0 < e < 1.

Proof. \/(x+¢c)2+y2+ /(x —c)2+y? = 2a. Isolate one radical and square:

(x +¢)>2+y? = 4a® —4a\/(x — )2 +y% + (x — ¢)? + y?, which simplifies to
ay/(x —c)2+y? = a®> — cx. Squaring again: a®x? — 2a%cx + a?c* + a*y* = a* —
2a%cx + c®x2, 50 (a* — ¢?)x? + a®y? = a*(a* — ¢?). Divide by a?b?.

The eccentricity measures how elongated the ellipse is: e = 0 is a circle, and e
close to 1 is a long thin ellipse. Earth’s orbit has e ~ 0.017.

Example 11.6 (Reading an ellipse). For 9x% + 25y% = 225: divide by 225

to get % +% = 1. Thena = 5,b = 3, ¢ = v/25—9 = 4: vertices (£5,0),
foci (+4,0), e = .
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Reflection property: a ray from one focus reflects off the ellipse through the other
focus. Whispering galleries and the lithotripter, which breaks kidney stones with
shock waves from one focus aimed at a stone placed at the other, use this.

11.3 HYPERBOLAS

Definition 11.7 (Hyperbola). A hyperbola is the set of points the difference of
whose distances from two foci is a constant +2a.

Theorem 11.8 (Standard hyperbola). With foci (£c, 0) and difference 2a (¢ >
a>0):

x2 ]/2

=1, b? = % —a.

a2 b2
Vertices (+a,0), asymptotes y = igx, eccentricity e = - > 1. With the roles of
x and y exchanged, the hyperbola opens up and down.

The asymptotes follow from solving for y: y = 5x,/1 — Z—i, and the square root

approaches 1 as |x| grows. They are the diagonals of the central box with corners
(£a, £b), which is the quickest way to sketch a hyperbola.

2
Example 11.9 (A vertical hyperbola). For % — %2 =lia=4,b=3,c=5.
Vertices (0, £4), foci (0, £5), asymptotes y = £3x.
s 2 1
2 v 6 9 —
E+5=1
) T \\\ 5 . ///
—§-4 4/ -3 N3
” ‘ // :g L 4 \\

Figure 11.1: An ellipse with its foci, and a hyperbola with its central box, asymptotes,
and foci.
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I1.4 SHIFTED CONICS

Replacing x by x — I and y by y — k shifts a conic so that its center (or vertex) is
at (h, k). Conversely, a second-degree equation without an xy-term can be put in
standard form by completing the square.

Example 11.10 (Completing the square). Identify 9x> — 4y — 72x — 8y +
176 = 0.

Solution. 9(x2 — 8x +16) —4(y2 +2y+1) = —176+ 144 — 4, s0 9(x —
4)2 —4(y +1)? = —36, that is

(y+1)? (x—4)7
9 4

=1

A hyperbola centered at (4, —1), opening up and down, witha = 3,b = 2,
¢ = V/13: vertices (4,2) and (4, —4), foci (4, -1+ \/ﬁ), asymptotes y + 1 =

+3(x —4).

11.5 ROTATION OF AXES

The general second-degree equation is
Ax* + Bxy +Cy* + Dx+Ey+F = 0. (11.1)

An xy-term means the conic’s axes are tilted. Rotating the coordinate axes
through an angle ¢ gives new coordinates related by

x = Xcos¢p —Ysing, y = Xsin¢ + Y cos ¢.

Theorem 11.11 (Eliminating the xy-term). If B # 0, rotating through the angle
A—
¢ with cot2¢p = TC (0 < ¢ < T) transforms (11.1) into an equation in X,
Y with no XY-term.
Proof. Substituting and collecting, the coefficient of XY is B(cos? ¢ — sin® ¢) +
2(C — A)singcos¢p = Bcos2p — (A — C)sin2¢. It vanishes exactly when

cot2¢ = %.

Theorem 11.12 (The discriminant). The graphof (11.1), if it is a nondegenerate
conic, is a parabola if B2 — 4AC = 0, an ellipse if B> — 4AC < 0, and a hyperbola
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if B2 — 4AC > 0.

The quantity B2 — 4AC is unchanged by rotation, so it can be computed from the
original equation; after a rotation that removes the XY-term it equals —4A'C/,
whose sign identifies the conic.

Example 11.13 (A rotated hyperbola). Identify xy = 8 and find its vertices

and foci.

Solution. A=C=0,B=1:B>—4AC=1> 0 ahyperbola cot2(£ =0
: _n X— _ X+Y YZ 1.

givesp = 7. Then x = f,y N ,and xy = &£ =808 — L =1

a = 4, c = 4y/2. The vertices (X,Y) = (£4,0) Correspond to (x,y) =

+(2v/2,2+/2), and the foci (£4+/2,0) to +(4,4).

11.6 POLAR EQUATIONS OF CONICS

Theorem 11.14 (Focus—directrix form). Let F be a point, £ a line not through F,
|PE|
dist(P, ¢)
ife =1, and a hyperbola if e > 1. With F at the pole and ¢ the line x = d (d > 0),

its polar equation is

and e > 0. The set of points P with = eisanellipseif e < 1, a parabola

- ed
"~ 1+ecosh

(Directrix x = —d: v = m, directrix y = =£d: replace cos by sin.)

Proof. |PF| = r and the distance from P to x = disd —rcosf. Sor = e(d —
rcos @), which rearranges to the formula. Converting to rectangular coordinates
and completing the square shows the curve is the stated conic.

Example 11.15 (A conic in polar form). Identify r = ——.
1 —cos6

Solution. ¢ =1, a parabola, withed = 2,s0d = 2 and directrix x = —2; the
focus is the pole. In rectangular form: r = 2 +rcos 6, so /x> + y> = x + 2,
and squaring, y? = 4(x + 1): vertex (—1,0), focus (0,0), directrix x = —2.
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LOOKING AHEAD. Newton derived Kepler’s first law in polar form: under
T +cf‘cios 7+ In Volume III, polar
area integrals prove Kepler’s second law; in Volume IV, the same inverse-
square law in quantum form gives the energy levels of hydrogen. The rota-
tion of axes in Section 11.5 is the first appearance of a deep idea, choosing

coordinates in which a quadratic form has no cross terms, that becomes the

an inverse-square force, the orbit satisfies r =

diagonalization of symmetric matrices.

11.7 WORKED PROBLEMS

Most conic problems come down to two skills: putting an equation into standard
form, and reading a, b, ¢ and e from that form.

PROBLEM 11.1 An ellipse from its foci

Find the ellipse with foci (£3,0) and vertices (£5,0), and its eccentricity.
Solution. The center is the origin, 2 = 5and ¢ = 3, so b2 = a? — 2 = 16.
c 3

. . x2 yz o o _
The equationis 3z + 7z = land e = 7 = z.

PROBLEM 11.2 Completing two squares

Identify 9x* + 4y? — 36x + 8y + 4 = 0 and find its center, vertices and foci.

Solution. Group and complete squares: 9(x? —4x +4) +4(y?> +2y + 1) =
—4+36+4,509(x —2)% +4(y +1)?> = 36 and

CEL )

This is an ellipse centered at (2, —1) with the major axis vertical: a = 3,
b=2c¢c=+9—4 = /5. The vertices are (2,2) and (2, —4); the foci are
(2, —1 4 +/5). Notice that the right side gains 9 -4 and 4 - 1, not 4 and 1.

PROBLEM 11.3 A hyperbola from its asymptotes

Find the hyperbola with vertices (0, +4) and asymptotes y = £2x.

2
Solution. The vertices are on the y-axis, so the form is Z—z — z—; = 1 with
a = 4, and the asymptotes are y = £4x. So 7 = 2 and b = 2. The equation

is % — %2 =1, with ¢ = /16 + 4 = 2/5, so the foci are (0, +2/5).
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PROBLEM 11.4 A satellite dish

A parabolic dish is 2 m across and 0.25 m deep. Where should the receiver
be placed?

Solution. Put the vertex at the origin with the dish opening upward: x* =
4py. The rim passes through (1,0.25),s01 = 4p(0.25) and p = 1. Incoming
signals parallel to the axis reflect to the focus, so the receiver goes 1 m above
the vertex. The focus can be well outside the dish, as here.

PROBLEM 11.5 Removing the xy-term

Identify x> + xy + y*> = 3 and write it in standard form.
Solution. B> —4AC = 1—4 < 0, so it is an ellipse. The rotation angle

. _ A-C __ _ 1ro I _ Xy _ X+
satisfies cot20 = “5= = 0,500 = 4;"3 .QSubstltutmg X="75Y= "5
gives x> + > = x> + y? and xy = %, so the equation becomes 3x'> +
%yQ = 3, that is, ) .

/ /
X + ¥y =1.
2 6
The major axis lies along the line y = —x (the y’-axis).
PROBLEM 11.6 A conic in polar form
. 6 o . . .
Identify r = ————— and find its vertices, center and directrix.
2+ cost
Solution. Divide by 2: r = l+%3cos€' Soe = % (an ellipse) and ed = 3,

giving d = 6: the directrixis x = 6. The verticesareatf = 0, r = 2, the point
(2,0), and at @ = 7, r = 6, the point (—6,0). The center is their midpoint
(—2,0),s0a = 4, c = 2 (the focus is the pole), and b* = 16 —4 = 12. As a
check, & = % =e.

PROBLEM 11.7 Locating a ship

Two radio stations are 100 km apart on an east-west line. A ship receives
their signals, and the timing shows it is 60 km closer to station B (east) than
to station A (west). The ship is 40 km north of the line through the stations.
Where is it?

Solution. Put the stations at (£50,0). Points whose distances to the two
stations differ by 60 form a hyperbola with 22 = 60 and ¢ = 50, so a = 30,
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b* = 2500 — 900 = 1600:

2 2
XX _Y
900 1600
Being closer to B puts the ship on the right branch. With y = 40, %20 =2,s0

x = 30v/2 ~ 42.43. The ship is at about (42.43,40), measured in km from
the midpoint of the stations.

SKILL DRILLS

Short problems for building speed and accuracy. Answers follow the list.

2

D11.1 Focus of y* = 12x. D11.13 Asymptotes of yzz - % =1

25
D11.2 Directrix of x2 = —8y.

D11.14 Eccentricity of %2 — {—2 =1.

6
D11.3 Parabola with vertex at the

origin and focus (0,5).
D11.4 Focus of (y —1)> = 4(x+2). D11.16 Classify x? +4y? — 6x = 0.
a2 2 —
D11.5 Vertices of % LY D11.17 Classify x* — y~ +2x = 3.

D11.15 Center of U521 4 Wi2% — .

D11.6 Fociofé‘—;+%z: 1 D11.18 Classify y~ —4x +2y = 0.

D11.7 E it of 2 P 1 D11.19 Center and radius of
. ccentricity of 55 + 5 = 1. 2 +y2 —4x+ 6y =3.
D11.8 Ellipse with vertices (0, £6) _ B
and foci (0, +4). D11.20 Classify xy = 1.
D11.21 Rotation angle that removes
the xy-term from

3x2 +2v/3xy + y* = 4.

D11.9 Length of the minor axis of
2y
wtT=1

. 2 2
D11.10 Vertices of § — ¥; = 1. D11.22 Classify r = 17;1050'
2
D11.11 Foci of %2 -£ =1 D11.23 Eccentricity of r = H%ﬁ'

D11.12 Asymptotes of X — U 1. D11.24 Directrix of r = —2 .
ymp 9 — 16 T+cos0

ANSWERS TO SKILL DRILLS

D11.1 (3,0). D112y =2. DI11.3x% =20y. D114 (—1,1). D115 (+7,0).
D116 (+4,0). DI174. DI1.8 % + % =1. D1194. DI11.10 (+3,0). DI11.11
(£5,0). D11.12y =+3%x. D11.13y = +Zx. D11.143. DI11.15(3,-2).
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D11.16 Ellipse. D11.17 Hyperbola. D11.18 Parabola. D11.19 Center (2, —3),
radius 4. D11.20 Hyperbola. D11.2130°. D11.22 Parabola (e =1). D11.23 %
(ahyperbola). D11.24 x = 4.

EXERCISES

COMPUTATION

11.1 Find the focus and directrix of y*> = 10x and of x*> = —6y.
11.2 Find the parabola with vertex at the origin and focus (0, —3).
11.3 Find the parabola with focus (2,1) and directrix x = —4.

11.4 A satellite dish is a paraboloid 4 ft across and 1 ft deep. Where should the
receiver be placed?

11.5 Find the vertices, foci, and eccentricity of ’3‘—2 + % =1.
11.6 Find the vertices, foci, and eccentricity of 4x? + yz =16.
11.7 Find the ellipse with foci (+3,0) and vertices (£5,0).

11.8 Find the ellipse with center at the origin, a vertex at (0,7), and passing
through (2,0).

11.9 Earth’s orbit has semimajor axis 1.496 x 108 km and eccentricity 0.0167.
Find the perihelion and aphelion distances.

11.10 Find the vertices, foci, and asymptotes of % - %2 =1

11.11 Find the vertices, foci, and asymptotes of 9y — x> = 36.

11.12 Find the hyperbola with vertices (£2,0) and asymptotes y = +3x.

11.13 Find the hyperbola with foci (0, +£8) and vertices (0, 6).

11.14 Identify and find the key features: x> — 4x + 4y + 16 = 0.

11.15 Identify and find the key features: 4x% 4+ 9y — 16x + 54y + 61 = 0.

11.16 Identify and find the key features: x> — y* + 6x +4y + 1 = 0.

11.17 Identify and find the key features: 16x> — 9y? — 64x — 54y — 161 = 0.

11.18 Use the discriminant to classify: x? + 3xy + y? = 4; 2x* — 4xy + 2% = x;
5x2 — 6xy + 5y = 8.
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Rotate axes to eliminate the xy-term: x? + 2+/3xy — y?> = 2. Identify the
conic.

Rotate axes to eliminate the xy-term: 5x> — 6xy + 5y> = 8. Identify the
conic and find its vertices in xy-coordinates.

6
Identify r = —————, and find its eccentricity, directrix, and vertices.
2+ cosf
Identify r = L and find its eccentricity and directrix
Yr=1 +3sinf’ y '
11.23 Write the polar equation of the parabola with focus at the pole and directrix
y=3.
11.24 Write the polar equation of the ellipse with focus at the pole, eccentricity
%, and directrix x = —4.
2 . .
Convert r = T cosf to rectangular form and identify the vertex, focus,

and directrix.

CONCEPTS AND PROOF

11.26

11.27

11.28

11.29

11.30

11.31

11.32

11.33

Prove that the line through the endpoints of the focal chord perpendicular
to the axis of y?> = 4px (the latus rectum) has length |4p|.

Prove the formula b?> = ¢ — a2 for the hyperbola by imitating the proof of
Theorem 11.5.

Show that as e — 0 with a fixed, the ellipse approaches a circle, and as
e — 1 it becomes very elongated.
x2 yz

Show that the asymptotes of T = 1 are perpendicular exactly when

a = b. Such hyperbolas are rectangular; xy = 8 is one.

Prove that B?> — 4AC is unchanged by a rotation of axes (verify
B”? —4A'C' = B? — 4AC from the transformation formulas).

Show that the graph of x> + y? + Dx + Ey + F = 0 is a circle, a point, or
empty, and give a condition for each.

2
Show that the area of the ellipse ;‘—; + Z—Z = 1is rtab, assuming the area of a
circle and the effect of scaling on area.

ed
TTecoss Makes the focus, not the center,

Explain why the polar form r =
the natural origin for orbits.
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11.34 Show that the vertices of r = H;ﬁ (fore < 1) areatr = -4 andr = L

1+e 1—e’
and deduce thata = 1idez.

11.35 Prove the reflection property of the parabola: the tangent line at P makes
equal angles with the line from P to the focus and the line through P par-
allel to the axis.

CHALLENGE

11.36 Find the equation of the ellipse with foci (1,1) and (5,1) and major axis of
length 6.

11.37 Find the conic consisting of points whose distance from (0, 0) is twice their
distance from the line x = 3, and identify it.

11.38 Show that the equation x> — 2xy + y*> — 8x — 8y = 0 is a parabola, find its
axis of symmetry, and find its vertex.

11.39 A comet’s orbit has perihelion 0.6 AU and eccentricity 0.98. Find its polar
equation (focus at the sun) and its aphelion distance.

11.40 Find the points where the line y = x + 1 meets the ellipse x> + 4y* = 16,
and the length of the chord.
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CHAPTER 12

SYSTEMS OF EQUATIONS AND
MATRICES

e Solve systems of linear equations by substitution, elimination, and Gaus-
sian elimination with augmented matrices.

e Recognize inconsistent and dependent systems, and describe infinite so-
lution sets with parameters.

e Add, multiply, and invert matrices, and use inverses to solve systems.
e Compute determinants and apply Cramer’s Rule.

e Solve nonlinear systems, and decompose rational expressions into partial
fractions.

e Graph systems of inequalities and solve linear programming problems.

Many problems involve several unknowns related by several equations: mixing
problems, network flows, balancing chemical equations, fitting a curve through
data points. Matrices organize such systems and turn their solution into a me-
chanical procedure. They are also the language of linear algebra, which in Vol-
ume IV becomes the mathematical framework of quantum mechanics.

12.1 LINEAR SYSTEMS

A system of linear equations has either exactly one solution, no solution (it is
inconsistent), or infinitely many solutions (it is dependent). In two variables, each
equation is a line, and the three cases are two lines crossing, parallel, or coincid-
ing.
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Example 12.1 (Elimination). Solve 3x +2y = 14, x — 2y = 2.

Solution. Adding the equations eliminates y: 4x = 16, x = 4. Then 4 —
2y =2 gives y = 1. The solution is (4,1).

12.1.1 GAUSSIAN ELIMINATION

A system is written compactly as an augmented matrix, one row per equation.
Three elementary row operations produce equivalent systems: (1) add a multiple
of one row to another; (2) multiply a row by a nonzero constant; (3) interchange
two rows. The goal is row-echelon form, in which each row’s first nonzero entry
(its leading entry) is to the right of the one above, and rows of zeros are at the
bottom. Then back-substitution solves the system from the bottom up.

Example 12.2 (Three equations). Solve x —y+z =2, 2x+y—z =1,
x+2y+3z =13.

Solution.
1 -1 1 - 1 -1 1] 2
2 1 —-1] 1 RZ‘Rl 0 3 —-3|-3
1 2 3]13 o 3 2|11
. 1 -1 1] 2
=210 3 -3|-3
0 0 5| 14
Back-substitute: z = %; 3y —3z = —Bgivesy = z—-1 = %; and x =

2+y—z = 1. The solution is (1, %, %)

Example 12.3 (A dependent system). Solve x +2y —z =4, 2x+5y+z =
9, x+3y+2z=>5.
1 2 —1/4
Solution. Row reduction gives | 0 1 3|1 |. Thelast row is 0 = 0:
00 0/0
the third equation adds no information. Let z = ¢ (any real number). Then
y=1-3tand x = 4 —2y +z = 2+ 7t. The solutions form a line: (2 +

7t,1—3t, t).
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COMMON ERROR (Reading a zerorow). Arow [000 | 0] means the system
is dependent (if consistent), while [0 00 | ¢] with ¢ # 0 means 0 = ¢: no
solution. They look alike and mean opposite things.

12.2 MATRIX ALGEBRA

An m x n matrix has m rows and n columns. Matrices of the same size are added
entrywise, and multiplied by scalars entrywise.

Definition 12.4 (Matrix product). If A ism x n and B is n x p, the product
AB is the m x p matrix whose (i, j) entry is the dot product of row i of A
with column j of B: (AB);; = Y.;_; aiby;.

Example 12.5 (Multiplication).

1 20 11 (21 0 111 2| (3 4
3 4/ [1 0] |4 3}’ 1.0/[3 4 [1 2"
Matrix multiplication is not commutative: AB # BA in general.

Matrix multiplication is associative, (AB)C = A(BC), and distributes over addi-
tion. The identity matrix I, has 1s on the diagonal and Os elsewhere; Al = [A =
A. A linear system can be written as a single matrix equation Ax = b.

12.3 INVERSES AND DETERMINANTS

Definition 12.6 (Inverse). A square matrix A is invertible if there is a matrix
A7l with AA™1 = A7'A = I. Then Ax = b has the unique solution x =
A~ b,

Theorem 12.7 (2 x 2 inverse). [Z b] is invertible exactly when its determi-

d
nant ad — bc # 0, and then

a b1 [d —b
c d  ad—bc|—c al|’
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Proof. Multiply: K Z} {—dc _ab} = [adgbc udgbc] = (ad — be)l.

For larger matrices, A~! is found by row-reducing [A | I]to [I | A7!]; if A
cannot be reduced to I, it has no inverse.

a b

Definition 12.8 (Determinant). det [C p

] = ad — bc. For a 3 x 3 matrix,

expand along the first row:

a; dp das
det |by by b3| =m

€1 C2 C3

b, bs
C2 C3

by b3
C1 €3

by b
1 cal’

+ a3

Theorem 12.9 (Invertibility). A square matrix is invertible if and only if its de-
terminant is nonzero. Moreover det(AB) = det A detB.

Geometrically, |det A| is the factor by which the transformation x — Ax scales
areas (in two dimensions) or volumes (in three). A determinant of zero means
the transformation flattens space, so information is lost and cannot be recovered
by an inverse.

Theorem 12.10 (Cramer’s Rule). If det A # 0, the solution of Ax = b is
o — det Ai
' detA

, where A; is A with column i replaced by b.

Example 12.11 (Cramer’s Rule). Solve 2x — 3y =7, 4x + 5y = 3.

Solution. detA:10+12:22_x:%; _53‘:%:21 :217421 ;‘:
=22 _ _4q
2 :

124 NONLINEAR SYSTEMS AND PARTIAL FRACTIONS

Example 12.12 (A line and a circle). Solve x*> +y*> =25,x+y = 7.

Solution. Substitute y = 7 — x: x* + (7 — x)? = 25, 2x? — 14x + 24 = 0,
x?> —7x +12 = 0,50 x = 3 or 4. The solutions are (3,4) and (4, 3).
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12.4.1 PARTIAL FRACTIONS

Adding fractions is easy; calculus often needs the reverse, writing a rational func-

tion as a sum of simpler ones. The setup depends on how the denominator fac-
. ; k ; Ay . Ak

tors: each linear factor (ax + b)" contributes terms =1y + -+ + (b’ and each

irreducible quadratic factor (ax? + bx + c)* contributes aleﬁ{fi - +.... Theun-
known constants solve a linear system.
Example 12.13 (Distinct linear factors). Decompose X +7
ple 1 ' POSe o =3

Solution. x%4+2x —3 = (x +3)(x —1). Write% = A4 B
5x+7 = A(x —1) + B(x + 3). Setting x = 1: 12 = 4B, B = 3. Setting

x = —3: =8 = —4A, A = 2. So the expression equals x%3 + 2

2
1
Example 12.14 (A repeated factor). Decompose x(xle)z
Solution. x(x;jll)z =4+t popso? +1= A(x — 1)+ Bx(x — 1) +

Cx.x=0:A=1 x=1. C =2 Comparing x2 coefficients: 1 = A + B, so
B = 0. Result: % + (}6_271)2

12.5 SYSTEMS OF INEQUALITIES AND LINEAR PROGRAM-
MING

12.5.1 GRAPHING SYSTEMS OF INEQUALITIES

The graph of a linear inequality such as 2x +y < 8 is a half-plane: draw the
boundary line 2x + y = 8 (solid for < or >, dashed for < or >), then test one
point not on the line, usually the origin. Here 2(0) + 0 < 8 is true, so the half-
plane containing the origin is shaded. The solution set of a system of inequalities
is the intersection of the half-planes, a region whose corners are found by solving
pairs of boundary equations.

Example 12.15 (A region and its corners). Graph the system x >0,y > 0,
x+vy <12, x4 2y < 16, and find its corners.

Solution. Each inequality keeps the side of its line containing the origin,
so the region is the quadrilateral in Fig. 12.1. Its corners are (0,0); (12,0),
where x + y = 12 meets the x-axis; (0,8), where x + 2y = 16 meets the
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y-axis; and the intersection of the two slanted lines. Subtracting x 4y = 12
from x 4+ 2y = 16 gives y = 4, so x = 8: the corner (8,4). The point (12,0)
satisfies x + 2y < 16, and (0, 8) satisfies x +y < 12, so both are genuine
corners.

Figure 12.1: The feasible region of Example 12.15. The dashed line is the level line
30x + 40y = 400, which touches the region only at the corner (8,4).

12.5.2 LINEAR PROGRAMMING

A linear programming problem asks for the largest or smallest value of a linear
objective function, such as P = 30x 4 40y, over a region defined by linear inequal-
ities, the feasible region. The lines 30x + 40y = P are parallel; as P increases they
slide across the plane, and the last point of the region they touch is a corner. That
is the reason for the following theorem.

Theorem 12.16 (Corner Point Theorem). If a linear objective function has a
maximum or minimum value on a feasible region bounded by lines, that value oc-
curs at a corner of the region. If the region is bounded, both the maximum and the
minimum exist.

So the method is: graph the region, find the corners, evaluate the objective at
each corner, and compare.

Example 12.17 (Maximizing profit). A workshop builds desks and book-
shelves. A desk takes 1 hour of cutting and 1 hour of finishing; a bookshelf
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takes 1 hour of cutting and 2 hours of finishing. Each week there are 12
hours of cutting and 16 hours of finishing available. A desk earns $30 profit
and a bookshelf $40. How many of each should be built?

Solution. With x desks and y bookshelves, the constraints are exactly those
of Example 12.15, and the objective is P = 30x + 40y. At the corners:

P(0,0) =0, P(12,0) =360, P(8,4) =400, P(0,8) = 320.

The maximum weekly profit is $400, from 8 desks and 4 bookshelves. No-
tice that the best plan uses both resources fully: 8 +4 = 12 and 8 +2(4) =
16.

Example 12.18 (Minimizing cost on an unbounded region). Minimize C =
3x + 2y subjecttox >0,y > 0, x +y > 6, x + 3y > 10.

Solution. Here the shaded sides are away from the origin, so the region is
unbounded, with corners (0,6), (10,0) and the intersection of x +y = 6
with x + 3y = 10, which is (4,2). Then C(0,6) = 12, C(4,2) = 16,
C(10,0) = 30. Because both coefficients of C are positive, C only grows
as one moves out into the region, so the minimum exists: C = 12 at (0, 6).
On the same region, C has no maximum.

COMMON ERROR. Evaluate the objective only at corners of the feasible re-
gion. An intersection of two boundary lines that violates a third constraint
is not a corner, and its value is meaningless. Always check each candidate
against every inequality.

12.5.3 APPLICATIONS OF LINEAR SYSTEMS

Linear systems also determine curves from data. A parabolay = ax? + bx + ¢
has three unknown coefficients, so three points determine it; a circle x4+ y2 +
Dx + Ey + F = 0 also has three unknowns.

Example 12.19 (A parabola through three points). Find the parabola
through (1,4), (2,9) and (—1,6).
Solution. Substituting each point into y = ax* + bx + ¢ gives

a+b+c=4, 4a+2b+c=9, a—b+c=6.

Subtracting the third from the first gives 2b = —2,so0b = —1. Then a +
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c =5and4a+c = 11,s03a = 6,a = 2 and ¢ = 3. The parabola is
y = 2x* — x + 3; check (2,9): 8 =2 +3 =09.

Example 12.20 (A circle through three points). Find the circle through
(0,0), (6,0) and (0, 8).

Solution. In x?> + y*> + Dx + Ey + F = 0, the point (0,0) gives F = 0;
(6,0) gives 36 + 6D = 0,s0 D = —6; (0,8) gives 64 + 8E = 0,s0 E = —8.
Completing squares in x* — 6x +y? — 8y = 0 gives (x — 3)? + (y —4)% = 25:
center (3,4), radius 5. The center is the midpoint of the hypotenuse from
(6,0) to (0,8), as it must be for a right triangle.

Example 12.21 (A mixture). A chemist needs 10 L of a 32% acid solution
and has 20% and 50% solutions on hand. How much of each should be
mixed?

Solution. Let x and y be the liters of 20% and 50% solution. Volume gives
x 4y = 10; acid gives 0.20x + 0.50y = 0.32(10) = 3.2. Substituting x =
10 —y: 2403y =3.2,s0y = 4 and x = 6. Use 6 L of the 20% solution and
4 L of the 50% solution.

LOOKING AHEAD. In Volume III, partial fractions are the method for inte-
grating every rational function. In Volume IV, matrices take center stage:
a quantum observable is a Hermitian matrix, its possible measured values

are the eigenvalues A satisfying det(A — AI) = 0, and Gaussian elimination
is how the corresponding eigenvectors are found.

12.6 WORKED PROBLEMS

These problems cover elimination, matrices and nonlinear systems. Check every
solution by substituting into all of the original equations, not just some of them.

PROBLEM 12.1 Elimination with three unknowns

Solvex+y+z=62x—y+z=3,x4+2y—z=2.
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Solution. Row-reduce the augmented matrix. Ry — 2R and R3 — R; give

1 1 1 6
0 -3 —-1|-9
0 1 —-2|-4

Swap R, and Rs, then R3 + 3R;: the last row becomes 0 0 —7 | —21, so
z = 3. Back-substitute: y —2(3) = —4,y =2, x+2+3 = 6, x = 1. The
solution is (1,2, 3), and all three equations check.

PROBLEM 12.2 Infinitely many solutions

Solvex+y+z=4,x—-—y+2z2=1,2x+3z=>5.

Solution. The third equation is the sum of the first two, so it adds no in-

formation, and the system has infinitely many solutions. Subtracting the

second equation from the first gives 2y —z = 3. Letz = t: theny = 3}

and x = 4 —y —z = 232 The solution setis { (252, 2+, )}, a line in space.

For example, t = 1 gives (1,2,1).

PROBLEM 12.3 Solving with an inverse matrix

1 0 2 4
Solve A x=bforA= |2 —1 3| andb= |8
4 1 8 15

Solution. Row-reducing [A | I] to [I | A~ gives

~11 2 2 —44 +16 + 30 2
Al=1]-4 0 1/, ¥=A"=|-16+0+15| = | -1
6 -1 -1 24 —-8—15 1

Check AA~! = [ for at least one row and column. Here det A = 1, which
is why the inverse has integer entries.

PROBLEM 12.4 A determinant by cofactors

2 1 3
Evaluate |0 —1 4|.
1 2 0
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. . L1 4 0 4 0o -1
Solution. Expand along the first row: 2 s 0 1 10 +3 '1 5
2(—8) —1(—4) +3(1) = —9. Expanding along a row or column with a zero
saves work: down the first column the answer is 2(—8) +1(4+3) = —9 as

well.

PROBLEM 12.5 A symmetric nonlinear system

Solve x% +y2 = 10, xy = 3.
Solution. Combine the equations: (x +y)? = x*> + y*> + 2xy = 16 and
(x—y)?=10—-6 =4. Sox+y = +4 and x — y = £2, and the four sign
choices give (3,1), (1,3), (—1,—3), (=3, —1). Geometrically, a circle meets
a hyperbola in four points.

PROBLEM 12.6 Partial fractions with a quadratic factor

3x2 +x+2
)2 +3)°
Solution. The quadratic x* + 3 is irreducible, so write -4; + Ifjjig , giving
3x2+x+2=A(x2+3)+ (Bx+C)(x +1). Atx = —1: 4 =4A,50 A = 1.
Comparing x? coefficients: 3 = A + B, so B = 2. Comparing constants:

2=3A+C,s0C = —1. The result is x%rl + ?2:%

Decompose

PROBLEM 12.7 Ticket sales

A theater sold 500 tickets for $4400. Adult tickets cost $12, child tickets $6
and senior tickets $8, and twice as many adult tickets as senior tickets were
sold. How many of each were sold?

Solution. With 4, ¢, s the numbers sold: a + ¢ +s = 500, 12a + 6¢ + 8s =
4400, a = 2s. Substituting a = 2s: ¢ 4 3s = 500 and 6c¢ + 32s = 4400. Then
¢ = 500 — 3s, s0 3000 — 18s + 32s = 4400, s = 100. So 200 adult, 200 child
and 100 senior tickets.

PROBLEM 12.8 When is the solution unique?

For which k does kx +y = 1, x + ky = 1 have exactly one solution, infinitely
many, or none?
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Solution. The coefficient determinant is k? — 1, so there is exactly one solu-
tionwhenk # +1 (itisx =y = klﬁ). If k = 1,both equationsare x +y = 1:
infinitely many solutions. If k = —1, the equations are —x +y = 1 and
x —y =1, which add to 0 = 2: no solution.

SKILL DRILLS

Short problems for building speed and accuracy. Answers follow the list.

D12.1
D12.2
D12.3
D12.4

D12.5

D12.6

D12.7

D12.8

D12.9

D12.10

D12.11

D12.12

ForgEd -

Solvex+y=7x—y=1
Solve 2x 43y = 12, x = 3.
Solve3x —y =5, x +2y = 4.

How many solutions:
x+2y=23,2x+4y = 6?

How many solutions:
x+2y=32x+4y =57

stk )
5 [g ﬂ.

s il

b 1Y)

Size of ABif Ais2 x 3 and B is
3 x 4.

35

2 4|

1 2 3

0 4 5|

0 0 6

Learn skills that matter.

D12.13

D12.14

D12.15

D12.16

D12.17
D12.18
D12.19

D12.20

D12.21

D12.22

D12.23

D12.24

2 1
I f .
nverse o [5 3}

Inverse of [4 ?}
0 3

=
SN

not

For which k is [ 3

invertible?

e} 33 1)

Solvey = x2,y = x + 2.

Solve x% + y2 = 25,y = 3.
Solve xy =6, x +y = 5.

Decompose T2

x+5
(x—1)(x+2)

Set up (do not solve) the

Decompose

decomposition of 2 +1)

Cornersof x > 0,y > 0,
2x+y < 6.

Maximum of P = x + 3y on the
region in D12.23.

forgedlearn.com



I c FORGED PRECALCULUS & TRIGONOMETRY

SYSTEMS OF EQUATIONS AND MATRICES PAGE 138

ANSWERS TO SKILL DRILLS
D121 (4,3). DI122(3,2). DI123(2,1). DI12.4 Infinitely many. D12.5 None.

11 6 -3 17 7 2
D12.6 {5 9]. D12.7 [0 12}. D12.8 [39]. D12.9 [3 J. D12.10 2 x 4.
— 1

D12.112. D12.1224. D12.13 [_35 21]. D12.14 {é g . D12.15k=1.
D12.16 (1,—1). D12.17 (—1,1), (2,4). D12.18 (+4,3). D12.19 (2,3), (3,2).
D12201 - 1. D1221:2; -, D224+ 54+ 5 DI1223(0,0), (3,0),
(0,6). DI12.24 18, at (0,6).

EXERCISES

COMPUTATION

12.1 Solve 2x + 5y =1, 3x — 2y = 11.

12.2 Solve § + % =2, ¥ —y = — 1 by first clearing fractions.

12.3 Determine whether the system 4x — 6y = 10, 6x — 9y = 15 is inconsistent
or dependent, and describe its solutions.

12.4 A chemist mixes a 10% acid solution with a 30% solution to make 200 mL
of 25% solution. How much of each is used?

12.5 Solve by Gaussian elimination: x +y+z =6,2x —y+z =3, x+2y —z =
2.

12.6 Solve by Gaussian elimination: x —2y +3z =1, 2x -3y +5z =4, x +y =
11.

12.7 Solve: x +y—z=2, 2x+3y —z =05, 3x +4y —2z=7.
12.8 Solve: x +2y +z =3, 2x +5y+3z =7, x +3y +3z = 5.
12.9 Find the parabola y = ax? + bx + ¢ through (1,2), (2,7), (—1,4).

12.10 Find A + B, 2A — 3B, AB, and BA for A = [1 _2},32 {4 1]'

3 0 -1 2
2 1
12.11 Compute 102 0 1].
-1 3 1 3 _q

Q1

12.12 Find the inverse of [ 3] and use it to solve 5x +3y = 4,3x + 2y = 1.

3
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—_
N = DN

3
4] y row reduction.
0

12.13 Find the inverse of |:0
5

3

1

2 _
12.14 Evaluate |0 4
5 2 =2

12.15 For which k is [lg i] not invertible?

12.16 Use Cramer’s Rule tosolve3x +4y =5,2x —y =7.

12.17 UseCramer’sRuletofindzforx+y+z=2,2x—-y+3z2=9, x+2y—z =
-3.

12.18 Find the area of the triangle with vertices (1,2), (4,6), (7,1) using 1 |det|
of the matrix with rows (x;,y;,1).

12.19 Solvey = x> — 4,y = 2x — 1.
12.20 Solve x> +y? = 10, xy = 3.

12.21 Solve x> — y?> = 5, x> + 2> = 8.

14
12.22 Decompose x_+7_6
3x2 —x+ 4
x3 4 2x
2x+3
(x+1)%

x° 4« +
x2 —

12.23 Decompose

12.24 Decompose

12.25 Decompose (divide first).

CONCEPTS AND PROOF

12.26 Prove that a system of two linear equations in two unknowns has exactly
one solution if and only if the determinant of its coefficient matrix is
nonzero.

12.27 Give an example of 2 x 2 matrices A, B with AB = 0but A # 0 and B # 0.
Why can’t this happen with real numbers?

12.28 Show that (AB)~! = B~ A~! for invertible matrices.
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cos) —sinf
sinf cosf
plane, preserving area.

12.29 Show that det [ ] = 1, and interpret: this matrix rotates the

12.30 Prove that swapping two rows of a 2 x 2 matrix changes the sign of its
determinant.

12.31 Show that a homogeneous system Ax = 0 always has the solution x = 0,
and that it has others exactly when det A = 0.

12.32 Explain why Gaussian elimination never changes the solution set of a sys-

tem.
x y 1
12.33 Show that [x; y; 1| = 0is the equation of the line through (x1,y1) and
X2 ]/2 1
(x2, y2)-

12.34 Find all 2 x 2 matrices that commute with [é ﬂ .

12.35 If A2 = I, what are the possible values of det A?
CHALLENGE

12.36 Find the cubic y = ax® + bx* + cx +d through (0,1), (1,0), (—1,4), (2,13).

12.37 Find A" for A = [(l) ﬂ and for A = E (l)} ; how are the entries of the

second related to the Fibonacci numbers?

12.38 Balance the chemical equation a C3Hg + b O, — ¢ CO; + d H,O by setting
up and solving a linear system.

12.39 Evaluate the determinant of the n x n matrix with 2 on the diagonal, —1
just above and below it, and 0 elsewhere, for n = 2,3,4, and guess the
pattern.

12.40 Find all real solutions of x* + y?> = 13, x> — xy + y*> = 7.
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CHAPTER 13

SEQUENCES, SERIES, AND
INDUCTION

Work with sequences defined explicitly and recursively, and with sigma
notation.

e Find terms and sums of arithmetic and geometric sequences, and sum
infinite geometric series.

e Prove statements about integers by mathematical induction.

e Expand powers of binomials with the Binomial Theorem and Pascal’s
triangle.

A sequence is a function whose inputs are the positive integers: alistay, az, a3, .. .

that goes on forever. Sequences describe anything that happens in steps:
monthly loan balances, generations of a population, the iterations of an algo-
rithm. Adding the terms of a sequence produces a series. This chapter covers
the two most important kinds, arithmetic and geometric, introduces the idea of
an infinite sum, and develops the method of proof by induction, which is how
statements about all positive integers are established.

13.1 SEQUENCES AND SUMMATION NOTATION

A sequence can be given by a formula for the nth term, such as a,, = nLH (giving
%, %, %, ...), or recursively, by giving the first term(s) and a rule for each term
in terms of earlier ones. The Fibonacci sequence is defined by F; = F, = 1 and

F,=F,_1+F1,123,58,13,...
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n
Definition 13.1 (Sigma notation). ) _ a; = a1 + a2+ - - - + a,,. The letter k is
k=1
the index of summation; any letter may be used.

Sigma notation obeys the rules }(ay £ by) = Y ar £ Y by and }_cay = c}_ax, and
Y i ic=nc.

n
1
Example 13.2 (Partial sums and telescoping). —_ =
k;k(k+1)

L) - (2)Gs) e ) -

1
1-— T Everything except the first and last terms cancels.

13.2 ARITHMETIC SEQUENCES

Definition 13.3 (Arithmetic sequence). Anarithmetic sequence has a constant
difference d between consecutive terms: a, = a; + (n — 1)d.

n

5 [2a1 + (n —

n
Theorem 13.4 (Arithmetic sum). S, = 2 ap = g(al +a,) =
k=1

1)d].

Proof. Write the sum forward and backward and add: each of the n pairs a; +a,,
ap + ay_1, ... has the same total a; + a,,. So 25, = n(a; + a,).

The story goes that the young Gauss summed 1+ 2 + - - - 4 100 this way in sec-
onds: 50 pairs of 101, total 5050.

Example 13.5 (Seats in a theater). A theater has 20 seats in the first row,
and each row has 3 more than the one before. How many seats are in 30
rows?

Solution. a; = 20,d = 3, a3 = 20+29-3 = 107. S3p = (20 +107) =
1905.
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13.3 GEOMETRIC SEQUENCES AND SERIES

Definition 13.6 (Geometric sequence). A geometric sequence has a constant

ratio  between consecutive terms: a, = a;r" 1.

1—r

n
Theorem 13.7 (Geometric sum). Forr #1,S, = Z alrk‘l =m T

k=1

Proof. Sy — 1Sy = (a1 +ayr + -+ +ayr" V) — (ayr + - + ;") = a; — apr’y
divideby 1 —r.

Example 13.8 (An annuity). $200 is deposited at the end of each month for
10 years into an account earning 6% per year compounded monthly. Find
the final balance.

Solution. The last deposit earns no interest, the one before earns one
month’s, and so on; the first earns 119 months’. With i = 0.005, the bal-
ance is 2001 + 1.005 + - - - +1.005"%] = 200 - L0821 ~ §32 775.87.

13.3.1 INFINITE GEOMETRIC SERIES

What should 14 3 + } + § + - - - mean? Its partial sums are S, = 2 (1 — ),
which approach 2 as n grows. We define the sum of an infinite series to be the
limit of its partial sums, when that limit exists.

a1

Theorem 13.9 (Infinite geometric series). If |r| < 1, then }_ a;r*! = e

k=1

If |r] > 1 (and ay # 0), the series has no sum.

Proof. In S, = a1=_, the term r" approaches 0 when |r| < 1. When |r| > 1, the
terms a;7%~! do not approach 0, so the partial sums cannot settle.

I356xamfle 13.10 (Repeating decimals). 0.36 = & + 3% + - - = 2% =
99 — 11°
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Example 13.11 (A bouncing ball). A ball dropped from 10 m rebounds to
3 of its previous height each time. Find the total distance it travels.

Solution. Down 10, then up and down 7.5, then up and down 5.625, ...:
D=10+2(75+5625+---) =10+2- 1% =10+ 60 = 70 m.

COMMON ERROR (Applying the formula when |r| > 1). Plugging r = 2 into
1+ “shows” that 1 +2+4 +8 + --- = —1. The formula is valid only for
|r| < 1; for |r| > 1 the partial sums grow without bound or oscillate.

134 MATHEMATICAL INDUCTION

Theorem 13.12 (Principle of Mathematical Induction). Let P(n) be a state-
ment about the positive integer n. If (1) P(1) is true, and (2) for every k > 1,
P(k) implies P(k + 1), then P(n) is true for all positive integers n.

Think of an infinite row of dominoes: (1) knocks over the first, and (2) guaran-
tees each falling domino knocks over the next. In step (2), the assumption that

P(k) is true is the induction hypothesis.

Example 13.13 (A sum formula). Prove that 12 + 22 4+ ... + n2 =

nin+ 1)6(2n +1) foralln > 1.
Solution. Base case. Forn = 1: 1 = % Inductive step. Assume the
formula for n = k. Then

o, k(k+1)(2k+1

Yy = (k + )6( + )+(k+1)2

j=1
(k+1)[k(2k+1) +6(k+1)]  (k+1)(2k% + 7k +6)

6 6

Since 2k? + 7k + 6 = (k +2)(2k + 3), this is (k+1)(k+2)6(2(k+1)+1) , the formula
forn =k+1.

Example 13.14 (Divisibility). Prove that4" — 1 is divisible by 3 forall n > 1.

Solution. 4! —1=3.1f4* —1 = 3m, then 4+ —1 =4.45 -1 =4(3m +
1) —1=12m+3 =3(4m+1).
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COMMON ERROR (Skipping the base case). The inductive step alone proves
nothing. “If k = k41 then k +1 = k 4 2” is a valid implication, yet the
statement n = n + 1 is false for every #; it has no base case.

13.5 THE BINOMIAL THEOREM

Definition 13.15 (Binomial coefficients). For integers 0 < k < n, (’Z) —

n!

k!'(n—k)!

wheren! =1-2---nand 0! = 1.

Theorem 13.16 (Binomial Theorem). For every positive integer n,

n
(a+ b)n _ Z <Z>(lnkbk —a' 4+ (T)ﬂnlb‘i‘ (Z)an2b2 E—

k=0

Proof. Expanding (a +b)(a+b) - - - (a + b), each term chooses a or b from each
of the 1 factors. The term a"~*b* arises once for each way of choosing which k
factors contribute b, and there are (}) such ways.

The coefficients satisfy Pascal’srule (}) = (}~1) + ("} '), which generates Pascal’s
triangle row by row:

Example 13.17 (Expansions). (2x — y)* = 16x* — 32x%y + 24x%y? —
8xy> + y*. The term containing x° in (x*+ %)10: the general term is
() (x2)10-kxk = (19)x20-3 and 20 — 3k = 5 gives k = 5: the term is
252x°.

LOOKING AHEAD. Infinite series are a central topic of Volume III: they rep-

R . Wil . 5
resent functions such as e* = ) :T' and sinx = x — % + -+ -, and the ge-

ForgEd < Learn skills that matter. forgedlearn.com



SEQUENCES, SERIES, AND INDUCTION PAGE 146

I g FORGED PRECALCULUS & TRIGONOMETRY

ometric series is the prototype for every convergence test. The binomial
theorem extends to non-integer exponents as an infinite series, (1 + x)'/? =
1+ %x — %xz + - - -, which gives the low-speed approximation of Einstein’s
kinetic energy formula. Induction is used throughout Volumes III and IV
to prove statements for all 7.

13.6 WORKED PROBLEMS

These problems use the sequence and series formulas, induction and the Bino-
mial Theorem. In each, first decide what kind of sequence or sum is involved.

PROBLEM 13.1 An arithmetic sequence from two terms

An arithmetic sequence has a5 = 17 and a1, = 45. Find a4, d and the sum
of the first 20 terms.

Solution. Seven steps of d take a5 to a1y, so 7d = 28 and d = 4. Then
a1 = as — 4d = 1. The sum is Spo = & (241 + 19d) = 10(2 + 76) = 780.

PROBLEM 13.2 A geometric sequence from two terms

A geometric sequence has a3 = 12 and a¢ = 96. Find a1, r and Sqo.
Solution. Dividing, r* = 3% = 8,sor = 2, and a; = % = 3. Then

S10 = a1"2=1 = 3(1024 — 1) = 3069.
1

r—

PROBLEM 13.3 A repeating decimal

Write 0.27 = 0.272727 ... as a fraction.
Solution. 0.27 = % + % + - -+, a geometric series with first term % and

ratio 755. Its sum is 12_71//1?80 = 2 = 2. Dividing 3 by 11 confirms it.

PROBLEM 13.4 A bouncing ball

A ball is dropped from 10 m and each bounce reaches 2 of the previous
height. What total vertical distance does it travel?
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Solution. It falls 10 m, then rises and falls 7.5 m, then 5.625 m twice, and
so on. The total is

=10+60 =70 m.

104+2(7.5+5625+---)=10+2- T3
i

Infinitely many bounces cover a finite distance, and (by a similar series for
the times) take a finite time.

PROBLEM 13.5 Induction with divisibility

Prove that 5" — 1 is divisible by 4 for every positive integer 7.

Solution. Base case. 51 — 1 = 4, which is divisible by 4.
Inductive step. Assume 55 — 1 = 4m for some integer m. Then

51 _1=5.5—1=5(5"-1)+4=5(4m) +4 =4(5m +1),

which is divisible by 4. By induction, the statement holds for all n > 1. The
key move is rewriting the (k + 1) case so the k case appears inside it.

PROBLEM 13.6 One binomial coefficient

Find the coefficient of x° in (2x — 3)8.

Solution.  The general term is (2)(23()]‘(—3)8*". For x°, take k = b5:
(8)25(—3)% = 56-32- (—27) = —48384. Track the sign carefully; it comes
from the odd power of —3.

PROBLEM 13.7 The constant term

1 9
Find the term of <x2 + x> that does not contain x.

Solution. The general term is (}) (x2)°* (%)k = (;)x'873%. The exponent is
0 when k = 6, so the constant term is (2) = 84.

PROBLEM 13.8 Saving every month

You deposit $200 at the end of each month into an account paying 6% an-
nual interest compounded monthly. How much is there after 10 years?
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Solution. The monthly rate is 0.005 and there are 120 deposits. The first
deposit grows for 119 months, the last for none, so the balance is the geo-
metric sum

120
200 (1 +1.005 + 1.0052 + - - - + 1.005119) — 200- %

~ $32,775.87.

Of this, $24,000 is deposits and about $8,776 is interest.

SKILL DRILLS

Short problems for building speed and accuracy. Answers follow the list.

D13.1 ayif a, = 3n — 2. D13135-3+3—---.

D13.2 First four terms of a, = # D13.14 Does Y3, (%)k converge?
D13.3 Y;_, k% D13.15 0.3 as a fraction.

D13.4 Y} (2k+1). D13.16 0.45 as a fraction.

D13.5 General term of 4,7,10, .. .. D13.17 6.

D13.6 Twentieth term of 2,5,8,....  D13.18 ()).

D13.7 142+ ---+100. D13.19 Y7, ().

D13.8 Sum of the first 15 terms of D13.20 Expand (x +1)°.

3,7,11,....
D13.21 Expand (a — b)*.

D13.9 Common ratio of 6, —3, 2

2" D13.22 Fourth term of (x +2)° (in
D13.10 Eighthtermof1,2,4,.... descending powers of x).
D13.11 1+3+9+---+3°. D13.23 Coefficient of x? in (1 + x)°.
D13.12 ¥, (1) D13.24 a4 if a; = 2and 4,1 = 3a, — 1.

ANSWERS TO SKILL DRILLS

D13.128. D132-1, 1, -1 1 D13355 D13424. D135a, =3n+1.
D13.659. D13.75050. D13.8465. D139 —1. D13.10128. D13.111093.
D13.122. D13.13 L. DI13.14No (|r| > 1). D13.153. D13.16 . D13.17720.

D13.1835. D13.1932. D13.20 x3 +3x2 4+ 3x+1. D13.21
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a* — 4a3b + 6a2b% — 4ab® + b%. D13.22160x3. D13.2345. D13.24 41.

EXERCISES

COMPUTATION

13.1 Write the first five terms of a,, = % and of a1 = 3, 4,41 = 2a, — 1.

13.2 Find a formula for the nthtermof 1, — %, %, —55,... andof2,5,10,17, 26, . ..

13.3 Evaluate Y;_, k? and 2;1:0(—2)]'.

13.4 Find Y%, (\/ﬁ - \/E)

13.5 Find the 40th term and the sum of the first 40 terms of the arithmetic se-
quence 7,11,15, ...

13.6 The 5th term of an arithmetic sequence is 18 and the 12th is 46. Find the
first term and the 30th term.

13.7 How many terms of 3,7,11, ... must be added to get 8207
13.8 Find the sum of all three-digit multiples of 7.

13.9 Find the 8th term of the geometric sequence 5, —10, 20, ..., and the sum of
its first 8 terms.

13.10 The 2nd term of a geometric sequence is 6 and the 5th is 162. Find the first
term and the ratio.

13.11 Find Y10, 3 (1)

13.12 Findthesum: 8 —4+2—1+---.

2n+1

13.13 Find the sum: } ;7 ; 5.

13.14 Express 2.145 as a fraction.

13.15 For which x does Y5, (%)11 converge, and what is its sum?

13.16 A $15,000 car loan at 6% annual interest, compounded monthly, is repaid
R (1.005) %0

over 5 years. Find the monthly payment R using 15000 = 0,005

13.17 A pendulum swings 30 cm on its first swing and each swing is 90% of the
previous one. Find the total distance traveled before it stops.
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13.18 Expand (x +2)°.

13.19 Expand (3a — b)*.

13.20 Find the coefficient of x” in (2x + 1)°.
8

)"

13.22 Use the binomial theorem to approximate (1.01)!° to five decimal places.

13.21 Find the constant term in (x —

=RIN

CONCEPTS AND PROOF

13.23 Prove by induction: 1 +24---4+n = @

2
13.24 Prove by induction: 13 23 + .. + 1% = (n(nTH)) :

13.25 Prove by induction: Y}, m =9

13.26 Prove by induction that n® — 7 is divisible by 6 for every positive integer .
13.27 Prove by induction that 2" > n? for all n > 5.

13.28 Prove that F; + F, + - - - + F, = F,» — 1 for the Fibonacci numbers.

13.29 Prove Pascal’s rule (}) = (}~1) + ("} ') algebraically.

13.30 Prove that Y} (}) = 2" and Y}_o(—1)¥(}) = 0.

13.31 Explain why an infinite geometric series with |r| > 1 cannot have a sum,
using the terms themselves.

13.32 Find the error in this “proof” that all horses are the same color: “A single
horse is one color. If any k horses are one color, take k + 1 horses; the first
k are one color, and so are the last k, and they overlap, so all k + 1 are one
color.”

CHALLENGE
13.33 Find Y/, k - 2% in closed form, and prove your formula by induction.

13.34 Prove Bernoulli’s inequality: (1+ x)" > 1+ nx forevery x > —1 and every
positive integer n.

_ ¢ty _ 145 L 1VB (Rt fom
13.35 Prove that F,, = 7 where ¢ = =52 and ¢ = - (Binet’s for

S

2

mula).
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13.36 A square of side 1 has a second square inscribed by joining the midpoints
of its sides, then a third inside the second, forever. Find the total area of all
squares.

13.37 Show that the sequence a,, = (1 + %) "is increasing forn =1, ...,6 numer-
ically, and use the Binomial Theorem to show a, < 3 for all n.
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APPENDIX A

FORMULA REFERENCE

This appendix collects the algebra, geometry, and trigonometry used most often
in this book, for quick reference.

A.l ALGEBRA

A.1.1 EXPONENTS AND RADICALS

For a,b > 0 and real 7, s:

aras — a1’+5’ E — arfs, (a1’>5 — aI’S,
r r1.r —r 1 m/n 1
(ab)" =d'b’, a =—, a = a™
a

A.1.2 FACTORING
- =(a—b)a+b), b= (atb)(a®Fab+b?),
A" —b" = (a-b)(@" L +a" b+ Fab" 2+ "),

A.1.3 THE BINOMIAL THEOREM

(a+b)" = i (Z) a"kpk, <Z> = k'(nn'—k)'

k=0

A.1.4 QUADRATIC FORMULA
—b++/b? —4ac

The roots of ax? +bx +c = 0 (a # 0) are x = o . They are real and

distinct if b2 — 4ac > 0, a double root if b> — 4ac = 0, and complex conjugates if
b — 4ac < 0.
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A.1.5 INEQUALITIES AND ABSOLUTE VALUE

la| = VaZ%; |ab| = |a||b]; |x| < ¢ <= —c < x < ¢; and the triangle inequality
la+b| < |a| + |b|, with its consequence | [a| — [b| | < |a —b|.

A.1.6 LOGARITHMS

Fora > 0,a # 1:log,x =y <= a¥ = x. For x,y > 0:

loga(xy) = loga X+ 1Oga Y, 10ga ; = 1Oga X = logu Y,

log,(x") =rlog, x, log, x = —.

A.2 GEOMETRY

Circle =nars, C=2mr

A
Sector A= %rz(?, arcs = rf
Triangle A = 1bh = JabsinC
Sphere V= %mf3, S = 4mr?
Cylinder V
14

Cone = %m’zh, lateral S = v/ 12 + h?

Distance: d = +/(x2 — x1)2 + (y2 — y1)2. Circle with center (h,k) and radius r:
(x —h)? + (y — k)* = 2 Lines: y —y; = m(x — x1); perpendicular lines have
slopes with product —1.

A.3 TRIGONOMETRY

A.3.1 DEFINITIONS AND EXACT VALUES

For a point (x,y) at distance r from the origin on the terminal side of 6: sinf = £,

_ _y _ _ _
cosf = 7, tanf = =, csc = ;,sece =1, coth = f
o loz F 3 3
sinf | 0 1 @2 ¥ 1
cosf | 1 @ 4 % 0
tanf | 0 % 1 V3 undefined
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A.3.2 IDENTITIES

Pythagorean: sin* 0 + cos?0 =1, 1+tan?0 =sec?6, 1+ cot?d = csc? 6.
Symmetry: sin(—@) = —sinf, cos(—0) = cos 6, sin(5 — 0) = cos b, sin(r — 0) =
sin 0.

Addition:

sin(x £ y) =sinxcosy £ cosxsiny, cos(x+y) = cosxcosyFsinxsiny,
tanx £ tany

t Ty) =y
an(¥ +y) 1Ftanxtany

Double angle: sin2x = 2sinxcosx, cos2x = cos’x —sin*x = 2cos?x — 1 =
1—2sin’x.

i . qin2 4 — 1=cos2x 2, ltcos2x
Half angle (power reduction): sin® x = “=3°=%, cos”x = ~3F*=,

Product to sum:

sin A cos B = 3[sin(A — B) +sin(A + B)],
sin Asin B = }[cos(A — B) — cos(A + B)],
cos Acos B = %[cos(A — B) + cos(A + B)].

in A in B .
s :su; :SH;C, 2 = a?+b* —2abcosC.

Laws of sines and cosines:

A.3.3 INVERSE TRIGONOMETRIC FUNCTIONS

Function Domain Range

arcsinx  [—1,1] -% 7]
arccosx  [—1,1] [0, 7t]
arctanx R (-%.%)
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THE UNIT CIRCLE

The table lists the exact values of sine, cosine, and tangent at the sixteen standard
angles in [0, 277). The point on the unit circle at angle 0 is (cos 6, sin 0). Each value
was checked by computer algebra.

Degrees Radians sin® cosf tanf

0° 0 0 1 0
30° A
e F £ £ 1
60° S L
90° z 1 0o —
O e R
135° 3 2oz g
180° s 0o -1 0
225° o E 2
L e e L
270° 3z -1 0 —
e F f L B
315° thos 22
s M L p
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I I I 1Iv
sin,csc + + — -
cos,sec + — @ — +
tan,cot + — + —
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ANSWERS TO SELECTED EXERCISES

Answers are given for odd-numbered exercises that have a short final answer. Every
answer here was checked by computer algebra. Proofs are not answered; check a proof

against the definitions and theorems it uses.

CHAPTER 1

NUMBERS, EQUATIONS, AND INEQUALITIES
1.1 [-2,5); (—
13 x=6

1.5 x=34+7
1.7 k= +6

1.9 No solution (x = 3 is extraneous)

o0, —1] U (3,00); (2,4)

1.11 x =2 (x = —3 is extraneous)
113 x =3o0rx = —%,no solution
1.15 (—o0, —3]

1.17 [1,6]

1.19 (-3,4)

1.21 [-2,0] U [2,00)

1.23 (—4,3)

1.25 10; midpoint (1,1)

1.27 Center (4, —1), radius 3
129 (x —2)2+ (y+1)2=25
137 ¢ >4

141 x=-3orx=2
1.43 Every x in [5,10]

1.45 Nine ordered pairs: (7,42), (8,24),
(9,18), (10,15), (12,12), and the rever-
sals of the first four.
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CHAPTER 2
FUNCTIONS AND THEIR GRAPHS

21 15,242+ a; 82 —6a+1;4a> —6a + 2
2.3 [-2,3]
25 6x+3h—1

27 v

Vx+h+/x

2.9 Odd; even; neither; odd; neither
1
211 ——
ab

2.13 A V with vertex (2,

V with vertex (—1,1)

2.15 (3,17); (—1,5)

217 fog=2x>—1;g0 f = 4x> — 12x +
10; fo f =4x—9

219 F = fogwith g(x) = V/x, f(x) =
V1+xG = fogwith g(x) = x> +1,
flx)=x73

—1); an inverted

221 f(x) =27

2.23 f~1(x) = £ ; domain x # 1, range
y# -2

2.25 f~ ()—1f( '(2)) =

237 f(f(x) = f(f(f( ) = x

since 2026 = 3 - 675 + 1, the answer is
f(x).

2.39 f(x) =

Ww¥-x2-1

2x(x —1)
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CHAPTER 3

POLYNOMIAL AND RATIONAL FUNCTIONS

3.1 f(x) = —3(x —2)? + 5; vertex (2,5);
range (—oo, 5]

3.3 42ftatt=15s

3.5 515

3.7 0 (mult. 2, touches), 3 (mult. 1), —1
(mult. 3, crosses and flattens)

3.9 Quotient x2 —2x — 1, remainder 5x — 4
3.11 —713

3.13 £1,42,43,46,+3,+3

3.15 (x—3)(x —2)(2x +1)

347 1, -1+ 3i; +2, +2i

3.19 x* — 6x% +11x% — 6x + 10

3.21 Holeat (2, 3); vertical asymptote x =
—2; horizontal y = 1; intercepts (—1,0)

and (O,%)
3.23 Vertical x = 0; slant y = x — 1; hole
atx = -1

3(x —1)? ,

3.25 r(x) = 24 (one possible an-
swer)

3.33 Slant asymptote y = x + 1; it is
crossed at (—1,0)

3.37 a> - 2b

3.39 For nn > 1both factors n? + 2n + 2 ex-
ceed 1.

CHAPTER 4

EXPONENTIAL AND LOGARITHMIC FUNCTIONS

4.1 Asymptotesy =0,y = -3,y =0
4.3 $2860.90; $2866.66
454,-3,-3,%,7,9

4.7 2logx +log(x — 1) — log(x + 1)

3V/x—1

rvx—-
(x24+1)2
4.11 2.2619; —3.3219

4.9 In
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2In7

4.1 =——=6.

3 x 7 —Ind 6.954

415 x =In% ~ —0.405

4.17 x =20 (x = —5is extraneous)

419 x =ctorx =¢!

4.21 15.75 mg; about 99.7 years

4.23 About 22.4 minutes

4.25 100 times; about 73.0 dB

441 x =064

443 x=8,y=4

445 A =9,k = In3 ~ 0.405; P = 500 at

— In9
= 0% ~542

CHAPTER 5
ANGLES AND THE TRIGONOMETRIC FUNC-
TIONS

5.1 %, 3% 137,105°, —300°, ~ 114.59°
5.3 671 ~ 18.85 cm

5.5 About 1036.7 mi
57 (<9 -) (- -2) (b %)

3 \2 3
5.9 4/ %/ _%/ -2
541 -2, 1, /3
5.13 cosf = %—g, cscl = %
5.15 tant = Slint, since cost > 0
V1 —sin?t
in quadrant IV
5.17 Legs ~ 11.47 and ~ 16.38; other an-
gle 55°

5.19 About 28.53 ft

5.21 About 1149 m

5.23 3312

5.25 57 ~ 15.7 cm; 1577 ~ 47.1 cm?

5.37 sin18° = ¥3-1

5.39 About 58.14 cm

CHAPTER 6

TRIGONOMETRIC GRAPHS AND INVERSE FUNC-
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TIONS

6.1 Amplitude 4, period 2%, phase shift
— 7%, midliney = 2

6.3 y =5sin3 (x+ )

6.5 2; 7, 61

6.9 y = 6cos(4rt)

6.11 7,

6.13 Z;

25.

6.15

N
A

£ T 7T
7472
_t

r T
pl

a1
w ol o

a1

247 4

1—x?
14 x2

6.19 x = 3

6.31 247

6.33 x = Y73

CHAPTER 7
TRIGONOMETRIC IDENTITIES AND EQUATIONS

6.17

]

7.7 1

7.9 V2sin (x — F); 13sin(x + ¢) with ¢ =
arctan %

741 22,1 22

7.13
7.15
717 £
719 0,%

5

7
7.21 EJEUJBJ,UTW

3,1 1
g T icost—i— gcos4x

2sin5x cos 2x; —2sin 3x sin 2x

7.23 0,
7.25 0
7.41 —
743 ¥
CHAPTER 8

SOLVING TRIANGLES

81 C =62°a~19955,b ~ 241.52

8.3 None: h =12sin30° =6 > 5

8.5 Two triangles: B ~ 61.85°, C ~ 82.15°,
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¢ ~ 13.48; or B ~ 118.15°, C =~ 25.85°,
¢~ 593

8.7 None: h = 25s5in40° ~ 16.07 > 10
8.9 A ~34.05°, B ~ 44.42°, C ~ 101.54°
8.11 =~ 8457

8.13 Diagonals ~ 10.58 and ~ 17.44; area
48+/3 ~ 83.14

8.15 ~ 2.00 km

8.17 Area =~
94.94°

8.19 =~ 68.69°

841 r=4

8.43 The sides are 3, 4, 5: area 6; angles
90°, ~ 36.87°, ~ 53.13°

CHAPTER 9

COMPLEX NUMBERS

8966.6 m?; largest angle ~

9.1 3—-10i;11 —104; 2+ 21
9.3 i1
9.5 5;1;25

9.7 The circle of radius 3 centered at 2i; the
imaginary axis
9.9 —343V3i1—i

9.1 16
1

9.13 — L

9.15 33 4+ 3i, 3y3 1 3; _3;

9.17 1+3i, —V3+i,—1—3i, V3 —i
9.19 26 (cos¢ +ising) with ¢ =

n 3n 177
127 47 12

9.41 (1+ 1)1 = , so the alternat-

ing sum of even binomial coefficients is
_ 250

_250

943 With u = w+ w™! = 2cos %’T, the
equation becomes u?> +u —1 = 0, so
U= —\/52_1.

9.45 Tt is the real part of Y w* = 0.
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CHAPTER 10

POLAR COORDINATES, PARAMETRIC EQUA-
TIONS, AND VECTORS

101 (3V3,3); (34, -22); 0,-2)
103 X2+ =dx;x =1, xy =4

10.5 A cardioid; a limagon with an inner
loop

10.7 (%,%), (%,—%),and the pole
109 (x—1)2+(y—2)?=1
1041 x= 245,y =4-5,0<t<1

10.13 Range ~ 4330.1 ft; maximum height
625 ft

10.15 (1,-2); (8, —21); /73
10.17 Magnitude 8; direction 120°

10.19 =~ 84.52 Ib parallel; ~ 181.26 Ib per-
pendicular

10.21 Parallel; perpendicular; neither
10.23 —-17

10.25 ~ 4294.4 1b at ~ 0.49° to the axis
10.43 About 39.3°

CHAPTER 11
CONIC SECTIONS

11.1 Focus (%,0), directrix x = —%; focus
(0,—3), directrix y = 3
1.3 (y—1)2 =12(x+1)

11.5 Vertices (0, +10), foci (0, +8), e = %
2 2
M7 =+4%=1

11.9 Perihelion ~ 1.471 x 108 km; aphe-
lion ~ 1.521 x 108 km

11.11 y4—2 - g‘—z = 1: vertices (0, +2), foci

(0, :I:Z\/ﬁ), asymptotes y = £3
2 2
1113 L — %=1
11.15 Ellipse ©52° 4 W43° — 1. center
(2,—3), vertices (—1,—-3) and (5, —3),
foci (24 /5, -3)
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11.17 Hyperbola % - % = 1: cen-
ter (2,—3), vertices (—1,-3), (5,—3),
foci (—3,-3), (7, —3)

11.19 With ¢ = 30°: X? —Y? =
perbola

1, a hy-

11.21 Ellipse, e = %, directrix x = 6; ver-
tices (2,0) and (—6,0)
3

14 sin@

11.25 y? = 4(x +1): vertex (—1,0), focus
(0,0), directrix x = —2

1141 630 0oy

11.43 After rotating by 45°: Y2 = 4/2X.
The vertex is the origin and the axis is
the line y = x.

11.45 (%2‘/@, %); chord length
4@

11.23 r =

CHAPTER 12
SYSTEMS OF EQUATIONS AND MATRICES
121 (3,-1)

3

12.3 Dependent (the second equation is 5

; st)- : 25
times the first): all points (t, 252)

125 (1,2,3)
12.7 Dependent: (1+2t, 1 —t, t)
129 y=2x> —x+1

8§ -1
12.11 L 1 }
—24 18 5
12143 | 20 —-15 —4
-5 4 1
1215 k= +4
12.17 z = 2 (the full solution is (1, —1,2))
12.19 (~1,-3) and (3,5)
12.21 (£+/6,+1), all four sign choices

2 x—1
1223 — + ——
x+x2+2
2 1
12.2 _ -
e B
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1241 y =203 + 22 —4x +1 13.11 3P

12.43 C3Hg +50; — 3CO, +4H,0 13.13 §

12.45 (2,3),(3,2), (-2,-3), (-3,-2) 13.15 For |x| < 3; the sum is %
CHAPTER 13 13.17 300 cm

SEQUENCES, SERIES, AND INDUCTION 13.19 81a* — 10843b + 54a%b* — 12ab° + b*
131 -1 1 -1 L -%:35917,33 13.21 1120

13.3 55; 11 13.33 (n—1)2"*1 42

13.5 a4 = 163; Syp = 3400 13.37 Bach term () ; < i < 'y, 50
13.7 20 terms an<1+(1+}+}+) =3

13.9 ag = —640; Sg = —425
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